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Abstract

We obtain some new identities for the generalized Fibonacci polynomial by a new approach, namely, the Q(x) matrix.
These identities including the Cassini type identity and Honsberger type formula can be applied to some polynomial
sequences such as Fibonacci polynomials, Lucas polynomials, Pell polynomials, Pell-Lucas polynomials and so on, which
generalize the previous results in references.
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1. Introduction

A second order polynomial sequence F,(x) is said to be the Fibonacci polynomial if forn > 2 and x € R,
Fu(x) = xFy1(x) + Fr2(x)

with Fo(x) = 0 and F(x) = 1. The Fibonacci polynomial and other polynomials attracted a lot of attention over the
last several decades (see, for instance, Falcon & Plaza, 2007, 2009; Gould, 1981; Horadam, 1979; Horadam & Mahon,
1985; Wu & Zhang, 2013). Recently, the generalized Fibonacci polynomial is introduced and studied intensely by many
authors (André-Jeannin, 1994, 1995; Flérez, Higuita & Mukherjee, 2018; Flérez, McAnally & Mukherjee, 2018), which
is a generalization of the Fibonacci polynomial. Indeed, a polynomial sequence G,(x) in (Flérez, Higuita & Mukherjee,
2018; Florez, McAnally & Mukherjee, 2018) is called the generalized Fibonacci polynomial if for n > 2,

Gn(x) = c(X)Gp-1(x) + d(x)Gp-2(x)

with Gy(x) and G(x), where c(x) and d(x) are fixed non-zero polynomials in Q[x]. It should be noted that there is no
unique generalization of Fibonacci polynomials. Following the similar definitions in (Flérez, McAnally & Mukherjee,
2018), in this note, F,(x) is said to be the Fibonacci type polynomial if for n > 2,

Fo(x) =0, F1(x) = a and F(x) = c(x)Fp-1(x) + d(X)F-2(x)
where a € R\ {0}. If forn > 2,
Lo(x) = g, L1(x) = b(x) and L,(x) = c(x)Ly-1(x) + d(x)L,-2(x),

then the polynomial sequence L,(x) is called the Lucas type polynomial, where ¢ € R \ {0} and b(x) is a fixed non-zero
polynomial in Q[x]. Naturally, both ¥,(x) and £,(x) are the generalized Fibonacci polynomials. We note that if we
assume 71(x) = a = 1, then F,(x) is the Fibonacci type polynomial given in (Flérez, McAnally & Mukherjee, 2018). In
addition, the definition of £,(x) is the same with that of Flérez et al (Flérez, McAnally & Mukherjee, 2018) if |g| = 1 or
2, and c(x) = 2b(x). In other words, our definitions of ¥,(x) and L,(x) are generalizations of those in (Flérez, McAnally
& Mukherijee, 2018).

Our goal is to give some new identities for ¥,(x) and £,(x) by applying a new approach, namely the Q(x) matrix, rather
than using the Binet formulas. We note that in some references, the authors obtain identities for polynomial sequences
by using the Binet formulas. Here, we provide a new way to deduce some new identities for ¥,(x) and £,(x). Besides,
these results can be applied to some familiar polynomial sequences. Indeed, the polynomial sequences in the upper part
of Table 1 below are the Fibonacci type polynomials. On the other hand, those in the lower part of Table 1 are the Lucas
type polynomials. Table 1 is the rearrangement of Table 1 (Flérez, McAnally & Mukherjee, 2018).
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Table 1. Some examples of the generalized Fibonacci polynomials

Polynomial Initial value Initial value Recursive Formula

Go(x) Gi(x) Gu(x) = c(0)Gp-1(x) + d(X)Gp—2(x)
Fibonacci 0 1 F,(x) = xF,_1(x) + F,,_»(x)
Pell 0 1 P,(x) =2xP,_1(x) + P,_»(x)
Fermat 0 1 O, (x) = 3xD,,_1(x) — 2D, _»(x)
Chebyshev second kind 0 1 U,(x) =2xU,_1(x) — U,—2(x)
Jacobsthal 0 1 Jo(x) = Jo1(x) + 2xJ,-2(x)
Morgan-Voyce 0 1 B,(x) = (x+2)B,_1(x) — B,_»2(x)
Vieta 0 1 V(%) = xV,-1(x) = Vo (%)
Lucas 2 X L,(x) = xL,_1(x) + L,_»(x)
Pell-Lucas 2 2x D, (x) = 2xD,_1(x) + D,,_»(x)
Pell-Lucas-prime 1 X D;(x) = 2xD;_,(x) + D;,_,(x)
Fermat-Lucas 2 3x Pa(x) = 3x9,-1(x) — 20,2(x)
Chebysheyv first kind 1 by T,(x) =2xT,_1(x) — T_2(x)
Jacobsthal-Lucas 1 1 Ap(x) = Ao (x) + 2xA 2 (x)
Morgan-Voyce 2 xX+2 Ch(x) =(x+2)Cy_1(x) — Cpp(x)
Vieta-Lucas 2 X V(X)) = xv,21(X) — v (%)

2. Fibonacci Type Polynomials

In this section, we will provide and prove some identities for the Fibonacci type polynomial ¥,(x) by applying the
Fibonacci type Q(x) matrix. The original Fibonacci Q matrix was introduced by Charles H. King in his master thesis (cf.
Koshy, 2001), and given by
1 1
o=t of

The Fibonacci Q matrix is connected to the Fibonacci sequence F,,, which is defined as below

Fo=1,Fi=1and F,=F,_+F,_, for n>2.

. (U 1" _(F, Fuu
o= o) =l )

Using this relation above, some familiar identities can be obtained. For instance,
Fon  Fo\_ IS
det( s F) _ (det(l O))

FuFoy = Fy = (-1)".

Indeed, it is noted in (Gould, 1981) that

implies the Cassini identity

Also, using this equality Q" = Q" (0", one can deduce the Honsberger formula.

In the following, we will apply some similar idea of Q matrix from the numerical cases (Lin, 2012) to the Fibonacci type
polynomials %, (x). For n > 2 and x € R, the Fibonacci type polynomial #,(x) is defined by

Fo(x) =0, F1(x) = a and F,(x) = c(X)Fp-1(x) + d(X)Fp-2(x) 9]
where a € R \ {0}. Then

F a1 (X) 1 0 J\ Fu(0)
Here we define the Fibonacci type Q(x) matrix by

(ﬂ+z(X)) _ (C(X) d(X)) (7'7”1()6))'

_ () d(x)
=[5 )

We note that if 7,,(x) = P,(x) is the Pell polynomial as defined in Table 1, then
2x 1

22



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 13, No. 2; 2021

which appeared in (Horadam & Mahon, 1985). In addition, we observe that

Fr2(0)\ _ [c(x)  dx))" (Fa(x)) _ [e(x) dx)\" (ac(x)
Fri® L1 0 )\ AW \1 o0 a )

On the other hand,

(ﬂ+z(X)) _ (C(X)ﬁ+1(X) + d(X)Tn(X))
Fnr1(x) c(X)Fn(x) + d(X)Fpo1(x)

(iR 2F00 | fac(x)
T\ lrew e w)\ e )

Hence the below result follows.

Theorem 2.1 Let F,(x) be the Fibonacci type polynomial as defined in Eq. (1). Then for eachn € N,

M) VFm ) (e dx) _ .,
(iﬂ(x) @ﬂ_m) (1 0 ) =@

n

Proof. Letn = 1. Then
LEe) OF ) _ () dx)
A Lrw) (1 o)

Assume the equality holds for n = k. Then we have

(;‘fm(x) 9 F (x) ) _ (c<x) d<x>)k
I DEaw) (1 0 )

If n=k+1, then

(§ﬂ+z<x> Mﬁﬂ(x))_(c(x) d(x))(ﬁﬂﬂ(x) @ﬁm)

(c(x) d(x))"“
I Lreo V1 0 )\ irw Le,w '

1 0

By induction, the result follows. O
The Cassini type identity of the Fibonacci type polynomial ¥,(x) can be obtained below by Theorem 2.1.

Corollary 2.2 Let F,(x) be the Fibonacci type polynomial. Then for eachn € N,

F2(X) = Fr1 (0)F o1 (x) = a(=d(x)"".

Proof. By Theorem 2.1,

det| ¢ 1 0

(T () DT () ) _ ( det (c<x> d(x)))”
lre  BE ) '

Hence
F2(x) = Fra1 (X)F 1 (%) = a*(=d(x))"".

]

Example 2.3 Leta = 1,c¢(x) = x,d(x) = 1 in Eq. (1). Then F,(x) is the classical Fibonacci polynomial F,(x). By
Corollary 2.2, we recover the Cassini identity in (Falcon & Plaza, 2009),

Fr1 (0 F,-1(x) = F2(x) = (=1)".

Example 2.4 Let F,(x) be the Pell polynomial P,(x) as defined in Table 1. By Corollary 2.2,
Pyt (0)Py1(x) = Po(x) = (=1)"

which is the identity (2.5) in (Horadam & Mahon, 1985).

23



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 13, No. 2; 2021

Example 2.5 Leta = 1,c(x) = 1,d(x) = 2xin Eq. (1). Then F,(x) = J,(x) is the Jacobsthal polynomial as defined in
Table 1. By Corollary 2.2, one can obtain the Cassini identity for the Jacobsthal polynomial below

JA) = Tt (0T (x) = (=2x0)"7 1

By Corollary 2.2, we have the result below.
Corollary 2.6 Let F,(x) be the Fibonacci type polynomial. Then for each n € N,

Fri(x) — ()T () Fpor (x) — d(OF (x) = a*(—d(x)"".

Proof. By
F2() = Fr1 (0)F 1 (x) = a*(=d(x)"".
and
Fra1(X) = c(0)F(x) + d(X)F 1 (),
we have

a*(—=d(x)"! F2(X) = (c(O)Fn(x) + d(X)Fm1 (X)) Fro1 (x)

= Fi(x) = cQOF () Fpo1(x) = d(X)F,2 | ().

]

By applying Q""" (x) = Q"(x)Q™(x), we give the Honsberger type formula for the Fibonacci type polynomials ¥, (x)
below.

Corollary 2.7 Let F,(x) be the Fibonacci type polynomial. Then for each n,m € N,

aFpem(x) = Fun(0)Fme1 (%) + d)F -1 (OF ().

Proof. By

e d\"™ _ [e(x) dx)\" [e(x)  dx))"
1 0 11 0 1 0 ’

we have
(§ﬂ+m+1(x) () ) _ (ﬁﬁm(X) L7, () )(ﬁffmﬂ(x) A (x) )
Lm0 OF 1 (x) e MNe )\ e LF, )

Hence by the (2, 1) entry of the first matrix in the equality above,

aFpem(x) = Fu(0)Fme1 (%) + d)F -1 (OF ().

Remark 2.8

(i) Let a = 1 in Corollary 2.7. Then Corollary 2.7 is the same with the first result of Proposition 1 (Florez, McAnally &
Mukherjee, 2018), and a generalization of Proposition 5 (Falcon & Plaza, 2009).

(ii) If m = n — 1 in the above corollary, then for each n € N,
aFn-1(x) = F/(0) + dOF, (x)

which generalizes the numerical case of Fibonacci sequences.
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Example 2.9 Leta = 1,c(x) = x,d(x) = lin Eq. (1). Then F,(x) = F,(x) is the Fibonacci polynomial as defined in Table
1. By Corollary 2.7, we recover the Honsberger formula in Proposition 5 (Falcon & Plaza, 2009),

Fn+m(-x) = Fu(X)F i1 (X) + Fpo 1 (X F (x).

Example 2.10 Leta = 1,c(x) = 2x,d(x) = 1 in Eq. (1). Then F,(x) is the Pell polynomial P,(x). By Corollary 2.7, we
have

Pn+m(x) = Pn(x)Pm+l(x) + Pn—l(x)Pm(x)

which is the equality (3.14) in (Horadam & Mahon, 1985).
Using Q""" (x) = Q"(x)Q ™ (x) for n > m, we next will prove the d’Ocagne type identity for ¥,(x). Here we need to

assume d(x) # O for each x € R so that Q(x) is invertible. Moreover, note that

Fut (1) 49F, (1) )‘1 B

L (@Tm_lm —@ﬁ(x))
IFa) 7, ()

1
0w RRETET) R AR e
by Theorem 2.1 and Corollary 2.2.

Corollary 2.11 Let 7,(x) be the Fibonacci type polynomial, and let d(x) # 0 for each x € R. Then for n,m € N with
nz>m,

a(=d(xX)" F-m(x) = Fu()F ps1(xX) = Frre1 (OF ().

Proof. By Q""(x) = Q"(x)Q™™(x), we have
(5 o1 (0 L2F L (x) )
L) OF 1 (x)

_ (gﬂmx) @ﬂ(x)) 1 (%ﬁ_m ~F ()
A\ lmm Lrw) Fdoy | - AFae )

Hence considering the (1, 2) entry of the first matrix in the equality above,

a(=d ()" F-m(x) = Fu(0)Fps1(xX) = Frre1 (OF ().

Example 2.12 Let 7,(x) be the Fibonacci polynomial F,(x) as in Table 1. By Corollary 2.11,
(_l)an—m(x) = Fru()F i1 (x) = Frp1 () F (%)
which is the d’Ocagne identity in Corollary 8 (Falcon & Plaza, 2009), and the identity (47) of Proposition 3 (Florez,

McAnally & Mukherjee, 2018).

c(x) dx)
1 0
obtain the following expression of ¥, (x).

We note that Q(x) = ( ) satisfies Q%(x) = c(x)Q(x) + d(x)I where I = (l O). Using this equality, one can

0 1

Theorem 2.13 Let 7,(x) be the Fibonacci type polynomial. Then for each n, p € N,

n

FonepX) = )| (’;) NI (O F o (x).

=0
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Proof. Consider

(57—‘2"+,7+,<x> @%Mp(x))
L Fonip(®) 01 ()
— Q2n+p(x)

= '@ (QW)

= /() (c()Q) + d(x)])"

n

= Q0°(x%) [Z (’]1) cj(x)d”—j(x)Q-f(x)]

=0

1 d(x) n 1 dw)
_ (A Fw ) (n) i) (;fm(x) Tﬁm)
(%m o) 27O i)

Then by Corollary 2.7 and the (1, 2) entry of the first matrix in the above equality, we have

T = Y (’;) S (3) (FpF 1 () + AT pr (OF ()
=0
a Z (r]z) I (x)d" ™ (X)F 1. p ().

Jj=0

]

Example 2.14 Let F,(x) be the Fibonacci polynomial F,(x) in which a = 1,c¢(x) = x,d(x) = 1 in Eq. (1). By Theorem
2.13, we have

n

Fap(x) = )’ (’]’) X F jp().

=0

Givenn =2 and p = 1, we have
Fs(x) = F1(x) + 2xF»(x) + x*F3(x).

Indeed, this equality holds for Fi(x) = 1, F(x) = x, F3(x) = x>+ 1and Fs(x) = x* +3x> + 1.
3. Lucas Type Polynomials

Based on the results of Fibonacci type ¥,(x), some identities of Lucas type polynomials £, (x) will be demonstrated in
this section. Throughout this section, we assume £,(x) and ¥,(x) have the same recursive formula with Ly(x) = F1(x),
that is, for n > 2,

Fo(x) =0, F1(x) = a and F,(x) = c(O)Fp-1(x) + d(X)Fp-2(x),

and

Lo(x) = a, Li(x) = b(x) and L,(x) = c(x)L-1(x) + d(x) L—2(x) 2
where a € R \ {0}. By applying Theorem 2.1, one can connect .£,(x) with F,(x) below.

Theorem 3.1 Let 7, (x) and L,(x) be the Fibonacci type polynomial and Lucas type polynomial respectively with Ly(x) =
F1(x) = a. Then for each n € N,

oy d N\ 7w F@

Ln+2(x) -E11+1 (.X)
L) Lu(x)

(b(x)c(x)+ad(x) b(x)d(x)) (7_-”” (X) ﬂ(x) )

Proof. First, we will prove £,(x) = @ﬁ(x) + d(x)Fn—1(x) holds for eachn € N. Let n = 1. Then

b
£09= b0 = "7 + d@Fo ().

Letn = 2. Then b
£509= b0e() + ad(x) = 250 + T ),
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Assume this equality hods forn =k — 1 and k. Let n = k + 1. Then

Lii1(x) c(0)Li(x) + d(x) L1 (x)

b b
- (%ﬂ(x) . d(x)ﬁ_l(x)) +d() (%ﬁl () + dDFia(x)

b
= P @A) + OO () + A 0100+ 0T 2(00)

b
_ %mm + d(X)Fr(x).

By induction, £,(x) = @ﬂ(x) + d(x)¥F,-1(x) holds for all n € N. Also,

L0 = "Ew s
b
= P @10 + AT 2(0) + AT 1)
_ b(x)c(x) + ad(x)ﬂ_l(x) N b(x)d(x) F ().
a a
One has the result by these two equalities
£,00="27,00 + d0F 10
and b d b(x)d
L0 = UMDy g4 P,
O
Next, we will demonstrate the relation between Lucas type polynomials and the Fibonacci type Q(x) matrix .
Theorem 3.2 Let L,(x) be the Lucas type polynomial. Then for eachn € N,
(£n+2(x) d(x)£n+1(x)) _ (Lz(x) d(x)—Ll(x)) 0"(x)
Ly(x)  d(x)Ly(x) Li(x)  d(x)Lo(x)
Proof. By Theorem 2.1 and Theorem 3.1, we have
Lyi2(x)  d(x)Lyr1(x)
Ly(x)  d(x)Ly(x)
_ (L2 Lin(x)\(1 0
L) Ly J\0 dx)
b(x)c(x;+ad(x) b(x)ad(x) 7—-n+1 ()C) 7'-,,()() 1 0
bl d \ 7 Fa@/\0 dw
_ (b)) + ad(x) b))\ (1 F () %X)?"Z(X)
- b(x) adx) J\ 17 BF ()
L) d0) L) () do)’
Li(x) dx)Lo(x0))\ 1 0
for each n € N. m|

Using Theorem 3.2, one has the Cassini type identity for the Lucas type polynomial £, (x).
Corollary 3.3 Let L, (x) be the Lucas type polynomial. Then for each n € N,

Lo () La(x) = L3,(0) = (L2(0) Lo(x) = LT(0)) (=d(x))".
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Proof. By Theorem 3.2, we have

Lon(® dOLin(@) (L) AL\, (@) d@))’
det(zn+1(x) d(x0) Lo () )‘det(A(x) d(xu:o(x)) (det( 10 )) :

Hence
L0 Li(x) = L3, (0) = (L2(0) Lo(x) = LT (~d(x))".
O

Example 3.4 Let a = 2,b(x) = 2x,¢(x) = 2x,d(x) = 1 in Eq. (2). Then L,(x) = D,(x) is the Pell-Lucas polynomial as
defined in Table 1. By Corollary 3.3, the Cassini identity for the Pell-Lucas polynomial D,(x) is
Dyi2(0)Dy(x) = Dy, (%) = (42% + H)(=1)".

By Corollary 3.3, we have the result below.
Corollary 3.5 Let L, (x) be the Lucas type polynomial. Then for each n € N,

() Lyt () La(x) + d0) L2X) = Lo (0) = (L2 Lo(®) = L1(0)) (—d(x)".

Proof. By
L) La(0) = Lo (%) = (L2 Lo(x) = L1()) (—d(x))"
and
Lu2(x) = ¢(x) L1 (%) + d(x) Lo(x),
we have

(L2060 Lo(x) = L)) (=d(x)"
(e(X) L1 () + d() Ly (%)) Ly(x) = L2, (%)
() L1 () Ly (x) + d(x) LE(x) = L2, (%).

Using 0%(x) = c(x)Q(x) + d(x)I again, we have the expression of £,(x).
Theorem 3.6 Let L,(x) be the Lucas type polynomial. Then for each n,p € N,

n

Lonp®) = (’;) I Od" () Ly ().

J=0

Proof. By Theorem 3.2, we have

L2n+p+2(x) d(x)£2n+p+l(x))
Lopipr1(x)  d(x) Lo p(x)

Lo(x) dx)Li(X)\ ons
e d(X)Lo(X))Q '@

L(x)  d(x)Li(x) Lo
(-El(x) d(x)Lo(x)) 0" (x) (Q (x))

Lyn(x) d)Ly(x)

Lpa(x)  dx)Ly(x) )(C(x)Q(x) +d(x)I)"

Lpn(x)  dx)Lyr1(x) < n\ n i .
(£Z+1(x) d(x) fp(x) )[,Z:(; (J) c(x)d J(x)QJ(x)]

ny j n—j £p+j+2(-x) d(x)£p+j+1(x))
2, (]) c@d ) (pr(x) A Lye ()

=0
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By considering the (2, 2) entry of the first matrix in the above equality, we have

n

Loy =) (’J’) "I (x) Ly ().

J=0
]

Example 3.7 Let £, (x) be the Morgan-Voyce polynomial C,(x) in which a = 2,b(x) = x+ 2,¢(x) = x +2,d(x) = -1 in
Eq. (2). By Theorem 3.6, we have

n

n . n— .
Conep() = Z( ) (x + 2 (= 1)"ICp ().
J=0 J
Finally, we end up this note by providing two identities in which 7,(x) and £, (x) are involved.

Proposition 3.8 Let F,(x) and L,(x) be the Fibonacci type polynomial and Lucas type polynomial respectively with
Lo(x) = F1(x) = a. Then for eachn,m € N,

aLpim(x) = L1 (O)Fm(x) + d(x).L, () F -1 (x).

Proof. By Theorem 3.2, we have

(Ln+m+2(x) d(x)£n+m+1 ()C))
Ln+m+l (.X) d(x)-Ler(x)

L) dOLIEN ons o om
(-El(x) d(x)LO(x))Q (00" (x)

(zzm(x) d(x)LM.(x))(ﬁ?‘mH(x) LD F 0 (x) )
Lin(®)  dLx) )\ L1F,m  LF, )

Then by the (2, 2) entry of the first matrix in the above equality, we have

a£n+m(x) = ~Cn+1(-x)7:m(-x) + d(-x)Ln(-x)y:m—l(-x)
for each n,m € N. O
Example 3.9 Ler 7,(x) and L,(x) be the Jacobsthal polynomial J,(x) and the Jacobsthal-Lucas polynomial A, (x) re-

spectively, as defined in Table 1. Then Ay(x) = J1(x) = 1 which satisfies the condition in Proposition 3.8. Hence we have
the following equality for J,(x) and A, (x):

ANpim ()C) = Api1 (X)Jm (X) +2xA, (X)Jnk 1 (X)

Proposition 3.10 Let 7,(x) and L,(x) be the Fibonacci type polynomial and Lucas type polynomial respectively with
Lo(x) = F1(x) = a. Let d(x) # 0 for each x € R. Then for each n,m € N withn > m,

a(=d(X))" Ln-m(x) = Ly(X)Fmr1(xX) = L1 (0)F ().

Proof. By Theorem 3.2 and Q" (x) = Q"(x)Q7"(x), we have
(Ln—m+2 (x) d(x)-zn—m+l ()C))
Lyomr1(x) d(x) Ly—m(x)

Lr(x) dx)Li(x0)) ., »
(£1(x) d(x)Lo(x))Q (x)Q™"(x)

_ (Lm(x) d<x>£n+1<x>) 1 (%fm_l(x) —@?‘m(x))
Ln+l(x) d(x)-En(x) (—d(x))”’ _éfm(x) éTerl(x) .
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Then considering the (2, 2) entry of the first matrix in the above equality, we have
a(=d(x)" Ly-m(x) = Ly()F i1 (%) = L1 (0)F ().

]

Example 3.11 Let F,(x) and L,(x) be the Jacobsthal polynomial J,(x) and the Jacobsthal-Lucas polynomial A,(x)
respectively. Then Ao(x) = J1(x) = 1 and

(_zx)mAn—m(x) = An(-x)-]m+1(x) = Apr1 () ().
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