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Abstract 

In this paper we give upper and lower bounds of the infimum of 𝑘 such that 𝑘𝐼 + 2𝑅𝑒(𝑇 ⊗ 𝑆𝑚) is positive, where 

𝑆𝑚 is the 𝑚 ×𝑚 matrix whose entries are all 0’s except on the superdiagonal where they are all 1’s and 𝑇 ∈ 𝐵(𝐻) 
for some Hilbert space 𝐻. 

When 𝑇 is self-adjoint, we have the minimum of 𝑘. 

When 𝑚 = 3 and 𝑇 ∈ 𝐵(𝐻) , we obtain the minimum of 𝑘 and an inequality 

Involving the numerical radius 𝑤(𝑇). 

Keywards: positive operators, operator radius, 𝑤𝜌 norms 

AMS Subject Classifications (2010): 47A63 

1. Introduction 

Let 𝐵(𝐻) denote the algebra of all bounded linear operator on a Hilbert space 𝐻. Given 𝑇 ∈ 𝐵(𝐻), we say that 

𝑇 ∈ 𝐶𝜌(0 < 𝜌 < ∞) if there is a unitary operator 𝑈 on a Hilbert space 𝐾 containing 𝐻 as a subspace, such that 

𝑇𝑛 = 𝜌𝑃𝐻𝑈
𝑛|𝐻(𝑛 = 1,2,3, … ). Sz-Nagy and Foias introduced the class 𝐶𝜌  [6], J. A. R. Holbrook[4] and J. P. 

Williams[9] defined the operator radii 𝑤𝜌(𝑇) = 𝑖𝑛𝑓 {𝑟 > 0:
𝑇

𝑟
∈ 𝐶𝜌} . When 𝜌 = 2,  then 𝑤2(𝑇) = 𝑤(𝑇)  the 

numerical radius of 𝑇. In the paper we provide upper and lower bounds which are best numbers for certain positive 

operators. Ando and Okubo [1] introduce 𝐷𝜌 = (
0 √𝜌(2 − 𝜌)

0 1 − 𝜌
) and 𝜌𝑤𝜌(𝑇) = 2𝑤(𝐷𝜌⊗𝑇) for 1 ≤ 𝜌 ≤ 2.  

We obtain the minimum of 𝑘 such that  

𝑘𝐼 + 2𝑅𝑒(𝐷𝜌⊗𝑇) ≥ 0 for all 𝑚 ≥ 2 is equal to 𝜌𝑤𝜌(𝑇) for 1 ≤ 𝜌 ≤ 2.  

If 𝑇 is self-adjoint, we prove the minimum of 𝑘 such that  

𝑘𝐼 + 2𝑅𝑒(𝑇 ⊗ 𝑆𝑚) ≥ 0 for all 𝑚 ≥ 2 is equal to 2𝑐𝑜𝑠
𝜋

𝑚+1
‖𝑇‖. 

Finally, we prove an inequality √2𝑤(𝑇) ≤ ‖𝑇𝑇∗ + 𝑇∗𝑇‖
1

2 ≤ 2𝑤(𝑇). 

2. 𝑾𝝆 Norms (𝟏 ≤ 𝝆 ≤ 𝟐) 

Definition 2.1. [9] Let 𝐻 and 𝐾 be Hilbert spaces and suppose that 𝑈 ∈ 𝐵(𝐻) and 𝑉 ∈ 𝐵(𝐾). Then there is a 

unique operator 𝑈⊗ 𝑉 ∈ 𝐵(𝐻 ⊗𝐾) such that  

(𝑈 ⊗ 𝑉)(ℎ ⊗ 𝑘) = 𝑈(ℎ)⊗ 𝑉(𝑘) for ℎ ∈ 𝐻 and 𝑘 ∈ 𝐾. 

Lemma 2.2.  𝑤𝜌(𝑆 ⊗ 𝑇) ≤ ‖𝑇‖𝑤𝜌(𝑆) for 𝜌 > 0. 

Proof. Since 𝑆 ⊗ 𝐼 and 𝐼 ⊗ 𝑇 are double commuting operators, applying [5], 

we have 

𝑤𝜌(𝑆 ⊗ 𝑇) = 𝑤𝜌((𝑆 ⊗ 𝐼))(𝐼 ⊗ 𝑇)) 

≤ 𝑤𝜌(𝑆 ⊗ 𝐼)‖𝐼 ⊗ 𝑇‖ = 𝑤𝜌(𝑆 ⊗ 𝐼)‖𝑇‖. 
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Since  
𝑆

𝑤𝜌(𝑆)
= 𝜌𝑃𝐻𝑈|𝐻 for some unitary operator 𝑈 and Hilbert space 𝐻, 

We have  

(
𝑆

𝑤𝜌(𝑆)
⊗ 𝐼)𝑛 = 𝜌(𝑃𝐻⊗ 𝐼)(𝑈 ⊗ 𝐼)𝑛|𝐻⊗𝐾 for some Hilbert space 𝐾. 

Thus           
𝑆

𝑤𝜌(𝑆)
⊗ 𝐼 ∈ 𝐶𝜌, 

Hence   

𝑤𝜌(𝑆 ⊗ 𝐼) ≤ 𝑤𝜌(𝑆). 

From the proof of [7, Proposition 2.1], we know the following Lemma:  

 

 

 

𝑆𝑚 =  (

0 1 0 0
0 0 ⋱ 0
.
0

⋱
.
⋱
0

1
0

)

𝑚×𝑚

with 𝑚 ≥ 2 and 𝑇 ∈ 𝐵(𝐻). 

Proof. Let 𝜆 = (

𝜆1
𝜆2
⋮
𝜆𝑚

) with ‖𝜆‖ = 1 and  ℎ𝑖 = 𝜆𝑖ℎ for 𝑖 = 1,2, . . . , 𝑚, 

where ℎ ∈ 𝐻 with ‖ℎ‖ = 1, then 

< (

1 0 ⋯ 0
0 𝑧̅ ⋱ ⋮
⋮
0

⋱
⋯

⋱ 0
0 𝑧̅𝑚−1

) (

2 𝑇 0 0
𝑇∗ 2 ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
2

)

𝑚×𝑚

(

1 0 ⋯ 0
0 𝑧 ⋱ ⋮
⋮
0

⋱
⋯

⋱ 0
0 𝑧̅𝑚−1

) (

ℎ1
ℎ2
⋮
ℎ𝑚

) ,  

(

ℎ1
ℎ2
⋮
ℎ𝑚

) > = <  (

2 𝑧𝑇 0 0
𝑧̅𝑇∗ 2 ⋱ 0
0
0

⋱
0

⋱
𝑧̅𝑇∗

𝑧𝑇
2

)

𝑚×𝑚

  (

ℎ1
ℎ2
⋮
ℎ𝑚

) , (

ℎ1
ℎ2
⋮
ℎ𝑚

) >  

 

=  2 + 2𝑅𝑒(𝑧 < 𝑆𝑚𝜆, 𝜆 >< 𝑇ℎ, ℎ >) ≥ 0  for |𝑧| = 1. 

Similarly, we have 

2 − 2𝑅𝑒(𝑧 < 𝑆𝑚𝜆, 𝜆 >< 𝑇ℎ, ℎ >) ≥ 0   

Thus 

⌈𝑅𝑒𝑧 < 𝑆𝑚𝜆, 𝜆 >< 𝑇ℎ, ℎ >⌉ ≤ 1 for all |𝑧| = 1. 

Hence 

|< 𝑆𝑚𝜆, 𝜆 >< 𝑇ℎ, ℎ >| ≤ 1. 

From [1], we know that 𝐷𝜌 = (
0 √𝜌(2 − 𝜌)

0 1 − 𝜌
) and 𝜌𝑤𝜌(𝑇) = 2𝑤(𝐷𝜌⊗𝑇) for 1 ≤ 𝜌 ≤ 2.  

Lemma 2.4.  

𝑤(𝑆𝑚) ≤ 𝑤𝜌(𝑆𝑚) ≤
2

𝜌
𝑤(𝑆𝑚), for 1 ≤ 𝜌 ≤ 2 and 𝑚 ≥ 2.     

Proof. Applying Lemma 2.2, we have 𝑤𝜌(𝑆𝑚)=
2

𝜌
𝑤(𝐷𝜌⊗𝑆𝑚) ≤

2

𝜌
𝑤(𝑆𝑚). 

We have upper and lower bounds for certain positive operators in the following: 
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≤ 2𝑤(𝑆𝑚)‖𝑇‖ for a fixed positive integer 𝑚 ≥ 2. 

 

 

 

 

then 

2𝑤(𝑇)𝑤(𝑆𝑚) ≤ 𝑘. 

Applying Lemma 2.2, we have 

𝑤(𝑆𝑚)‖𝑇‖ ≥ 𝑤(𝑇 ⊗ 𝑆𝑚) = 𝑠𝑢𝑝|𝜆|=1*𝑅𝑒𝜆(𝑇 ⊗ 𝑆𝑚) 

≥ 𝑅𝑒𝜆(𝑇 ⊗ 𝑆𝑚), for all |𝜆| =1. 

 

 

 

 

= 2𝑤(𝑆𝑚)‖𝑇‖ + 𝑇 ⊗ 𝑆𝑚 + 𝑇
∗⊗𝑆𝑚

∗ = 2(𝑤(𝑆𝑚)‖𝑇‖ + 𝑅𝑒(𝑇 ⊗ 𝑆𝑚)) ≥ 0. 

If 𝑇  is self-adjoint, we obtain the minimum value of 𝑘 in the following: 

Corollary 2.6. If 𝑇 = 𝑇∗, then 

𝑚𝑖𝑛 *𝑘: (

𝑘 𝑇 0 0
𝑇∗ 𝑘 ⋱ 0
0
0

⋱
0

⋱ 𝑇
𝑇∗ 𝑘

)

𝑚×𝑚

≥ 0+ = 2𝑤(𝑆𝑚)‖𝑇‖ = 2𝑐𝑜𝑠
𝜋

𝑚+1
‖𝑇‖, for 𝑚 ≥ 2. 

Proof. From [3], we know that (𝑆𝑚) = 𝑐𝑜𝑠
𝜋

𝑚+1
 . 

Applying Lemma 2.2 and Theorem 2.5, we have the following Theorem: 

Theorem 2.7.    

𝑚𝑖𝑛 *𝑘: 

(

 

𝑘 𝐷𝜌⊗𝑇 0 0

(𝐷𝜌⊗𝑇)∗ 𝑘 ⋱ 0

0
0

⋱
0

⋱
(𝐷𝜌⊗𝑇)∗

𝐷𝜌⊗𝑇

𝑘 )

 

𝑚×𝑚

≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚 ≥ 2+ = 𝜌𝑤𝜌(𝑇), for 1 ≤ 𝜌 ≤ 2. 

Proof. Applying Lemma 2.2, we have 𝑤(𝐷𝜌⊗𝑇) ≥ 𝑤(𝐷𝜌⊗𝑇⊗ 𝑆𝑚) for all 𝑚 ≥ 2. From the proof of Theorem 

2.5, we also have the 𝑚 ×𝑚 matrix 

(

 
 

2𝑤(𝐷𝜌⊗𝑇) 𝐷𝜌⊗𝑇 0 0

(𝐷𝜌⊗𝑇)∗ ⋱ ⋱ 0

0
0

⋱
0

⋱ 𝐷𝜌⊗𝑇

(𝐷𝜌⊗𝑇)∗ 2𝑤(𝐷𝜌⊗𝑇)
)

 
 

      

= 2(𝑤(𝐷𝜌⊗𝑇) + 𝑅𝑒(𝐷𝜌⊗𝑇⊗ 𝑆𝑚)) ≥ 0 . 

 Applying Theorem 2.5, we have 

         2𝑤(𝑆𝑚)𝑤(𝐷𝜌⊗𝑇) ≤ 
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𝑖𝑛𝑓 *𝑘: 

(

 

𝑘 𝐷𝜌⊗𝑇 0 0

(𝐷𝜌⊗𝑇)∗ 𝑘 ⋱ 0

0
0

⋱
0

⋱
(𝐷𝜌⊗𝑇)∗

𝐷𝜌⊗𝑇

𝑘 )

 

𝑚×𝑚

≥ 0+ 

≤2w (𝐷𝜌⊗𝑇) = 𝜌𝑤𝜌(𝑇), for all 𝑚 ≥ 2 and 1 ≤ 𝜌 ≤ 2. 

Let 𝑚 → ∞, we have the Theorem. 

We obtain [7, Proposition 2.2] in the following: 

Corollary 2.8.  𝑚𝑖𝑛 *𝑘: (

𝑘 𝑇 0 0
𝑇∗ 𝑘 ⋱ 0
0
0

⋱
0

⋱
𝑇∗

𝑇
𝑘

)

𝑚×𝑚

≥ 0, for all 𝑚 ≥ 2+ = 2𝑤(𝑇). 

Proof. Let 𝜌 = 2 in Theorem 2.7. 

Example 2.9. From Corollary 2.6, we have  

𝑚𝑖𝑛 *𝑘: (

𝑘 1 0 0
1 𝑘 ⋱ 0
0
0

⋱
0

⋱
1

1
𝑘

)

𝑚×𝑚

≥ 0, 𝑓𝑜𝑟 𝑚 ≥ 2+ =  2𝑐𝑜𝑠 
𝜋

𝑚+1
 . 

and from Corollary 2.8, we have 

𝑚𝑖𝑛 *𝑘: (

𝑘 1 0 0
1 𝑘 ⋱ 0
0
0

⋱
0

⋱ 1
1 𝑘

)

𝑚×𝑚

≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚 ≥ 2+  = 2. 

Corollary 2.10. If  𝑇 is idempotent (that is, 𝑇2 = 𝑇) 𝑎𝑛𝑑 𝑇 ≠ 0, 

Then 𝑚𝑖𝑛 *𝑘: 

(

 

𝑘 𝐷𝜌⊗𝑇 0 0

(𝐷𝜌⊗𝑇)∗ 𝑘 ⋱ 0

0
0

⋱
0

⋱
(𝐷𝜌⊗𝑇)∗

𝐷𝜌⊗𝑇

𝑘 )

 

𝑚×𝑚

≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚 ≥ 2+ = ‖𝑇‖ + 𝜌 − 1 for 1 ≤ 𝜌 ≤ 2. 

Proof. By [2, Theorem 6 (1)], 𝜌𝑤𝜌(𝑇) = ‖𝑇‖ + 𝜌 − 1. 

We obtain an inequality involving the numerical radius of 𝑇 in the following: 

Corollary 2.11. √2𝑤(𝑇) ≤ ‖𝑇𝑇∗ + 𝑇∗𝑇‖
1

2 ≤ 2𝑤(𝑇) . Moreover, if 𝑇  is normal (that is 𝑇∗𝑇 = 𝑇𝑇∗),  then 

‖𝑇‖ ≤ √2𝑤(𝑇). 

Proof. From [8], we have 𝑖𝑛 *𝑘: (
𝑘 𝑇 0
𝑇∗ 𝑘 𝑇
0 𝑇∗ 𝑘

) ≥ 0+ =  ‖𝑇𝑇∗ + 𝑇∗𝑇‖
1

2 . 

By Theorem 2.5 and Corollary 2.8, we have 

2𝑤(𝑆3)𝑤(𝑇) ≤ ‖𝑇𝑇
∗ + 𝑇∗𝑇‖

1

2 ≤ 2𝑤(𝑇). 

Example 2.12. Since 2𝑤(𝑠3)𝑤(𝑠2) =
√2

2
≤ 𝑚𝑖𝑛*𝑘: (

𝑘 𝑠2 0
𝑠2
∗ 𝑘 𝑠2
0 𝑠2

∗ 𝑘
) ≥ 0+ = 1 ≤ 2𝑤(𝑠3)‖𝑠2‖ = √2 , we have the 

lower and upper bounds of Theorem 2.5. Also, √2 𝑤(𝑇) and 2𝑤(𝑇) are the best constants in the inequality of 

Corollary 2.11. 

3. Conclusion 

We have minimum norms for certain positive operators with finite or infinite size. 
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