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Abstract

Invariants and the study of the map preserving a certain invariant play vital roles in the study of the theoretical math-
ematics. The preserver problems are the researches on linear operators that preserve certain invariants between matrix
sets. Based on the result of linear k-power preservers on general matrix spaces, in terms of the advantages of matrix
tensor products which is not limited by the size of matrices as well as the immense actual background, the study of the
structure of the linear k-power preservers on tensor products of matrices is essential, which is coped with in this paper.
That is to characterize a linear map f : Mm1···ml → Mm1···ml satisfying f (X1 ⊗ · · · ⊗ Xl)k = f

(
(X1 ⊗ · · · ⊗ Xl)k

)
for all

X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml .
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1. Introduction

Suppose F is a field of chF = 0 and Mm is a linear space of all m × m matrices over F. Suppose l ≥ 1, k, r ≥ 2 as well
as m1, · · · ,ml ≥ 2 are positive integers. Let P2

m and Pr
m be subspaces of Mm consisting of all idempotent and r -potent

matrices respectively, i.e. P2
m = {A ∈ Mm : A2 = A} and Pr

m = {A ∈ Mm : Ar = A}. For A ∈ Mm and B ∈ Mn, we denote by
A ⊗ B ∈ Mmn their tensor (Kronecker) products. Generally, we denote by Mm1 ⊗ · · · ⊗ Mml � Mm1···ml .

We begin with presenting a series of definitions that we shall use throughout the paper. First of all, Let ϕ : Mm1···ml →

Mm1···ml be a linear map:

1. ϕ is an idempotent preserver if A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

⇒ ϕ (A1 ⊗ · · · ⊗ Al) ∈ P2
m1···ml

;

2. ϕ is a r-potent preserver if A1 ⊗ · · · ⊗ Al ∈ Pr
m1···ml

⇒ ϕ (A1 ⊗ · · · ⊗ Al) ∈ Pr
m1···ml

;

3. ϕ is a k-power preserver if ϕ (X1 ⊗ · · · ⊗ Xl)k = ϕ
(
(X1 ⊗ · · · ⊗ Xl)k

)
, ∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml .

Then we call a linear map π on Mm1···ml canonical, if π maps X1 ⊗ · · · ⊗ Xl to τ1(X1) ⊗ · · · ⊗ τl(Xl), where τk : Mmk → Mmk

is either the identity map X 7→ X or the transposition map X 7→ Xt, k = 1, · · · , l.

This paper is to determine the structure of linear k-power preservers on tensor products of matrices. The real motivation
for our work derived from linear preserver problems which have become the major topic in the research of matrix theories.
Frobenius (Frobenius, 1897) characterized a linear map preserving the determinant function. Chongguang (Chongguang,
1999) showed the linear maps preserving idempotence on matrix modules over some rings. Xian (Xian & Chongguang,
2006) characterized that a linear k-power preserver between matrix spaces whose statement as follows: a linear map
f : Mn(F) → Mm(F) with chF > k(k ∈ Z, k ≥ 2) or chF = 0 satisfies f (X)k = f (Xk), ∀ X ∈ Mn if and only if there are
two nonnegative integers p1, p2 satisfying m ≥ (p1 + p2)n, and a nonsingular matrix R ∈ Mm(F) such that f has the form

X 7→ R [(X ⊗G1) ⊕ (X ⊗G2) ⊕ 0] R−1,∀X ∈ Mn(F)

where Gi ∈ Mpi (F) is k-potent whenever pi , 0, i = 1, 2. Baodong (Baodong, Jinli & Ajda, 2015) determined the structure
of linear maps preserving idempotents of tensor products of matrices, which is described as a linear map ϕ : Mm1···ml → Mn

preserves idempotents of tensor products of matrices if and only if either ϕ = 0 or n = m1 · · ·ml and there is an invertible
matrix Q ∈ Mn and a canonical map π on Mm1···ml such that ϕ has the form ϕ(A1 ⊗ · · · ⊗ Al) = Qπ(A1 ⊗ · · · ⊗ Al)Q−1,∀Ak ∈

Mk, k = 1, · · · , l.

The purpose of this article is to characterize the linear preserver problems on tensor products of matrix spaces which
not only enriches the theories of linear preserver problems, but is served as the theoretical basis of quantum information
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science. The matrix tensor product is an operation defined between two matrices of arbitrary size, which is not limited by
the number of rows or columns. Therefore, the matrix tensor product has the characteristics of a wide application range.
In addition, the requirement of tensor products is added to the linear preserver problems, which reduces the constraint on
mapping and makes the conclusion more general. For more results on preserver problems, we refer the reader to Ginhor,
Constantin & Xian (Ginhor & Minghuat, 1992; Constantin, 2019; Xian, Xioamin & Chongguang, 2007 ).

2. Preliminary Results

Before verifying our main theorems, let us present a string of auxiliary results which we will need in the sequel.

lemma 1 Let f : Mm1···ml → Mm1···ml be a linear k-power preserver on tensor products of matrices. Suppose A1 ⊗ · · · ⊗ Al

and B1 ⊗ · · · ⊗ Bl are orthogonal idempotent matrices. Then f (A1 ⊗ · · · ⊗ Al) and f (B1 ⊗ · · · ⊗ Bl) are orthogonal.

Proof Suppose A1 ⊗ · · · ⊗ Al and B1 ⊗ · · · ⊗ Bl are orthogonal idempotent matrices, i.e.

(A1 ⊗ · · · ⊗ Al)(B1 ⊗ · · · ⊗ Bl) = (B1 ⊗ · · · ⊗ Bl)(A1 ⊗ · · · ⊗ Al) = 0

Combining with the definition of f , we can obtain that for ∀t ∈ 〈k〉,

f
(
(A1 ⊗ · · · ⊗ Al + t(B1 ⊗ · · · ⊗ Bl))k

)
= f

(
(A1 ⊗ · · · ⊗ Al)k

)
+ tk f

(
(B1 ⊗ · · · ⊗ Bl)k

)
= f (A1 ⊗ · · · ⊗ Al)k + tk f (B1 ⊗ · · · ⊗ Bl)k

and

f (A1 ⊗ · · · ⊗ Al + t(B1 ⊗ · · · ⊗ Bl))k

= ( f (A1 ⊗ · · · ⊗ Al) + t f (B1 ⊗ · · · ⊗ Bl))k

= f (A1 ⊗ · · · ⊗ Al)k + t

 k−1∑
p=0

f (A1 ⊗ · · · ⊗ Al)p f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k−1−p

 + · · ·

+tk−1

 k−1∑
p=0

f (B1 ⊗ · · · ⊗ Bl)p f (A1 ⊗ · · · ⊗ Al) f (B1 ⊗ · · · ⊗ Bl)k−1−p

 + tk f (B1 ⊗ · · · ⊗ Bl)k

By comparing coefficients, we derive that the coefficients of ti(i = 1, · · · , k − 1) are zero. Let

C ,
k−1∑
p=0

f (A1 ⊗ · · · ⊗ Al)p f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k−1−p = 0 (1)

then

f (A1 ⊗ · · · ⊗ Al)k f (B1 ⊗ · · · ⊗ Bl)

= f (A1 ⊗ · · · ⊗ Al) f (A1 ⊗ · · · ⊗ Al)k−1 f (B1 ⊗ · · · ⊗ Bl)

= f (A1 ⊗ · · · ⊗ Al)

C − k−2∑
p=0

f (A1 ⊗ · · · ⊗ Al)p f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k−1−p


= −

k−1∑
p=1

f (A1 ⊗ · · · ⊗ Al)p f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k−p

=
(
−C + f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k−1

)
f (A1 ⊗ · · · ⊗ Al)

= f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)k

Since A1 ⊗ · · · ⊗ Al ∈ Pk
m1···ml

following from A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

and f is a k-power preserver, we derive that

f (A1 ⊗ · · · ⊗ Al)k = f ((A1 ⊗ · · · ⊗ Al)k) = f (A1 ⊗ · · · ⊗ Al)

Then
f (A1 ⊗ · · · ⊗ Al) f (B1 ⊗ · · · ⊗ Bl) = f (B1 ⊗ · · · ⊗ Bl) f (A1 ⊗ · · · ⊗ Al)

This, together with (1), implies that

f (A1 ⊗ · · · ⊗ Al) f (B1 ⊗ · · · ⊗ Bl) = f (A1 ⊗ · · · ⊗ Al)k f (B1 ⊗ · · · ⊗ Bl)
= f (A1 ⊗ · · · ⊗ Al) f (A1 ⊗ · · · ⊗ Al)k−1 f (B1 ⊗ · · · ⊗ Bl)
= 0
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i.e. f (A1 ⊗ · · · ⊗ Al) and f (B1 ⊗ · · · ⊗ Bl) are orthogonal.

lemma 2 Suppose X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml . Then there exist invertible matrices Q,Di(i = 1, · · · , l) and a nilpotent matrix
N such that

X1 ⊗ · · · ⊗ Xl = Q ((D1 ⊗ · · · ⊗ Dl) ⊕ N) Q−1

proof The proof is proceeded by the induction on l.

The case l = 1 is just Theorem A.0.4 in Xian (Xian, Xiaomin & Chongguang, 2007). Then we assume that the statement
holds true for l = m − 1, i.e. there exist invertible matrices Q1,Di(i = 1, · · · ,m − 1) and a nilpotent matrix N1 such that

X1 ⊗ · · · ⊗ Xm−1 = Q1 ((D1 ⊗ · · · ⊗ Dm−1) ⊕ N1) Q−1
1

Next we will show that the conclusion is true for l = m as well.

Assume that there remain invertible matrices P,Dm and a nilpotent matrix N0 such that

Xm = P(Dm ⊕ N0)P−1

Then

X1 ⊗ · · · ⊗ Xm−1 ⊗ Xm =
[
Q1((D1 ⊗ · · · ⊗ Dm−1) ⊕ N1)Q−1

1

]
⊗

[
P(Dm ⊕ N0)P−1

]
= (Q1 ⊗ P) [((D1 ⊗ · · · ⊗ Dm−1) ⊕ N1) ⊗ (Dm ⊕ N0)]

(
Q−1

1 ⊗ P−1
)

By a straightforward computation, we can get an invertible matrix T such that

((D1 ⊗ · · · ⊗ Dm−1) ⊕ N1) ⊗ (Dm ⊕ N0)

= T [(D1 ⊗ · · · ⊗ Dm−1 ⊗ Dm) ⊕ (D1 ⊗ · · · ⊗ Dm−1 ⊗ N0) ⊕ (N1 ⊗ Dm) ⊕ (N1 ⊗ N0)] T−1

Let N , (D1 ⊗ · · · ⊗ Dm−1 ⊗ N0) ⊕ (N1 ⊗ Dm) ⊕ (N1 ⊗ N0) and Q , (Q1 ⊗ P) T, we conclude that

X1 ⊗ · · · ⊗ Xm−1 ⊗ Xm = Q [(D1 ⊗ · · · ⊗ Dm) ⊕ N] Q−1

where N is nilpotent.

lemma 3 Suppose A1 ⊗ · · · ⊗ Al ∈ Pr
m1···ml

with R(A1 ⊗ · · · ⊗ Al) = R(A1) · · ·R(Al) = s1 · · · sl ≥ 1. Then exist invertible
matrices Q,Di(i = 1, · · · , l) such that

A1 ⊗ · · · ⊗ Al = Q [(D1 ⊗ · · · ⊗ Dl) ⊕ 0] Q−1

Proof Using lemma 2, there exist invertible matrices Q,Di(i = 1, · · · , l) and a nilpotent matrix N such that

A1 ⊗ · · · ⊗ Al = Q [(D1 ⊗ · · · ⊗ Dl) ⊕ N] Q−1

Since Nr = N which follows from A1 ⊗ · · · ⊗ Al ∈ Pr
m1···ml

, we derive that

N = Nr = Nr−2 · N2 = Nr−2 · 0 = 0

3. Main Results

Theorem 1 Suppose f : Mm1···ml → Mm1···ml is a linear map such that

(a) f (A1 ⊗ · · · ⊗ Al) ∈ Pr
m1···ml

for A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

;

(b) f (C1 ⊗ · · · ⊗ Cl) and f (D1 ⊗ · · · ⊗ Dl) are orthogonal for any orthogonal idempotent matrices C1 ⊗ · · · ⊗ Cl and
D1 ⊗ · · · ⊗ Dl.

Then either f = 0 or there exist an invertible matrix T ∈ Mm1···ml , a canonical map π on Mm1···ml and a scalar λ ∈ F with
λr−1 = 1 such that

f : X1 ⊗ · · · ⊗ Xl 7−→ λTπ (X1 ⊗ · · · ⊗ Xl) T−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml
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Proof For any A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

, it is clear that A1 ⊗ · · · ⊗ Al and Im1···ml − A1 ⊗ · · · ⊗ Al are orthogonal idempotent
matrices. Using (b), we can obtain that f (A1 ⊗ · · · ⊗ Al) and f (Im1···ml − A1 ⊗ · · · ⊗ Al) are orthogonal. It follows from the
linearity of f that

f (A1 ⊗ · · · ⊗ Al)2 = f (A1 ⊗ · · · ⊗ Al) f (Im1···ml ) = f (Im1···ml ) f (A1 ⊗ · · · ⊗ Al) (2)

In terms of the invertibility of f (Im1···ml ), then we will divide it into the following two cases.

Case 1: Suppose f (Im1···ml ) is nonsingular, i.e. R( f (Im1···ml ) = m1 · · ·ml

Define a map h : Mm1···ml → Mm1···ml by

h(X1 ⊗ · · · ⊗ Xl) = f (Im1···ml )
−1 f (X1 ⊗ · · · ⊗ Xl),∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

Combining with (2) and the linearity of f , we can conclude that h is a linear idempotent preserver on tensor products of
matrices satisfying h(Im1···ml ) = Im1···ml . According to the main theorem in Baodong (Baodong, Jinli & Ajda, 2015), there
is an invertible matrix T ∈ Mm1···ml and a canonical map π on Mm1···ml such that h has the form

h : X1 ⊗ · · · ⊗ Xl 7−→ Tπ(X1 ⊗ · · · ⊗ Xl)T−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

Thus f has the form

f : X1 ⊗ · · · ⊗ Xl 7−→ f (Im1···ml )Tπ(X1 ⊗ · · · ⊗ Xl)T−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

By (2), we have
f (Im1···ml )Tπ(A1 ⊗ · · · ⊗ Al)T−1 = Tπ(A1 ⊗ · · · ⊗ Al)T−1 f (Im1···ml )

for any A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

.

Assume f (Im1···ml ) = TUT−1, then Uπ(A1 ⊗ · · · ⊗ Al) = π(A1 ⊗ · · · ⊗ Al)U. According to lemma 2.3 in Baodong (Baodong,
Jinli & Ajda, 2015), it is obvious that U = λIm1···ml where λ ∈ F with λ , 0. Therefore f (Im1···ml ) = λIm1···ml . Combining
with Im1···ml ∈ P2

m1···ml
and (a), we obtain that λr−1 = 1. Consequently, f has the following form

f : X1 ⊗ · · · ⊗ Xl 7−→ λTπ(X1 ⊗ · · · ⊗ Xl)T−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

where λ ∈ F with λr−1 = 1.

Case 2: Suppose f (Im1···ml ) is singular.

1) Suppose f (Im1···ml ) = 0.

Then we derive from (2) that
f (A1 ⊗ · · · ⊗ Al)2 = 0,∀A1 ⊗ · · · ⊗ Al ∈ P2

m1···ml

This, together with (a), implies that

f (A1 ⊗ · · · ⊗ Al) = f (A1 ⊗ · · · ⊗ Al)r = f (A1 ⊗ · · · ⊗ Al)r−2 f (A1 ⊗ · · · ⊗ Al)2 = 0

Due to every matrix in Mm1···ml can be written as a linear combination of finitely many idempotent matrices in Mm1···ml ,
one can conclude that

f (X1 ⊗ · · · ⊗ Xl) = 0,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

i.e. f = 0.

2) Suppose 1 ≤ R( f (Im1···ml ) = s1 · · · sl < m1 · · ·ml.

Using Im1···ml ∈ P2
m1···ml

and (a), we have f (Im1···ml ) ∈ Pr
m1···ml

. Furthermore, according to lemma 3, there exist invertible
matrices Q,Di(i = 1, · · · , l) such that

f (Im1···ml ) = Q((D1 ⊗ · · · ⊗ Dl) ⊕ 0)Q−1

This, together with (2), implies that

f (A1 ⊗ · · · ⊗ Al) = Q(g(A1 ⊗ · · · ⊗ Al) ⊕ 0)Q−1,∀A1 ⊗ · · · ⊗ Al ∈ P2
m1···ml

where
g(Im1···ml ) = D1 ⊗ · · · ⊗ Dl

113



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 6; 2020

and
g(A1 ⊗ · · · ⊗ Al)2 = g(Im1···ml )g(A1 ⊗ · · · ⊗ Al) = g(A1 ⊗ · · · ⊗ Al)g(Im1···ml ) (3)

Due to every matrix in Mm1···ml can be written as a linear combination of finitely many idempotent matrices in Mm1···ml ,
one can conclude that

f (X1 ⊗ · · · ⊗ Xl) = Q(g(X1 ⊗ · · · ⊗ Xl) ⊕ 0)Q−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

where g : Mm1···ml → Ms1···sl is a linear map satisfying (a)(b)(3). Define a map h1 : Mm1···ml → Ms1···sl by

h1(X1 ⊗ · · · ⊗ Xl) = g(Im1···ml )
−1g(X1 ⊗ · · · ⊗ Xl),∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

Combining with (3) and the linearity of g, we can conclude that h1 is a linear idempotent preserver on tensor products
of matrices. And according to the claim 2 in Baodong (Baodong, Jinli & Ajda, 2015), we derive that h1 = 0 when
m1 · · ·ml > s1 · · · sl. Then

g(X1 ⊗ · · · ⊗ Xl) = g(Im1···ml )h1(X1 ⊗ · · · ⊗ Xl) = 0,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml

i.e. g = 0. Thus f = 0.

Theorem 2 A linear map f : Mm1···ml → Mm1···ml is a k-power preserver on tensor products of matrices if only if either
f = 0 or there exist an invertible matrix T ∈ Mm1···ml , a canonical map π on Mm1···ml and a scalar λ ∈ F with λk−1 = 1 such
that

f : X1 ⊗ · · · ⊗ Xl 7−→ λTπ(X1 ⊗ · · · ⊗ Xl)T−1,∀X1 ⊗ · · · ⊗ Xl ∈ Mm1···ml .

Proof Since the sufficiency part of the main theorem is clear, we consider only the necessity part.

Let f : Mm1···ml → Mm1···ml be a linear k-power preserver on tensor products of matrices. For one thing, since A1⊗· · ·⊗Al ∈

P2
m1···ml

, we derive that A1 ⊗ · · · ⊗ Al ∈ Pk
m1···ml

. Combining with the definition of f , we get f (A1 ⊗ · · · ⊗ Al) ∈ Pk
m1···ml

, i.e.

f (A1 ⊗ · · · ⊗ Al)k = f ((A1 ⊗ · · · ⊗ Al)k) = f (A1 ⊗ · · · ⊗ Al)

For another, using lemma 1, we can conclude that f (C1 ⊗ · · · ⊗Cl) and f (D1 ⊗ · · · ⊗Dl) are orthogonal when C1 ⊗ · · · ⊗Cl

and D1 ⊗ · · · ⊗ Dl are orthogonal idempotent matrices. Then the proof can be completed according to theorem 1.

4. Conclusion

The structure of linear k-power preservers on tensor products of matrices is proposed in this paper. Based on this result,
the structures of linear k-power preservers on tensor products of hermite matrices and symmetric matrices could continue
to consider. Meanwhile, there remain a string of preserver problems on tensor products matrix spaces should be studied
yielding to the application on quantum information science.
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