Journal of Mathematics Research; Vol. 12, No. 5; October 2020
ISSN 1916-9795  E-ISSN 1916-9809
Published by Canadian Center of Science and Education

Inertial Manifolds for Generalized Higher-Order Kirchhoff
Type Equations

Guoguang Lin!, Shuangyan Li!
' School of Mathematics and Statistics, Yunnan University, Kunming, Yunnan

Correspondence: Guoguang Lin, School of Mathematics and Statistics, Yunnan University, Kunming, Yunnan

Received: August 13,2020 Accepted: September 7, 2020  Online Published: September 21, 2020
doi:10.5539/jmr.v12n5p67 URL: https://doi.org/10.5539/jmr.v12n5p67

Abstract

The existence of inertial manifolds for higher-order Kirchhoff type equations with strong damping terms is studied. The
Hadamard graph norm conversion method is used for obtaining the existence of inertial manifolds for this kind of equa-
tions under certain spectral intervals.
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1. Introduction

In the study of the long-term dynamic behavior of infinite dimensional dynamical systems, the inertial manifold occupies
an important position. It is a finite dimensional invariant Lipschitz manifold and attracts all solution orbitals with expo-
nential rate in the phase space of the system [1-3]. It plays an important role in both finite dimensional dynamical systems
and infinite dimensional dynamical systems.Because it occupies an important position, many scholars have studied the
existence and attraction of inertial manifolds, the finite-dimensional properties, and the related problems of approximate
inertial manifolds and delay. Guoguang Lin and Jingzhu Wu [4] studied the existence of inertial manifolds of the low
order Bousinesq equation with strongly damped term at that time, and the equation is

Uy — aAu, — Au+ ! = f(x,y), (x,y) € Q,
u(x, y,0) = up(x, y), (x,y) € €,
u(x,y,t) =u(x+my,t) =ulx,y+mt)=0,(x,y) € Q.

Zhicheng Zhang and Guoguang Lin [5] study the following fourth order strongly damped time-delay wave equations:

uy — eAuy — Au+ A’u = f(u;),t > 0,
uo(®) = 1’(©),0 € [-r,0], =0 = u.

The inertial manifolds of the above equations under the assumption of delay term from distribution are studied. In this
paper, based on this, will rise again, order space optimization, joined the high order structural damping, under certain
assumptions prove Kirchhoff type generalized high order equation of inertial manifolds exist. More on the Kirchhoff
equation of inertial manifolds, see reference[7-12].

This paper study the initial boundary value problems of the following Kirchhoff type equations:

g + (L+ [ D" ulPdx) (=AY u + A" u + B(=A)"u; = f(x),
u(x,)=0,%4=0,i=1,2,---.2m-1,x € 9Q,1 > 0, (D

u(x,0) = up(x), u,(x,0) = u;(x), x € Q C R".

term. V' is the external normal vector,A?"y is the structural damping term,8(~A)"y, is the structure damping term. (1 +
fg |D™ulPdx)"(—A)"u is the rigid term. And the assumptions about the rigid term will be given late.

Where r > 0,m > 1,8 > 0. Q is the bounded region with smooth boundary dQ in R". f(x) is the external force

2. Prepare
For the convenience, this paper defines Spaces and symbols as follows :

f=fx),D=V,H=L*Q), Hg’” = H"™(Q),V, = Hg’”(Q) X HQ),V, = Hg’”“’k X H’g(Q)(k =0,1,2,---,2m),Cy is
constant. Respectively,(:,-) and || - || represent the inner product and norm of H. That is (u,v) = fQ u(x)v(x)dx, (u,v) =
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|l#||*>.And then let’s define the norm and the inner product of the spaces V| and V,: YU; € (u;,v;) € V;,i = 1,2, we have

(U17 UZ) = (Dmulv Dm”z) + (Vl’ Vz)’ (2)
NUIR, = (U, U)y, = ID"ull* + V%, 3)
IUIIy, = (U, U)y, = D" ull* + IvI*. 4

g(llD”‘uIIﬁ) =(1+ fQ |D™ulPdx)" meets the following conditions:

@ID™ullr < ClIDUlI}, llull,

wherea = (£ — 2 — Ly/(5 -1 - L),

p m 4m

(b)Writing g(||D’”u||§) =1+ j;} |D™ulPdx)" by (a) we get

Ko < gUID™ull}) < ki, k =

d k P
1. D"l < 0.

1D *ullb > 0,

And «y > 1, k1, C, ||ul|g2» is constant.

Definition 2.1[2] One says that inertial manifolds u are finite-dimensional manifolds that need to satisfy the following

these properties:

(1) p is a lipschitz manifold and finite dimension;
(i) p is a positive invariant set, that is S (#)u C p, ¥Vt > 0
(iii) The u exponential attracts all the solution orbitals.

Definition 2.2[2]Assume A : X — X is an operator and F € C,(X, X) satisfy the following inequalities

IF(U) - F(V)llx < IpllU - VIx(U, V € X),

Suppose the point spectrum of operator A; can be divided into two parts o} and o, and which o is finite,

And

So

Ay = sup{Red|d € 01}, Ay = inf{Red|d € 0>}. (®)]
X; = span{wjlj € o},i =1,2. (6)
Ao — Ay >4, @)

We have orthogonal decomposition

and continuous mapping

X=X 8X. ®)

P1:X—>X1,P2:X—>X2. (9)

Lemma 2.1[6]Suppose that the eigenvalues ,ujf,( J = 1) are nonsubtractive, and for all m € N, when N > m, u;, and

are consecutive adjacent values.

3. Inertial Manifolds

Equation (1) is equivalent to the following first-order evolution equation

where U = (u,v),v = u,,

U, + AU = F(U). "
— (0 =1
A= ( (_A)Zm ﬂ(_A)m ) (11)
0
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D(A) = {u € H"*u € L, (~A)"u € H*"*} x H™. (13)

The graph norm defined in X by the dot product
(U, V)x = (=A)"u, (=A)"y) + (v,2) (14)

where U = (u,v),V = (y,2) € X,u,y € H*"*K(Q); v,z € H*"**(Q). ,Z respectively represent conjugate of y, z. Obviously,
the operator defined in equation (11) is monotone. For U € D(A), have

(AU, U)x = =((=A)"v, (=A)") + (=AY"u + B(=A)"v, V) = BID"™ V> = 0. (15)

So (XU, U)y is a non-negative real number.

To determine the eigenvalues of A,consider the following eigenvalue equation
AU) = AU, U = (u,v) € X. (16)

That is

—v = Au;
{ (=A™ u+ B(=A)"v = Av. 17)

By substituting the first equation of fomular (17) into the second equation of equation (17), we obtained

A2u+ (=A)*"u — BA(-A)"u = 0; (18)
Ulao = (—=A)"ulso = 0.
Used for the inner product of the first expression in equation (18), we get
Allull? + 1=A)"ull® = BAUN=A)"ul* = 0. (19)
Equation (19) is regarded as a quadratic equation with one unknown about A, so there is
B £ |B6; — 467
A= . (20)

g 2
Where &y is the eigenvalue of (=A)" in H**(Q). If 82 > 4 , then all the eigenvalues of A are positive real numbers, and

the corresponding eigenvector has the form of Uki = (uy, —/l,fuk) .As for formula (13), in order to facilitate the use of the
following, the following marks will be made. For all k > 1,we get

ID"™will = Vor luel® = 1, 1(=A)"wi > = 62. (1)

Lemma3.1 Remarking g(u) = (1 + fQ |D™ulPdx) (-A)Y"u, g : HS’”*"(Q) — Hé’”(Q) is uniformly bounded, and globally
lipschitz continuous.

Proof. Yuy,u; € Hg’"*k(Q)

g(ur) = g(uz) = (1 + ID"usllp)" = (1 + ID"uallp)") - (=A)"uy + (1 + ID" uallp)" (=A)" (ur = u2).

IA

g (&) - IID"™*uy — D™ Fuy|| - D™ Fuy + gu)ID*™ () — wo)|
< @ 2 IDHuy — w)ID* || + g(u)ID*™* (uy — wo)|
CollD*™**(uy — uy). (22)

1D (g1 = g))

A

IA

where ¢ = 6D™"u; + (1 — 0)D™u,, 6 € [0, 1]. Let I = Cy, then [ is the lipschitz coefficient of g(u).
Theorem 3.1 When 0 < 8 < 2, L is the lipschitz coefficient ofg(IID’”ullﬁ), let N| € N make that N > Ny, we have

BOn+1 —On) = 8L (23)

Then the operator A satisfies the (7) spectral interval condition.
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Proof. According to equations (12) and (14), writing U = (u,v), V = (4, V) € X, then

IF(U) = FV)lIx = llg(ID"ully) — gD @Il < llu —al| < U = Vlix. (24)

That is Ir < 1. According to equation (19), the necessary and sufficient condition for A; to be A; real number that is

B > 2. By assuming that 0 < 8 < 2, A have at most A;; finite number of 2N, as eigenroots, when Ny = 0,0 < 8 < 2, then
Ao = max{A;;|k < No. When k > Ny + 1, the eigenvalue is complex, and the real part is taken

Relf = ’g&k. 25)

So there is Ni > Np + 1 make Red;; > Ao,k > Ni.
Let make (22) be true. Decompose the dot spectrum of A
o ={;lk <N}, 00 = {4k > N + 1}. (26)
Let’s set the corresponding subspace
X, = span{Ailk < N}, X, = span{A; |k > N + 1}. 27

Inexistence k make ¢, € o1 and 6; € 0, which means it can’t exist U, € X and U,:’ € X,. Therefore, X; and X, are the
normal subspace of X. According to (5) and (25), we get

Re(y.y = 44) = 5 6w = 83, (28)

Therefore, it can be known from (23) that A satisfies the spectral interval condition.

Theorem 3.2 When 8 > 2, l is the Lipschtiz coefficient of g(IID’”uIIZ) let N1 € N be sufficiently large, so that N > N| and
24 4]

B \NB (29)

(6N+1_6N)(§_ 3 ) > ﬁ—2+1

Then operator A satisfies the spectral interval condition of (7).

Proof. When g > 2, all eigenvalues of A are positive real numbers, and we know that the sequences {4, };>1 and {/l,:r Vi1
are increasing.The following are four steps to prove Theorem 3.2. Step 1: Because A; is non-subtractive, according to

Lemma 2.1, N is given so that A, and A, | are adjacent values, and the eigenvalue of Alis decomposed to

o1 = A7, AfImax{ 25, A7) < Az, (30)
o2 = A7, LA < Ay, < min{d7, AL} 31

Step 2: Corresponding X can be decomposed into

X1 = span{U;, ULIA;, 4 € o1}, (32)
Xa = span{U;, U,:'l/l;,/l,:r € o). (33)

The goal is to make these two subspaces orthogonal and satisfy the interspectral expression (7). Ay = A, Ay = A,
Further decomposition X, = X¢ @ Xg,

Xc = span{U;|4; < Ay < A7), (34)
Xg = span{Ux|dy < A7 (35)

And assuming that Xy = Xc®X,. Next, specify the dot product of the eigenvalues over X, so that X; and X are orthogonal,
so we need to introduce two functions ® : Xy — Rand ¥ : Xz — R.

QU V) = (B— D(=A)"u, (=A)"y) + @, (=8)"u) + 7, (=4)"y) + @, v), (36)
YU, V) = B(=A)"u, (=A)"Y) + @, (=4)"u) + (v, (=A)"y) + (Z, V). (37
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Where U = (u,v), V = (y,z),y and 7 are conjugates of y and z, respectively.

Suppose U = (u,v) € Xy, then

DU U) = (B DIA"ul* + 20, (=A)"u) + [v]?
> (B=DIEA)"ull® = 2IWIl - [I(=2)"ull + [vII*
> (B=DIEA"ull® = [MIP = =AYl + |v]?
> (B-2)(=A)"ull’. (38)

And since 8 > 2, you get that ®(U, U) > 0O is true for all U = (u,v) € Xy, @ is positive definite.

Similarly, since U = (u,v) € Xg,

¥(U,U) BI=A)"ull* + 2, (=A)"u) + IVI*

> BI=A)"ull® = 2|Wll - I(=A)"ull + IvII*
> BIA"ull® = vIF = (=AY ul* + |IvI[?
> (B— DI(=A)"ull*. (39)

And since 8 > 2, you get that W(U, U) > 0O is true for all U = (u,v) € Xy, ¥ is also positive definite.

Now we’re going to specify the inner product of X
< U,V >x= O(PyU, PyV) + Y(PRrU, PRV). (40)

Where Py and Py are respectively mappings of X — Xy and X — Xg. For convenience, equation (40) can be rewritten to
obtain

< U V>»x=0UYV)+¥U,V). (41)

It will be shown that the two subspaces X; and X, defined in (32) and (33) are orthogonal with respect to the dot product
(41).In fact, Xy and X¢ are orthogonal, that is <« U;T, UIT >y= 0, For each U;“ € Xc and UJT € xy ,we can deduce from
Equation (35)

< U;T, Ui >»x = U, U;)
= (B=DIEA"ujll’ = (A7 + ADND"ujl” + 4727 lujlP
_ 2 - -
= (B-1)67 = (A + 478+ ;4. 42)

According to equation (18),we get /lj‘. + /l}r =5, /ljf/l;f = 6?, )
< U;.’, U; >x= U, U;)=0. (43)

Step 3: Next estimate the lipschitz constant of F, where F(U) = (0, f(x) — gw)7, g : H¥™k s H?" and [ = [. From
equation (30) and equation (31), it can be seen that for any U = (u,v) € X, we have

UG = ®©PU,PU)+¥(PU, PU)
> (B=2)(I(=A)"Pull® + I(=A)" Poull*)
> (B=2)l(=A)"ull*. (44)

Set U = (u,v),V = (u,v) € X, we have

IF(U) = FV)Ix = llg(ID"ully) — g(ID" @il < llu - ull < U = Vlix. (45)

[
\VB—2
So we get the conclusion

(46)
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Step 4: The spectral interval condition formula (7) needs to be verified, which can be obtained from A; = A}, and
Ay = A5, mentioned above

1 1
A=Ay =y, — Ay = 5(5’“1 —6y) + 5( VR(N) — /RN + 1)). 47)

Where R(N) = %63, — 46%,.

Make sure that Ny > 0 is such that forall N > N;,R{(N) =1+ 28

ey + (ﬁz——14)62’ so we can calculate
N N

VR(N) = VRN + 1) + B =2(6n+1 — 6n) = VB = 2(n+1RI(N + 1) = xR (N)). (48)

Well, it’s easy to know from the assumptions that we’ve made

lim (VROV) = VROV + 1)+ B =20ws1 = 6x)) = 0. (49)

Then, by combining equations (46), (47), (21) and (48), we can obtain

1 4]
Ay — A —((6y+1 =6 - 2_4)-1)> > 4. 50
2 1>2((N1 NB— /B )= 1) N r (50)
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