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Abstract

The paper proves several new properties of the valuated binary tree, including calculation of direct ancestors of a node,
transition of a node in or out of a subtree, evaluation of a node by its brothers and distribution of common ancestors of
given consecutive nodes. The contents can be a reference for future deep study of the valuated binary tree.
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1. Introduction

The valuated binary tree has revealed many new outputs related with knowing of integers ever since it was introduced in
paper WANG X (2016a) in 2016. For example, paper WANG X (2016b) showed the so-called ”amusing properties of odd
numbers”, paper WANG X (2017a) disclosed some more symmetric properties of odd integers on the tree, paper WANG
X (2017b) discovered genetic traits of the odd numbers on the tree, paper WANG X (2018a) investigated multiplication
laws on T3 tree, paper WANG X (2018b) made a research on square and square root of a node on the T3 tree, paper
WANG X (2019a) found some divisibility traits on the tree, papers WANG X (2019b) and WANG X (2019c¢) exhibited
how the divisors of an RSA number distribute on the T3 tree, and paper LI J (2018) , which was based on the study of
paper WANG X (2018c¢), proposed a parallel approach to factorize semiprimes. Over these researches, it can be seen that,
the tree approach is demonstrating its capability in studying integers.

This paper, as a following research of the previous ones, shows some miscellaneous properties of the valuated tree. It aims
at providing a mathematical foundation for some small but important mathematical reasoning for possible future studies
on the tree.

2. Preliminaries
2.1 Definitions & Notations

A valuated binary tree T is such a binary tree each of whose nodes is assigned a value. The terms binary tree and its root,
nodes, father, left-son, right-son as well as subtrees can be seen in school-books of data structure, for example, Dinesh’s
handbook Dinesh P(2005). A positive odd integer N-rooted tree, denoted by T is a recursively constructed valuated
binary tree whose root is the odd integer N with 2N — 1 and 2N + 1 being the root’s left and right sons, respectively. Each
son is connected with its father with a path, but there is no path between the two sons. The father, grandfather and so forth
are called direct ancestors. Nodes on the same level are brothers. T; tree is the case N = 3.

For convenience, symbol N j is by default the node at position j on level k of T3, where k > 0 and 0 < j < 28 — 1.
Symbol N (k i is to denote the node at position j on level k of Ty, where k > 0 and 0 < j < 2f — 1. When the index j is
out of the range 0 < j < 2" — 1, for example, j = =2,~1 or j = 25,28 + 1, N}/ (., s called a virtual node or outer-node of
Ty. AY, is N’s direct ancestor that is @ levels over N. Symbol X € [(Ty) means node X is in the left branch of T while

symbol X € r(Ty) means node X is in the right branch of Ty. An odd integer N is said to align with level k of a tree Tx

if N and N(k ., are on the same level of 73. A walk of a node NY (r.j) Means an operation on the index k or j, for example,
N(]Z o i N and NN are all results from the walk of NV . . If either o~ or w is taken randomly, the walk is called
27 (ks jrw) (k+0,j+w) (k.j)*

a random walk.

Symbol A = B means result B is derived from condition A or A can derive B out. Symbol A ® B |x] denotes the floor
function, an integer function of the real number x such that x — 1 < [x] < x or equivalently [x] < x < [x] + 1. Symbol

{x} = x — | x] is the fractional part of x. Symbol fy is to express Vzwl J



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 13, No. 3; 2021

2.2 Lemmas

Lemma 1(Node Calculation, see in WANG X (2016a, 2018a)). Odd integer X > 1 lies on level [log,X| — 1 of T tree.
Node Ny, j) of T3 is calculated by

Nyjy =2 +1+2j

k=0,1,2,.5j=0,1,..,2¢— 1.
Node N(’,i’j) of Tx lies on level [log,X | — 1 + k of Tx and it is computed by

Ny =2"X-2+2j+1

k=0,1,2,..;j=0,1,..,2¢ - 1.
Lemma 2(see in WANG X (2020a)). Properties of the floor functions with real numbers x and y, integers m, n and k
PD [x]+y] < lx+yl <lx]+ [yl +1
P2) x| -l -T<lx-yl<lx]-lyl<lx]-]+1
P13) x<y= |x] <|y]
Pl14) [ x+tn]=|x]xn
P32) |nx]+1—-n<nlx] < |nx]
(P37) For an arbitrary positive integer k and an arbitrary odd integer N > 1, the following holds

{%J - {sz IJ‘

Lemma 3. Odd Interval [a, b] contains 1% + 1 odd integers.

Proof. Assume [a, b] contains n odd integers; then b = a + 2(n — 1) which leads to b_T“ + 1.
3. Main Results

The following theorems, corollaries, propositions and inferences are newly found and proved. It is mandatory to point
out first that, Lemma 2 is implicitly referred to in the whole reasoning process. Readers should keep this in mind when
reading the proofs.

Theorem 1. Let N > 1 be an odd integer on a tree; then N’s direct ancestor that is & levels away from N is calcualted by

@ _ @ 3 (2 a _ fa; a3 a _ | N-1
AL =1+ fyif fyiseven or A}, = fy if fy is odd, where N—lzw J

Proof. Let X be N’s direct ancestor that is « levels away from N; then N is on level @ of Tx . Thereby by Lemma 2 (P13)

X -+ 1<N<2(X-1)+2Q2° - 1) +1
SX-1<Sl<x-D+201-H=X+1-55

=>Xx-1<[%]<x

Since X is odd, it is sure that the theorem holds.

Corollary 1. Let N > 1 be an odd integer,  and f be integers satisfying 1 < o < f3; denoted A} = AY, and A} = AT .
then the following holds

AV <A <SAN+ 2P 1 <a<p

and

AT <A <AY 42,0 =B

Proof. Denote F = [NZ—’“ZJ and F? = [N;—ZﬂJ For the case 1 < a < g, it yields
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F? = lN+2§:2—2J - Lmz 4+ B _ ;J

Qa a-1
N i:N+

B2l 2y | o < Fo< | M2 2P |5+

T o Da
N+2

= |2 +2ﬁ*"—1sF;”§[N—+2J+Zﬁ*"

which is

Fy+2°“ -1 <F! <Fy +2°7°.

For the case @ = 1, it yields
F! = lN+2ﬁ2+2—zJ — \_¥ + 081 _ 1J
= Fl=|%2|+21 -1

For the case a = G, it yields

FE=LN+2§;2—2 :L;Z+1_;

= L2+ 1+ —%JSF,SL;%F[—#PZ
= | 82| <P < |%2]+1

Accordingly, by Theorem 1 the relationships among F', F', AT and A} are summarized in Table 1, which shows the
corollary is true.

Table 1. Relationships among F' i Fy,Afand AY
F A AY
F‘f:F;’+2ﬂ“’—1:>A$:A;’+2ﬁ“',l <a<p
. FO=F'+2" - 1= A=A%a=p
Fiisodd A7 =F  poe_poiopogr—Av 428 [ <a<p
F‘,1=F7+2'8"’=>A‘,’=A7+2,a:ﬂ

FO=Fo 4260 | 5 AY =AY 4260 _2 1 <a <f
, FO=F" 425 1= A? = A%, a = 8
Ff'lseven A‘;:F;l-i-l F;I=F?+2’B_QﬁA(rYZA(ZY+2'B_Q,1 <a<,8
FO=Fr+2 25 A" =A% a =8

Corollary 2. Let N > 1 be an odd integer,  and f be integers satisfying 1 < o < f3; denoted A = AY,_; and A} = A} _,;
then it holds

AT =P <A< AN T <a<f

and

Al -2< AT <A, a =8

Proof. Denote F = [N_ZJ and F} = [Nzi,sz. For the case 1 < a < 3, it yields

which is
FO -2 < F' < F* 25"+ 1.
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For the case a = 1, it yields
le - [N—2ﬁ2+2—2J — {¥ _op-1 1J
= Fl =202 -2 41,

For the case a = S, it yields
_ | N=2B42-2
Fy = |2 l

N2l 1+

o —25"1—1<F”<|.N—+2J—2ﬂ"’.

N+2
2(1/

=

The relationships among F¢, F, A} and AY are summarized in Table 1, which shows the corollary is true.

Table 2. Relationships among F",F¢ ,Afand A?
F¢ AZ AY
Fr=F' -2 A=A -2 1<a<p
_ Fy=F!-2"= A" =A%, a =
Frisodd A7 =F'  po_po_gpo )5 Ar=A"-2012 1<a<p
FYr=F'-2"741=A"=A%a=

FO=F2 -2 = AT = A" -2 | <a <
_ FY=F' -2 " AY =AY -2, a=f
Friseven A;=Fr+1 po_po_opoy|540=Ar -2 1<a<p
FO=Fr 25115 A"=A%a=p

Proposition 1. Let X = 2%u + 1 or X = 2% — 1 with @ > 1 being an integer and u > 1 being an odd integer. Then

XeT,.

Proof. Direct calculations yield

X=2%+1=2U-1D+22H+1=N"

(0,20—1) € Tu

X=2%—-1=2%-1D)+2Q2' -1 +1=N" 2i_1) € T

(a,

Proposition 2. Let X > 1 be an odd integer and « > 0 be an integer; assume ¥ = NX . then one of ¥ + 2% and ¥ — 2

. (@)
lies on level a of Ty.

Proof. By Lemma 1

Y427 =N ) +27=2(X )+ 2w+ 2" ) + 1
Y—-29=NX 429 =2%X-1)+2(w-2""+1.

(@.w)

Obviously, the following reasoning processes are true

YelTy) 20<w<21-1
=20l <yl <o
=Y +2% e r(Tx)

and

Yer(Ty) =22 <w<29-1
>0<w-201<2e1_
=Y -2 e (Ty).
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Proposition 3. Let X > 1 be an odd integer and « be an integer; then the following holds in Tx

Wiy =Ny =207 1) =2 ~2.020

X X Y
N(a,Z“’l) - N(ar,O) =2 ,a > 0
X X _ ha
Nigpo—1y = Nigge-1_py = 2%, > 0.
Proof. By Lemma LN, = 2"(X~D+1.N m ey = FODRCTIA L NG 51y = 27K DH22T D4 Ny =
28X = 1) +20% = 1)+ 1. Hence N =22 -1), N = 2% and N(a 20_1) N(Xa ga-i_py = =2%

((y 20_1) (oz 0) — (a 2a-1y T (0 0)

Inference 1. If positive odd integers X and N lie on level a of tree T4 with integer @ > 0; then [N — X| < 2(2* - 1).
Proof.X and N lying on level « yields |N — X| < N. (12" b NE:YO) =22%-1).
Remark 1. The converse of Inference 1 is not true. For example, 17 and 19 lie on different levels of T5.

Proposition 4. Let X > 1 be an odd integer and @ > 0 be an integer. Then

X+2k X _ na+l
N (a,w) - N, (,w) — 2"k
and accordingly for an arbitrary integer 5 > 0
X+2° X +
N(a w) N(a w) — =27 ﬁ'

X+2k _
N (a,w) ((l/ w)

Proof. Directly calculation yields =2°X+2k-D+2w+1-2°X-1) - 2w—1=2"%f.

Proposition 5. For a positive integer 3, suppose X > 0 is an odd integer and Y = X + 2#; then

A=A 0
and
B B B
Ay <A) <A +2
Proof. Direct calculating follows
Yol _ X-1 o
1 2p-1
=[] =[5+
= A =AT" 12
and - |
At
= |5 =% +1

Let ff = \_%J and ff = [%J; then relationships among ff, ff , Af( and A’f, are summarized in Table 3, which shows the
proposition is true.
Table 3. Relationships among ff , fﬁ ,Aiand A‘;
B B
ff Ay Ay
fhisodd  Ai=f A=f+1=4 = f§+2
frieeven Ai=fi+1 A =f=A=f+1=

Proposition 6. For a positive integer 3, suppose X > 0 is an odd integer and ¥ = X — 25; then

and
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Proof. Direct calculating follows

=] - 3] -2

S A=A 2
and

Y-1 X-1

Let ff = LY?ZIJ and fﬁ = LXTilJ Then referring to the proof of Proposition 5 results in the conclusions.

Remark 2. Propositions 5 and 6 show that, for an arbitrary positive integer, 2~ + 1 consecutive positive odd integers
might lie in a subtree or in two adjacent subtrees of T'3. In another word, it always can find one subtree or two adjacent
subtrees to have 2°~! + 1 consecutive positive odd integers to be descendants.

Proposition 7. Let N > 1 be an odd integer on a tree, fy = [NZ;lJ and A§, be N’s direct ancestor that is @ levels away from

N; then when fy is even

N <2°A% <2 +N -1

whereas when f is odd

N-2%<2%AG <N -1.
Proof. First consider the case that fy is even. This time A, = 1 + f and

N-1
A% =2ﬂ+2ﬁ{2—aJ.

By Lemma 2(P32), it knows
PN~ 1)+ 1 <2PAY <28 4+ 2P (N - 1).
When fy is odd, A}, = fy and thus

N-1

201

PN -1)-2P +1<2PA% = 2% < 2PN - 1).

Under the condition 8 = «, it holds
N <2%A5, <2+ N -1

or
N-2%<2%AG <N -1.
Proposition 8. Let N > 1 be an odd integer on a tree T', A}, and AZ” be N’s two direct ancestors; denote l%“ and ri,“ to

be respectively the leftmost and rightmost nodes on N’s level that are rooted with A%*l, I%;, and r§; to be the leftmost and
rightmost nodes respectively of N’s level that are rooted with A%,. Then

@ a+1 a+1 @ _ na+l 1% a+1 a+1 @ _
Ay A )=y —ry =27 Ay er(Ay )=y —1ry =0
and

@ a+l v+ 1 @ @ v+1 r+1 v _ v+1
Ay elAY ) = I -y =0,Ay e r(AY ) = Iy —ry = -2

Proof. By Lemma 1 the following holds
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(! = 204 AGH 4 20 1) @ (1Y = 2A% +27 — 1)
=t =2 AR S 2eAg 0,
= 0 r = 29Q2A% - AY) + 20

Likewise
I — 13 = 20 QAT — AY) - 27,
Since | |
A — 2A;’V:1 - 1,AY € l(A%i ])
N T 249+ 1L,AY € r(AY )
A” + 1,A% € (A%
=244 = N T N N
N { A%—l,Aj'ver(A;’V“)
it yields
AZ A(1+1
CARTE R iy by
LAY € IAYT)
and

ZX/H = { —20+1,[:4% € r[gélz]ﬂ)
0,A% € AY™)

The proproty described in Proposition 8 can be described with figure 1.

a+l
i

@ a+

o+l
]N rN - rN

(a) AY € IAGH) (b) AY € r(A%™)
Figure 1.Boundary property

Proposition 9. In T tree it holds for integers k > 0 and 0 < j < 2% — 1

=Ni . +2kx

X
N (k.j)

(k+1,281+ )
X k k _ arX
N(k,j) +2"X -2 = N(k+1,j) eTx
and

+2kx 4 2k = NX Tx

X
N, (k+12¢4j) €

(k.j)

and accordingly
N(),ij) +2%X + 2w e Ty

where —2¢! < w < 281
Proof. By Lemma 1, see the following calculations

X _ 0k k ;
N(k’j)—2X—2 +2j+1

= NX +2kx =2kIx okl 4 2k 4041 =

X
(k.j) N(k+1,2"" +J)



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 13, No. 3; 2021

NY  =2kx -2+ 2j+1

(k.j)
X k k _ okt k+1 ; _ NX
=>N(k,j)+2X—2 =2"X -2 +2]+1_N(k+1,j)
and
NX - NX

(k+1,25+) (k.
= Qk+ly _ pk+l +2(2k +pH+1- (QkX— 2k +2j+1)
= 2kX 4 2F,

Note that, when =21 < ) < 257! it holds
X X k X
N1y S Ny + 27X + 20 < N1 264))

and thus
N(’,i,j) + 25X + 20w € Ty.

Proposition 10. For Tx and integer k > 0, it holds

X _ X k
N(k+l,2k—liw) = N(k,Zk"—liw) +2°X
and
X _ X k
N (k+12%x0) — N 212wy T 2°X

where w is an integer satisfying 0 < w < 2llog2X =14k and the + symbols are mandatory to be the same in the corresponding
terms, namely, one term taking + requires the other terms to take +, or vice versa.

Proof. By Lemma 1, X lies on level |log,X| — 1 of T3 thus N()li,zk-'—lm

T contains 2l°8X]=1 nodes. Hence 0 < w < 2L102X]=1+k Then direct calculation yields

, lies on level [log,X| + k — 1 of T5. That level of

X _NX
N, (k+1,2k—12w) N, (k2F1—1£w)

= oI oM L 20k — T )+ 1 — (X -2k 4202 — T2 w) + 1)
= 2kX.

Likewise, direct calculation yields

- N¥ 2kx.

X _
N k21 x0)

(k+1,2%+w)
Proposition 11. Let N = Ny j € T3, o > 0 be an integer, w and 6 be integers satisfying 0 < w < 27 — 1 — j and

0 <0< j;then
N+ 2127 = 1) + 20 = Ngsojrw)

and
N+ 28127 = 1) = 26 = Nysorjo)-

Proof. First it can see

N+ ZkH = N(k_,.],j)
= N(k_,.],j) + 2k+2 =N+ 2k+1 + 2k+2 = N(k+2,j)

= (N + 2k+l 4 ok+2 ...2k+0_1) + Qkto = N(k+o——1,j) + 2k+o = N(k+0-7j).
That is

N+ 2127 = 1) = Ngso -

Note that, 0 < w <287 — 1 - j = j < j+ w < 27 — 1, Ny j) + 20 = Nigeror, jra» and surely

N+ 2127 — 1) + 20 = Npso jrw)-
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Likewise,0 <8< j=0< j—0 < jyields
Nirojy = 20 = Niro j-0)

and
N +2127 = 1) = 20 = Ngsojo)-

Remark 3. The formulas in Proposition 11 reveal a property related with the walk of a node. One can think the node
N+ 25127 — 1) 4 20 = N4, j+w) comes from N’s walking downward by o steps and then rightward by w steps. This is
why we prefer to this proof rather than another one that obtains N+25"1(27 = 1)+ 2w = N4, j4w) and N+2571(27-1)-26 =
N(k+o-,j—9) directly by N = 2kl 4 2j+ 1.

Proposition 12. Given an positive odd integer N and a positive integer S satisfying 1 < B8 < [log,N|; let X be an odd
integer in odd interval I = [N + 2, N + 2°]. Then

B B B
Ay, SA <A, L +2.

Proof. The conclusion of this proposition is actually established in Corollary 2. However we’d like to present a detailed
proof so as to make reader know the deep meaning of this proposition. The case § = 1 yields X = N + 2. Hence we next
consider 1 < 8 < [log,N| — 1. Since the interval contains nz = 28-1 nodes, the following two cases might occur.

Case 1.The whole interval lies on a same level of T3. It can prove that, this time the ng nodes might be descendants of one
ancestor A or descendants of two ancestors, A and A + 2, as illustrated in figure 2.

Ts

N

N+2 N+2F N+2 N+2P

R

(a) ng nodes are descendants of A (b) ng nodes are descendants of A and A + 2
Figure 2. 2¢~!consecutive nodes lie on a level of T’

Actually, consider the ancestors of N +2 and N + 2° on the level that are 3 levels upper N +2 or N + 28, Let Alﬁ and A? be

the ancestors of N + 2 and N + 27 | respectively. Let Ff = LNT?J and Ffj = LNZ*}[;J; then by Theorem 1 A,ﬁ takes its value

by the odd one between F'IB and Flﬁ + 1 and A[f takes its value by the odd one between Ff and F’f + 1. Note that,

N+264+2-2 N+2 1

F'B: = +1 - —
o N A ]
N+28 -1 (N+2)-1 1

Fﬁz = +1 - —
e
Fo = N+26+2-2 N2 e T
20 20 20‘—1

lead to By Lemma 2(P1)

N+2 1 B8 N+2 1
25 {I—FJ Fr<\‘2ﬁ \kl—w+1
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Since 8 > 1, it knows [l — %J = 0 and thus

{N+2

28 " 28

N+2
SFBS{ J+1

which is
FY<Fl<F)+1.

With this relationship, the values that Alﬁ and A? take are summarized in Table 4 and it can see that the results match to
both Corollary 2 and this proposition.
Table 4. Values of Alﬁ and A’f

F AP AL

I 1 r

Fl=F = A=A
Fl=F+1=Al=4+2

FPis odd A= F)

Fl=F A=A

B B _ B
Fis even A =F +1 Fszlﬁ+1=>A€=A?

Case 2. The odd numbers in the interval I lie on different levels of T3. This time, let k = [log,N| — 1 and j = %;
then N = Ny ) lies at position j on level k of T5. Since there are 2 nodes on level £, it knows that ng = 2°~! nodes lie on
2 adjacent levels due to 1 < 8 < k. By Proposition 11, node N + 2° = N1, and w < j. The distribution of the nodes is
illustrated as figure 3.

Ts

2k+2_ 1

N=N, ) N+2

OB

253 °oB 2
2 N+27 Ngny

Figure 3. 277! consecutive nodes lie on 2 adjacent levels of T3

Assume there are s nodes on level k and 7 nodes on level k + 1; then s + ¢ = 26~! and

N=22_ | _2s=0k2_2s_1
N+2=2M2 1 _2(s—1)=22 2541
N+2P =22 4 1420t -1) =22+ 1 +2(s = 1) + 25.

Now let U = 2528 — 1,V = 228 4 1; then in Ty and Ty respectively it holds

U —
N1ty = BU-D+1+225-1-(s-1))
=221 -1+ 1+202 -%)
= k2 _ B+l 4 [ 4 2B+l _ 0
=22 2541

and
Ny =2V =D +20-1)+1
=2k2 LB g 1)+ 1
=22 108 25— 1=N+2°.

10
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which shows Aﬁ, . = Uand A€v+zﬁ = V. Since V — U = 2, it knows the conclusion holds for Case 2.
Proposition 13. Given a positive odd integer N and a positive integer 3 satisfying 1 < 8 < [log,N]; let X be an odd
integer in odd interval I = [N + 2, N + 2°]. Then

AQN+2 = A()Y( = A%+2 + Zﬁ_a

where 1 < @ < §1is an integer.
Proof. Referring to Lemma 2(P13) and Corollary 2.

Proposition 14. Given a positive odd integer N and a positive integer B satisfying 1 < 8 < |log,N|; let X be an odd
integer in odd interval I = [N — 28 N —2]. Then

and

where 1 < @ < s an integer.
Proof. Referring to Proposition 13.
4. Conclusion

As stated in the introductory section, the aim of this paper is to show the newly-discovered important properties of the
valuated binary tree for possible future studies. Why is it important? It is because the binary tree itself is a basic tool
in data structure and referring to WANG X (2020b) it is naturally related with the blind search. Since the tree has many
other undiscovered properties, future work on digging out new properties is necessary and worth to contribute. Hope more
young to join the work.
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