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Abstract

The paper proves several new properties of the valuated binary tree, including calculation of direct ancestors of a node,
transition of a node in or out of a subtree, evaluation of a node by its brothers and distribution of common ancestors of
given consecutive nodes. The contents can be a reference for future deep study of the valuated binary tree.
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1. Introduction

The valuated binary tree has revealed many new outputs related with knowing of integers ever since it was introduced in
paper WANG X (2016a) in 2016. For example, paper WANG X (2016b) showed the so-called ”amusing properties of odd
numbers”, paper WANG X (2017a) disclosed some more symmetric properties of odd integers on the tree, paper WANG
X (2017b) discovered genetic traits of the odd numbers on the tree, paper WANG X (2018a) investigated multiplication
laws on T3 tree, paper WANG X (2018b) made a research on square and square root of a node on the T3 tree, paper
WANG X (2019a) found some divisibility traits on the tree, papers WANG X (2019b) and WANG X (2019c) exhibited
how the divisors of an RSA number distribute on the T3 tree, and paper LI J (2018) , which was based on the study of
paper WANG X (2018c), proposed a parallel approach to factorize semiprimes. Over these researches, it can be seen that,
the tree approach is demonstrating its capability in studying integers.

This paper, as a following research of the previous ones, shows some miscellaneous properties of the valuated tree. It aims
at providing a mathematical foundation for some small but important mathematical reasoning for possible future studies
on the tree.

2. Preliminaries

2.1 Definitions & Notations

A valuated binary tree T is such a binary tree each of whose nodes is assigned a value. The terms binary tree and its root,
nodes, father, left-son, right-son as well as subtrees can be seen in school-books of data structure, for example, Dinesh’s
handbook Dinesh P(2005). A positive odd integer N-rooted tree, denoted by TN is a recursively constructed valuated
binary tree whose root is the odd integer N with 2N − 1 and 2N + 1 being the root’s left and right sons, respectively. Each
son is connected with its father with a path, but there is no path between the two sons. The father, grandfather and so forth
are called direct ancestors. Nodes on the same level are brothers. T3 tree is the case N = 3.

For convenience, symbol N(k, j) is by default the node at position j on level k of T3, where k ≥ 0 and 0 ≤ j ≤ 2k − 1.
Symbol NN

(k, j) is to denote the node at position j on level k of TN , where k ≥ 0 and 0 ≤ j ≤ 2k − 1. When the index j is
out of the range 0 ≤ j ≤ 2k − 1, for example, j = −2,−1 or j = 2k, 2k + 1, NN

(k, j) is called a virtual node or outer-node of
TN . Aα

N is N’s direct ancestor that is α levels over N. Symbol X ∈ l(TN) means node X is in the left branch of TN while
symbol X ∈ r(TN) means node X is in the right branch of TN . An odd integer N is said to align with level k of a tree TX

if N and NX
(k,∗) are on the same level of T3. A walk of a node NN

(k, j) means an operation on the index k or j, for example,
NN

(k+σ, j), NN
(k, j+ω) and NN

(k+σ, j+ω) are all results from the walk of NN
(k, j). If either σ or ω is taken randomly, the walk is called

a random walk.

Symbol A ⇒ B means result B is derived from condition A or A can derive B out. Symbol A ⊗ B bxc denotes the floor
function, an integer function of the real number x such that x − 1 < bxc ≤ x or equivalently bxc ≤ x < bxc + 1. Symbol
{x} = x − bxc is the fractional part of x. Symbol f αX is to express

⌊
X−1
2α

⌋
.
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2.2 Lemmas

Lemma 1(Node Calculation, see in WANG X (2016a, 2018a)). Odd integer X > 1 lies on level
⌊
log2X

⌋
− 1 of T3 tree.

Node N(k, j) of T3 is calculated by

N(k, j) = 2k+1 + 1 + 2 j
k = 0, 1, 2, ...; j = 0, 1, ..., 2k − 1.

Node NX
(k, j) of TX lies on level

⌊
log2X

⌋
− 1 + k of TX and it is computed by

NX
(k, j) = 2kX − 2k + 2 j + 1

k = 0, 1, 2, ...; j = 0, 1, ..., 2k − 1.

Lemma 2(see in WANG X (2020a)). Properties of the floor functions with real numbers x and y, integers m, n and k

(P1) bxc + byc ≤ bx + yc ≤ bxc + byc + 1

(P2) bxc − byc − 1 ≤ bx − yc ≤ bxc − byc < bxc − byc + 1

(P13) x ≤ y⇒ bxc ≤ byc

(P14) bx ± nc = bxc ± n

(P32) bnxc + 1 − n ≤ n bxc ≤ bnxc

(P37) For an arbitrary positive integer k and an arbitrary odd integer N ≥ 1 , the following holds⌊ N
2k

⌋
=

⌊
N − 1

2k

⌋
.

Lemma 3. Odd Interval [a, b] contains b−a
2 + 1 odd integers.

Proof. Assume [a, b] contains n odd integers; then b = a + 2(n − 1) which leads to b−a
2 + 1.

3. Main Results

The following theorems, corollaries, propositions and inferences are newly found and proved. It is mandatory to point
out first that, Lemma 2 is implicitly referred to in the whole reasoning process. Readers should keep this in mind when
reading the proofs.

Theorem 1. Let N > 1 be an odd integer on a tree; then N’s direct ancestor that is α levels away from N is calcualted by
Aα

N = 1 + f αN if f αN is even or Aα
N = f αN if f αN is odd, where f αN =

⌊
N−1
2α

⌋
.

Proof. Let X be N’s direct ancestor that is α levels away from N; then N is on level α of TX . Thereby by Lemma 2 (P13)

2α(X − 1) + 1 ≤ N ≤ 2α(X − 1) + 2(2α − 1) + 1
⇒ X − 1 ≤ N−1

2α ≤ (X − 1) + 2(1 − 1
2α ) = X + 1 − 1

2α−1

⇒ X − 1 ≤
⌊

N−1
2α

⌋
≤ X.

Since X is odd, it is sure that the theorem holds.

Corollary 1. Let N > 1 be an odd integer, α and β be integers satisfying 1 ≤ α ≤ β; denoted Aα
l = Aα

N+2 and Aα
r = Aα

N+2β ;
then the following holds

Aα
l ≤ Aα

r ≤ Aα
l + 2β−α, 1 ≤ α < β

and

Aα
l ≤ Aα

r ≤ Aα
l + 2, α = β.

Proof. Denote Fα
l =

⌊
N+2
2α

⌋
and Fα

r =
⌊

N+2β
2α

⌋
. For the case 1 < α < β, it yields
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Fα
r =

⌊
N+2β+2−2

2α

⌋
=

⌊
N+2
2α + 2β−α − 1

2α−1

⌋
⇒

⌊
N+2
2α

⌋
+ 2β−α +

⌊
− 1

2α−1

⌋
≤ Fα

r ≤
⌊

N+2
2α

⌋
+ 2β−α +

⌊
− 1

2α−1

⌋
+ 1

⇒
⌊

N+2
2α

⌋
+ 2β−α − 1 ≤ Fα

r ≤
⌊

N+2
2α

⌋
+ 2β−α

which is

Fα
l + 2β−α − 1 ≤ Fα

r ≤ Fα
l + 2β−α.

For the case α = 1 , it yields
F1

r =
⌊

N+2β+2−2
2

⌋
=

⌊
N+2

2 + 2β−1 − 1
⌋

⇒ F1
r =

⌊
N+2

2

⌋
+ 2β−1 − 1.

For the case α = β, it yields

Fβ
r =

⌊
N+2β+2−2

2β

⌋
=

⌊
N+2
2β + 1 − 1

2β−1

⌋
⇒

⌊
N+2
2β

⌋
+ 1 +

⌊
− 1

2β−1

⌋
≤ Fβ

r ≤
⌊

N+2
2β

⌋
+

⌊
− 1

2β−1

⌋
+ 2

⇒
⌊

N+2
2β

⌋
≤ Fβ

r ≤
⌊

N+2
2β

⌋
+ 1.

Accordingly, by Theorem 1 the relationships among Fα
l , Fα

r , Aα
l and Aα

r are summarized in Table 1, which shows the
corollary is true.

Table 1. Relationships among Fα
l ,Fα

r ,Aα
l and Aα

r

Fα
l Aα

l Aα
r

Fα
l is odd Aα

l = Fα
l

Fα
r = Fα

l + 2β−α − 1⇒ Aα
r = Aα

l + 2β−α, 1 ≤ α < β
Fα

r = Fα
l + 2β−α − 1⇒ Aα

r = Aα
l , α = β

Fα
r = Fα

l + 2β−α ⇒ Aα
r = Aα

l + 2β−α, 1 < α < β
Fα

r = Fα
l + 2β−α ⇒ Aα

r = Aα
l + 2, α = β

Fα
l is even Aα

l = Fα
l + 1

Fα
r = Fα

l + 2β−α − 1⇒ Aα
r = Aα

l + 2β−α − 2, 1 ≤ α < β
Fα

r = Fα
l + 2β−α − 1⇒ Aα

r = Aα
l , α = β

Fα
r = Fα

l + 2β−α ⇒ Aα
r = Aα

l + 2β−α, 1 < α < β
Fα

r = Fα
l + 2β−α ⇒ Aα

r = Aα
l , α = β

Corollary 2. Let N > 1 be an odd integer, α and β be integers satisfying 1 ≤ α ≤ β; denoted Aα
l = Aα

N−2β and Aα
r = Aα

N−2;
then it holds

Aα
r − 2β−α ≤ Aα

l ≤ Aα
r , 1 ≤ α < β

and

Aα
r − 2 ≤ Aα

l ≤ Aα
r , α = β.

Proof. Denote Fα
r =

⌊
N−2
2α

⌋
and Fα

l =
⌊

N−2β
2α

⌋
. For the case 1 < α < β, it yields

Fα
l =

⌊
N−2β+2−2

2α

⌋
=

⌊
N−2
2α − 2β−α + 1

2α−1

⌋
⇒

⌊
N−2
2α

⌋
− 2β−α +

⌊
1

2α−1

⌋
≤ Fα

l ≤
⌊

N−2
2α

⌋
− 2β−α +

⌊
1

2α−1

⌋
+ 1

⇒
⌊

N+2
2α

⌋
− 2β−α ≤ Fα

r ≤
⌊

N+2
2α

⌋
− 2β−α + 1

which is
Fα

r − 2β−α ≤ Fα
l ≤ Fα

r − 2β−α + 1.

3



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 13, No. 3; 2021

For the case α = 1 , it yields
F1

l =
⌊

N−2β+2−2
2

⌋
=

⌊
N−2

2 − 2β−1 + 1
⌋

⇒ F1
l =

⌊
N−2

2

⌋
− 2β−1 + 1.

For the case α = β, it yields

Fα
l =

⌊
N−2β+2−2

2β

⌋
=

⌊
N−2
2β − 1 + 1

2β−1

⌋
⇒

⌊
N−2
2β

⌋
− 1 +

⌊
1

2α−1

⌋
≤ Fα

l ≤
⌊

N−2
2α

⌋
− 1 +

⌊
1

2α−1

⌋
+ 1

⇒
⌊

N+2
2α

⌋
− 2β−α − 1 ≤ Fα

r ≤
⌊

N+2
2α

⌋
− 2β−α.

The relationships among Fα
l , Fα

r , Aα
l and Aα

r are summarized in Table 1, which shows the corollary is true.

Table 2. Relationships among Fα
l ,Fα

r ,Aα
l and Aα

r

Fα
r Aα

r Aα
l

Fα
r is odd Aα

r = Fα
r

Fα
l = Fα

r − 2β−α ⇒ Aα
l = Aα

r − 2β−α, 1 < α < β
Fα

l = Fα
r − 2β−α ⇒ Aα

l = Aα
r , α = β

Fα
l = Fα

r − 2β−α + 1⇒ Aα
l = Aα

r − 2β−α + 2, 1 ≤ α < β
Fα

l = Fα
r − 2β−α + 1⇒ Aα

l = Aα
r , α = β

Fα
r is even Aα

r = Fα
r + 1

Fα
l = Fα

r − 2β−α ⇒ Aα
l = Aα

r − 2β−α, 1 < α < β
Fα

l = Fα
r − 2β−α ⇒ Aα

l = Aα
r − 2, α = β

Fα
l = Fα

r − 2β−α + 1⇒ Aα
l = Aα

r − 2β−α, 1 ≤ α < β
Fα

l = Fα
r − 2β−α + 1⇒ Aα

l = Aα
r , α = β

Proposition 1. Let X = 2αu + 1 or X = 2αu − 1 with α ≥ 1 being an integer and u > 1 being an odd integer. Then

X ∈ Tu.

Proof. Direct calculations yield

X = 2αu + 1 = 2α(u − 1) + 2(2α−1) + 1 = Nu
(α,2α−1) ∈ Tu

X = 2αu − 1 = 2α(u − 1) + 2(2α−1 − 1) + 1 = Nu
(α,2α−1−1) ∈ Tu.

Proposition 2. Let X > 1 be an odd integer and α > 0 be an integer; assume Y = NX
(α,ω); then one of Y + 2α and Y − 2α

lies on level α of TX .

Proof. By Lemma 1

Y + 2α = NX
(α,ω) + 2α = 2α(X − 1) + 2(ω + 2α−1) + 1

Y − 2α = NX
(α,ω) + 2α = 2α(X − 1) + 2(ω − 2α−1) + 1.

Obviously, the following reasoning processes are true

Y ∈ l(TX)⇒ 0 ≤ ω ≤ 2α−1 − 1
⇒ 2α−1 ≤ ω + 2α−1 ≤ 2α − 1
⇒ Y + 2α ∈ r(TX)

and

Y ∈ r(TX)⇒ 2α−1 ≤ ω ≤ 2α − 1
⇒ 0 ≤ ω − 2α−1 ≤ 2α−1 − 1
⇒ Y − 2α ∈ l(TX).
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Proposition 3. Let X > 1 be an odd integer and α be an integer; then the following holds in TX

NX
(α,2α−1) − NX

(α,0) = 2(2α − 1) = 2α+1 − 2, α ≥ 0

NX
(α,2α−1) − NX

(α,0) = 2α, α > 0

NX
(α,2α−1) − NX

(α,2α−1−1) = 2α, α > 0.

Proof. By Lemma 1,NX
(α,0) = 2α(X−1)+1,NX

(α,2α−1) = 2α(X−1)+2(2α−1−1)+1,NX
(α,2α−1−1) = 2α(X−1)+2(2α−1)+1,NX

(α,2α−1) =

2α(X − 1) + 2(2α − 1) + 1. Hence NX
(α,2α−1) − NX

(α,0) = 2(2α − 1), NX
(α,2α−1) − NX

(α,0) = 2α and NX
(α,2α−1) − NX

(α,2α−1−1) = 2α.

Inference 1. If positive odd integers X and N lie on level α of tree TA with integer α ≥ 0; then |N − X| ≤ 2(2α − 1).

Proof.X and N lying on level α yields |N − X| ≤ NA
(α,2α−1) − NA

(α,0) = 2(2α − 1).

Remark 1. The converse of Inference 1 is not true. For example, 17 and 19 lie on different levels of T3.

Proposition 4. Let X > 1 be an odd integer and α > 0 be an integer. Then

NX+2k
(α,ω) − NX

(α,ω) = 2α+1k

and accordingly for an arbitrary integer β > 0

NX+2β
(α,ω) − NX

(α,ω) = 2α+β.

Proof. Directly calculation yields NX+2k
(α,ω) − NX

(α,ω) = 2α(X + 2k − 1) + 2ω + 1 − 2α(X − 1) − 2ω − 1 = 2α+1k.

Proposition 5. For a positive integer β, suppose X > 0 is an odd integer and Y = X + 2β; then

Aβ−1
Y = Aβ−1

X + 2

and
Aβ

X ≤ Aβ
Y ≤ Aβ

X + 2.

Proof. Direct calculating follows
Y−1
2β−1 = X−1

2β−1 + 2
⇒

⌊
Y−1
2β−1

⌋
=

⌊
X−1
2β−1

⌋
+ 2

⇒ Aβ−1
Y = Aβ−1

X + 2

and
Y−1
2β = X−1

2β + 1
⇒

⌊
Y−1
2β

⌋
=

⌊
X−1
2β

⌋
+ 1.

Let f βY =
⌊

Y−1
2β

⌋
and f βX =

⌊
X−1
2β

⌋
; then relationships among f βX , f βY , Aβ

X and Aβ
Y are summarized in Table 3, which shows the

proposition is true.

Table 3. Relationships among f βX , f βY ,Aβ
Xand Aβ

Y

f βX Aβ
X Aβ

Y
f βX is odd Aβ

X = f βX Aβ
Y = f βY + 1⇒ Aβ

Y = f βX + 2 = Aβ
X + 2

f βX ie even Aβ
X = f βX + 1 Aβ

Y = f βY ⇒ Aβ
Y = f βX + 1 = Aβ

X

Proposition 6. For a positive integer β, suppose X > 0 is an odd integer and Y = X − 2β; then

Aβ−1
Y = Aβ−1

X − 2

and
Aβ

X − 2 ≤ Aβ
Y ≤ Aβ

X .
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Proof. Direct calculating follows
Y−1
2β−1 = X−1

2β−1 − 2
⇒

⌊
Y−1
2β−1

⌋
=

⌊
X−1
2β−1

⌋
− 2

⇒ Aβ−1
Y = Aβ−1

X − 2

and

Y−1
2β = X−1

2β − 1
⇒

⌊
Y−1
2β

⌋
=

⌊
X−1
2β

⌋
− 1.

Let f βY =
⌊

Y−1
2β

⌋
and f βX =

⌊
X−1
2β

⌋
. Then referring to the proof of Proposition 5 results in the conclusions.

Remark 2. Propositions 5 and 6 show that, for an arbitrary positive integerβ, 2β−1 + 1 consecutive positive odd integers
might lie in a subtree or in two adjacent subtrees of T3. In another word, it always can find one subtree or two adjacent
subtrees to have 2β−1 + 1 consecutive positive odd integers to be descendants.

Proposition 7. Let N > 1 be an odd integer on a tree, f αN =
⌊

N−1
2α

⌋
and Aα

N be N’s direct ancestor that is α levels away from
N; then when f αN is even

N ≤ 2αAα
N ≤ 2α + N − 1

whereas when f αN is odd

N − 2α ≤ 2αAα
N ≤ N − 1.

Proof. First consider the case that f αN is even. This time Aα
N = 1 + f αN and

2βAα
N = 2β + 2β

⌊
N − 1

2α

⌋
.

By Lemma 2(P32), it knows
2β−α(N − 1) + 1 ≤ 2βAα

N ≤ 2β + 2β−α(N − 1).

When f αN is odd, Aα
N = f αN and thus

2β−α(N − 1) − 2β + 1 ≤ 2βAα
N = 2β

⌊
N − 1

2α

⌋
≤ 2β−α(N − 1).

Under the condition β = α, it holds
N ≤ 2αAα

N ≤ 2α + N − 1

or

N − 2α ≤ 2αAα
N ≤ N − 1.

Proposition 8. Let N > 1 be an odd integer on a tree T , Aα
N and Aα+1

N be N’s two direct ancestors; denote lα+1
N and rα+1

N to
be respectively the leftmost and rightmost nodes on N’s level that are rooted with Aα+1

N , lαN and rαN to be the leftmost and
rightmost nodes respectively of N’s level that are rooted with Aα

N . Then

Aα
N ∈ l(Aα+1

N )⇒ rα+1
N − rαN = 2α+1, Aα

N ∈ r(Aα+1
N )⇒ rα+1

N − rαN = 0

and

Aα
N ∈ l(Aα+1

N )⇒ lα+1
N − rαN = 0, Aα

N ∈ r(Aα+1
N )⇒ lα+1

N − rαN = −2α+1.

Proof. By Lemma 1 the following holds

6
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(rα+1
N = 2α+1Aα+1

N + 2α+1 − 1) ⊗ (rαN = 2αAα
N + 2α − 1)

⇒ rα+1
N − rαN = 2α+1Aα+1

N − 2αAα
N + 2α.

⇒ rα+1
N − rαN = 2α(2Aα+1

N − Aα
N) + 2α.

Likewise
lα+1
N − lαN = 2α(2Aα+1

N − Aα
N) − 2α.

Since

Aα
N =

{
2Aα+1

N − 1, Aα
N ∈ l(Aα+1

N )
2Aα+1

N + 1, Aα
N ∈ r(Aα+1

N )

⇒ 2Aα+1
N =

{
Aα

N + 1, Aα
N ∈ l(Aα+1

N )
Aα

N − 1, Aα
N ∈ r(Aα+1

N )

it yields

rα+1
N − rαN =

{
0, Aα

N ∈ r(Aα+1
N )

2α+1, Aα
N ∈ l(Aα+1

N )

and

lα+1
N − lαN =

{
−2α+1, Aα

N ∈ r(Aα+1
N )

0, Aα
N ∈ l(Aα+1

N ) .

The proproty described in Proposition 8 can be described with figure 1.

(a) Aα
N ∈ l(Aα+1

N ) (b) Aα
N ∈ r(Aα+1

N )
Figure 1.Boundary property

Proposition 9. In TX tree it holds for integers k > 0 and 0 ≤ j ≤ 2k − 1

NX
(k+1,2k−1+ j) = NX

(k, j) + 2kX

NX
(k, j) + 2kX − 2k = NX

(k+1, j) ∈ TX

and

NX
(k, j) + 2kX + 2k = NX

(k+1,2k+ j) ∈ TX

and accordingly
NX

(k, j) + 2kX + 2ω ∈ TX

where −2k−1 ≤ ω ≤ 2k−1.

Proof. By Lemma 1, see the following calculations

NX
(k, j) = 2kX − 2k + 2 j + 1
⇒ NX

(k, j) + 2kX = 2k+1X − 2k+1 + 2k + 2 j + 1 = NX
(k+1,2k−1+ j)

7
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NX
(k, j) = 2kX − 2k + 2 j + 1
⇒ NX

(k, j) + 2kX − 2k = 2k+1X − 2k+1 + 2 j + 1 = NX
(k+1, j)

and
NX

(k+1,2k+ j) − NX
(k, j)

= 2k+1X − 2k+1 + 2(2k + j) + 1 − (2kX − 2k + 2 j + 1)
= 2kX + 2k.

Note that, when −2k−1 ≤ ω ≤ 2k−1 , it holds

NX
(k+1, j) ≤ NX

(k, j) + 2kX + 2ω ≤ NX
(k+1,2k+ j)

and thus
NX

(k, j) + 2kX + 2ω ∈ TX .

Proposition 10. For TX and integer k ≥ 0, it holds

NX
(k+1,2k−1±ω) = NX

(k,2k−1−1±ω) ± 2kX

and
NX

(k+1,2k±ω) = NX
(k,2k−1±ω) ± 2kX

where ω is an integer satisfying 0 ≤ ω ≤ 2blog2Xc−1+k and the ± symbols are mandatory to be the same in the corresponding
terms, namely, one term taking + requires the other terms to take +, or vice versa.

Proof. By Lemma 1, X lies on level
⌊
log2X

⌋
− 1 of T3 thus NX

(k,2k−1−1+ω) lies on level
⌊
log2X

⌋
+ k − 1 of T3. That level of

T3 contains 2blog2Xc−1+k nodes. Hence 0 ≤ ω ≤ 2blog2Xc−1+k. Then direct calculation yields

NX
(k+1,2k−1±ω) − NX

(k,2k−1−1±ω)
= 2k+1X − 2k+1 + 2(2k − 1 ± ω) + 1 − (2kX − 2k + 2(2k−1 − 1 ± ω) + 1)
= 2kX.

Likewise, direct calculation yields
NX

(k+1,2k±ω) − NX
(k,2k−1±ω) = 2kX.

Proposition 11. Let N = N(k, j) ∈ T3, σ ≥ 0 be an integer, ω and θ be integers satisfying 0 ≤ ω ≤ 2k+σ − 1 − j and
0 ≤ θ ≤ j; then

N + 2k+1(2σ − 1) + 2ω = N(k+σ, j+ω)

and
N + 2k+1(2σ − 1) − 2θ = N(k+σ, j−θ).

Proof. First it can see

N + 2k+1 = N(k+1, j)
⇒ N(k+1, j) + 2k+2 = N + 2k+1 + 2k+2 = N(k+2, j)
...
⇒ (N + 2k+1 + 2k+2 + ...2k+σ−1) + 2k+σ = N(k+σ−1, j) + 2k+σ = N(k+σ, j).

That is

N + 2k+1(2σ − 1) = N(k+σ, j).

Note that, 0 ≤ ω ≤ 2k+σ − 1 − j⇒ j ≤ j + ω ≤ 2k+σ − 1, N(k+σ, j) + 2ω = N(k+σ, j+ω), and surely

N + 2k+1(2σ − 1) + 2ω = N(k+σ, j+ω).
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Likewise, 0 ≤ θ ≤ j⇒ 0 ≤ j − θ ≤ j yields

N(k+σ, j) − 2θ = N(k+σ, j−θ)

and
N + 2k+1(2σ − 1) − 2θ = N(k+σ, j−θ).

Remark 3. The formulas in Proposition 11 reveal a property related with the walk of a node. One can think the node
N + 2k+1(2σ − 1) + 2ω = N(k+σ, j+ω) comes from N’s walking downward by σ steps and then rightward by ω steps. This is
why we prefer to this proof rather than another one that obtains N+2k+1(2σ−1)+2ω = N(k+σ, j+ω) and N+2k+1(2σ−1)−2θ =

N(k+σ, j−θ) directly by N = 2k+1 + 2 j + 1.

Proposition 12. Given an positive odd integer N and a positive integer β satisfying 1 ≤ β <
⌊
log2N

⌋
; let X be an odd

integer in odd interval I = [N + 2,N + 2β]. Then

Aβ
N+2 ≤ Aβ

X ≤ Aβ
N+2 + 2.

Proof. The conclusion of this proposition is actually established in Corollary 2. However we’d like to present a detailed
proof so as to make reader know the deep meaning of this proposition. The case β = 1 yields X = N + 2. Hence we next
consider 1 < β ≤

⌊
log2N

⌋
− 1 . Since the interval contains nβ = 2β−1 nodes, the following two cases might occur.

Case 1.The whole interval lies on a same level of T3. It can prove that, this time the nβ nodes might be descendants of one
ancestor A or descendants of two ancestors, A and A + 2, as illustrated in figure 2.

(a) nβ nodes are descendants of A (b) nβ nodes are descendants of A and A + 2
Figure 2. 2β−1consecutive nodes lie on a level of T3

Actually, consider the ancestors of N + 2 and N + 2β on the level that are β levels upper N + 2 or N + 2β. Let Aβ
l and Aβ

r be
the ancestors of N + 2 and N + 2β , respectively. Let Fβ

l =
⌊

N+2
2β

⌋
and Fβ

r =
⌊

N+2β
2β

⌋
; then by Theorem 1 Aβ

l takes its value

by the odd one between Fβ
l and Fβ

l + 1 and Aβ
r takes its value by the odd one between Fβ

r and Fβ
r + 1. Note that,

Fβ
r =

⌊
N + 2β + 2 − 2

2β

⌋
=

⌊
N + 2

2β
+ 1 −

1
2β−1

⌋

Fβ
r =

⌊
N + 2β − 1

2β

⌋
=

⌊
(N + 2) − 1

2β
+ 1 −

1
2β−1

⌋

Fσ
r =

⌊
N + 2β + 2 − 2

2σ

⌋
=

⌊
N + 2

2σ
+ 2β−σ −

1
2σ−1

⌋
lead to By Lemma 2(P1) ⌊

N + 2
2β

⌋
+

⌊
1 −

1
2β−1

⌋
≤ Fβ

r ≤

⌊
N + 2

2β

⌋
+

⌊
1 −

1
2β−1

⌋
+ 1.
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Since β > 1 , it knows
⌊
1 − 1

2β−1

⌋
= 0 and thus ⌊

N + 2
2β

⌋
≤ Fβ

r ≤

⌊
N + 2

2β

⌋
+ 1

which is
Fβ

l ≤ Fβ
r ≤ Fβ

l + 1.

With this relationship, the values that Aβ
l and Aβ

r take are summarized in Table 4 and it can see that the results match to
both Corollary 2 and this proposition.

Table 4. Values of Aβ
l and Aβ

r

Fβ
l Aβ

l Aβ
r

Fβ
l is odd Aβ

l = Fβ
l

Fβ
r = Fβ

l ⇒ Aβ
r = Aβ

l
Fβ

r = Fβ
l + 1⇒ Aβ

r = Aβ
l + 2

Fβ
l is even Aβ

l = Fβ
l + 1

Fβ
r = Fβ

l ⇒ Aβ
r = Aβ

l
Fβ

r = Fβ
l + 1⇒ Aβ

r = Aβ
l

Case 2. The odd numbers in the interval I lie on different levels of T3. This time, let k =
⌊
log2N

⌋
− 1 and j = N−2k+1−1

2 ;
then N = N(k, j) lies at position j on level k of T3. Since there are 2k nodes on level k, it knows that nβ = 2β−1 nodes lie on
2 adjacent levels due to 1 < β ≤ k. By Proposition 11, node N + 2β = N(k+1,ω) and ω < j. The distribution of the nodes is
illustrated as figure 3.

Figure 3. 2β−1 consecutive nodes lie on 2 adjacent levels of T3

Assume there are s nodes on level k and t nodes on level k + 1; then s + t = 2β−1 and

N = 2k+2 − 1 − 2s = 2k+2 − 2s − 1
N + 2 = 2k+2 − 1 − 2(s − 1) = 2k+2 − 2s + 1
N + 2β = 2k+2 + 1 + 2(t − 1) = 2k+2 + 1 + 2(s − 1) + 2β.

Now let U = 2k+2−β − 1,V = 2k+2−β + 1; then in TU and TV respectively it holds

NU
(β,2β−1−(s−1)) = 2β(U − 1) + 1 + 2(2β − 1 − (s − 1))

= 2β(2k+2−β − 1 − 1) + 1 + 2(2β − s)
= 2k+2 − 2β+1 + 1 + 2β+1 − 2s
= 2k+2 − 2s + 1

and
NV

(β,t−1) = 2β(V − 1) + 2(t − 1) + 1
= 2k+2 + 2(2β−1 − s − 1) + 1
= 2k+2 + 2β − 2s − 1 = N + 2β.
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which shows Aβ
N+2 = U and Aβ

N+2β = V . Since V − U = 2, it knows the conclusion holds for Case 2.

Proposition 13. Given a positive odd integer N and a positive integer β satisfying 1 ≤ β <
⌊
log2N

⌋
; let X be an odd

integer in odd interval I = [N + 2,N + 2β]. Then

Aα
N+2 ≤ Aα

X ≤ Aα
N+2 + 2β−α

where 1 ≤ α < β is an integer.

Proof. Referring to Lemma 2(P13) and Corollary 2.

Proposition 14. Given a positive odd integer N and a positive integer β satisfying 1 ≤ β <
⌊
log2N

⌋
; let X be an odd

integer in odd interval I = [N − 2β,N − 2]. Then

Aβ
N−2 − 2 ≤ Aβ

X ≤ Aβ
N−2

and
Aα

N−2 − 2β−α ≤ Aα
X ≤ Aα

N−2

where 1 ≤ α < β is an integer.

Proof. Referring to Proposition 13.

4. Conclusion

As stated in the introductory section, the aim of this paper is to show the newly-discovered important properties of the
valuated binary tree for possible future studies. Why is it important? It is because the binary tree itself is a basic tool
in data structure and referring to WANG X (2020b) it is naturally related with the blind search. Since the tree has many
other undiscovered properties, future work on digging out new properties is necessary and worth to contribute. Hope more
young to join the work.
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