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Abstract

A and B are considered to be non necessarily commutative rings and X a complex of (A — B) bimodules. The aim of this
paper is to show that:

1. The functors EXTZomp(A_MUd)(X, —-): Comp(A — Mod) — Comp(B — Mod) and
Tor$o"PB=Mod (x _y . Comp(B — Mod) — Comp(A — Mod) are adjoint functors.

2. The functor Sgl () commute with the functors X Q) — , Hom*(X,—) and their corresponding derived functors
7" Comp(B-Mod
EXTCOmp(A—Mod)(X’ _) and TO}",, omp ’ )(X, _)~

Keywords: saturated multiplicative subset, left Ore conditions, localization, category of complexes, functors S ~1() and
S E' (), Hom® functor, tensor product functor, derived functors

1. Introduction

The adjunction study between Hom functor and tensor product functor has been done by several authors in the category
A — Mod of A-modules (see Rotman, J., J. (1972), theorem 2.76 for instance). That is the functors Hom,(M, —) and
M ) — ,where M is a (A — B) bimodule, are adjoint functors. Its analogue, considered in the category of complexes,
has equally been shown in (Beck, V. (2008), corollary 5.16). Otherwise the functors Hom*®(X, —) and X ® — are adjoint
functors, where X is a complex of (A — B) bimodules.

Now since on the one hand Hom*(X,—) and m‘éomm A-moa)(X> =), where EXT' is considered to be the n-th funtor
derived of Hom®, are isomorphic and on the other hand X (X) — and Tor Co'”p (B=Mod) x ) where TorS”""B=°d is the n-th
derived functor of the tensor product functor X (X) —, are isomorphic then we can conclude that mﬁom p(A—Mod)(X; —) and
Torg omp(B=Mod) x _) are adjoint functors. Besides, in (Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)) we showed
that the functor Sg' () commute with the functors tensor product, Hom®, EXT" and Tor, on the objects. So, the question
is of course this: if we can have the generalization of that results. Otherwise if the functors mg,,m,,( A-Mod)(Xs =) -

Comp(A — Mod) — Comp(B — Mod) and Tor:"""* M O(X, ) : Comp(B - Mod) — Comp(A — - Mod) are adjoint
functors. Equally, if S - 1() commute in the general case with the functors tensor product,Hom*®, EX T" and Tor,. So let
A and B be two rings, X a complex of (A — B) bimodules, C a complex of A-modules and » an integer, we organize this
work as following:

we give some definitions and preliminary results in our first section for reminder.

In our second section we prove the following results:

——n+l

L. EXT compa-moa)X, =) : Comp(A — Mod) — Comp(B — Mod) and

EXTCOmp(A_MOd)(KO, —-) : Comp(A — Mod) — Comp(B — Mod), where K| is considered to be the 0 — ¢ kernel of
X, are isomorphic;
2. TorComrB=Modx _y . Comp(B - Mod) — Comp(A — Mod) and

n+l

TorSomPB=Mod g ) . Comp(B — Mod) —> Comp(A — Mod) are isomorphic;
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3. EXTréomp(A,Mod)(X, —) : Comp(A — Mod) — Comp(B — Mod) and

TorSo"PB=Mod(x _y . Comp(B — Mod) — Comp(A — Mod) are adjoint functors;

4. if A is a subring of B, S a saturated multiplicative subset of A and B satisfying the left Ore conditions then:
EXTZO,,,,,(S,I A-soayS &' (X), =) : Comp(S~'A — Mod) — Comp(S~'B — Mod) and

Tor{PS ™ B-Mod (g -1(x), -) : Comp(S~' B — Mod) —> Comp(S ™' A — Mod) are adjoint functors .

And finally, in the last section, we show the following results:

——n+l

L. EXT ¢pppis-1a-moay(S ¢ (€), S (=) and EXT’éomp(S_lA_MOd)(S - (Ko), S ¢! (-)) are isomorphic ;

2. TorComSA-Mod g1y, § 21 (=) and TorS™"S ™ A=MoD (g 21 (Ky), S 21 (-)) are isomorphic ;

3. S X Q) -) : Comp(B - Mod) — Comp(S~'A — Mod) and
S X) @ S (=) : Comp(B— Mod) — Comp(S~'A — Mod) are isomorphic ;

4. If X is of finite type then SEIHom'(X, -) : Comp(A — Mod) — Comp(S~'B — Mod) and
Hom*(S ;1(X), S ;' (-)) : Comp(A — Mod) — Comp(S ™' B — Mod) are isomorphic;

5. If X is of type F P, then SEIEXTZUmp(A_MUd)(X, -) : Comp(A — Mod) — Comp(S~'B — Mod) and
EXTréomp(SflA_Mod)(S El X)), SEI(—)) : Comp(A — Mod) — Comp(S~'B — Mod) are isomorphic;

6. S Torg™" PP MeD(x, ) : Comp(B — Mod) — Comp(S~'A — Mod) and
Torf"mp(silB_MOd)(SEI(X), Sc'0) : Comp(B — Mod) — Comp(S~'A — Mod) are isomorphic.

2. Definitions and Preliminary Results
Definition and proposition 2.1

The category of complexes of left A-modules is the category denoted by Comp(A — Mod) such that:

1. objects are complexes of left A-modules.
d}l
A complex of left A-modules C is a sequence of homomorphisms of left A-modules (C" BN C"™1),cz such that
d"*lod' =0, foralln e Z.

2. Morphisms are maps of complexes of left A-modules. Let C and D be two complexes, a map of complexes of
left A-modules f : C — D is a sequence of homomorphisms of left A-modules (f” : C" — D"),¢z such that
i odl =d} o f"forn e Z.

Proposition 2.2
Let A be aring and S a saturated multiplicative subset of A verifying the left Ore conditions. Then the relation:

S0 : Comp(A — Mod) — Comp(S~'A — Mod) such that

-
l.ifC:i=... 5 "S5 ™' — ... isan objet of Comp(A — Mod) then :
-1 R
ScO)=...—85C" — §7C" — ...

is an objet of Comp(S ~'A — Mod)

2. if f: C — D is amorphism of Comp(A — Mod) then
Sgl(f) : SEI <) — Sgl(D) is a morphism of Comp(S ~'A — Mod)
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Then S El() is an exact covariant functor.

Proof

see (Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)), proposition 1
Definition and proposition 2.3:

Let X be a complex of (A — B)- bimodules and let be the following correspondance:
X® —: Comp(B — Mod) — Comp(A — Mod)

such that :

e If Y € Ob(Comp(B — Mod)) then X (X) Y is a complex of left A-modules such that :

X ® Yy = @ X' @y

te’

Sy nx@Y) = dy(x) @y + (-1)x®dy(y)

o If f: Y, — Y, is amap of complexes of Comp(B — Mod) then
XQ): XQRY — X Y, such that :

X' X1y — X Q)1
xXQy — x® f"7(y)

is a map of complexes of Comp(A — Mod).

Then X () — is a covariant functor that is right exact.

Proof

see [Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)], definition and proposition 2
Definition and proposition 2.4:

Let X be a complex of (A — B)-bimodules. Let be the following correspondence:
HOm*(X,-) : Comp(A — Mod) — Comp(B — Mod)

such that

e If Y is a complex of left A-modules then HOm*(X, —)(Y) = HOm*(X, Y) is a complex of left B-modules such that:

HOm*(X,Y)" = 1—[ Homa(X', Y™
teZ

and Syome(x,y) 1s defined as following:

(6”HOm.(X!Y))t : Homu(X',Y™) — Homa(X', Y™

gt — d;thgt + (_1)}1+1gt+1d;(

o If f:Y, — Y, is a morphism of Comp(A) then:

HOm'(X,=)(f)": HOm*(X,Y))' —> HOm*(X,Y>)"
(8" — (f" o g,

is morphism of Comp(B — Mod).
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Then HOm*(X, —) is a covariant functor that is left exact.

Proof

see [Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)], definition and proposition 3
Definition 2.5

Let C be a complex of left A-modules and C, a projective resolution of C such us:

dn+l

d d
Coim.o.— Py 5P, — ... — PP 5 Py—C— 0.

Then we said that Ker(d,) is the n — th kernel ofC, and we denote it by K,,.
3. Adjoint Isomorphism Between EXT and Tor in Comp(A — Mod)
Definition 3.1
Let C and D be two categories, F : C — D and G : D — C two functors. It is said that the couple (F, G) is adjoint if
for any A € Ob(C) and for any B € Ob(D), there is an isomorphism:
rap : Homc(A, G(B)) — Homgp(F(A), B)

so that:

a) For any f € Homg(A', A), the following diagram is commutative:

Hom(f,G(B ’
Home(A, G(B) ——LD)_ Home(A',G(B))

rA,Bl jr/\’ B

Homp(F(A), B) — "D Homp(F(A)), B)

b) For any g € Homqp(B, B'), the following diagram is commutative:

Homg(A, G(B)) — %) _ Home(A, G(B))

I’A,Bl jrA,B'

Hom(F(A),g) ,
Homqgp(F(A), By ———— Homqp(F(A), B)
Lemma 3.2

Let C be a complex of left A-modules and C, projective resolution of C of n-th kernel Ker(d,) = K,,. Then the functors

EXT'gg,lnp(A_ moa)(C, —) and EXTléomp(A_ voa)(Ko, —) are isomorphic where EXTréomp( A-Mody(X; —) 1s the n-th right derived
functor of HOm*(X, -).
Proof

. dys d d . .. .
Since ... — P,y =5 P,—...— P = P, = Py < C—0isa projective resolution of C then
dys d d . .. .
.. — P, - P,—...— P = P N Ky — 0 s a projective resolution of K. So on the one hand:

n+1

EXT ¢ompa-stoa)C: D) = EXT ¢pppiaptony(Ko. D), VD € Ob(Comp(A — Mod))

On the other hand, by doing the same thing for maps of complexes, we get the result.
Lemma 3.3

Let C be a complex of A-modules and C, projective resolution of C of n-th kernel Ker(d,) = K,,. Then the functors

TOrff;np(A_Mod)(C, _) ~ Torfomp(A_MOd)(Ko, _)

where Tor$™™PAMod (X _y is the n-th left derived functor of X & -
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Proof

The proof is the same as the one of the previous lemma.

Lemma 3.4

Let X be a complex of (A — B)-bimodules. Then the functors
HOm*(X,-) : Comp(A — Mod) — Comp(B — Mod) and

X Q@ —: Comp(B— Mod) — Comp(A — Mod) are adjoint functors.
Proof

see [Beck, V. (2008), p 180 ]

Theorem 3.5

Let X be a complex of (A — B)-bimodules. Then the functors
EXT ¢ompir-moayXs =) : Comp(A = Mod) — Comp(B — Mod) and
TorCompB=Mod) x . Comp(B — Mod) — Comp(A — Mod) are adjoint functors.

Proof
——0
For n = 0, we have on the one hand EXT ¢, a-p0a)(X; =) = HOm*(X, —) and on the other hand
Torg omp(B=Mod)(y _y = X Q) —. And according to lemma 3.4 HOm*(X, -) and X (X) — are adjoint functors. Therefore
EX T(éom o(A-Moa)(X; =) and TorS " # Mo (X, ) are actually adjoint functors.

Suppose now by induction that the relation is verified for all k¥ < n and show that it is verified for k¥ = n. That is
EX T}éomp( A-toay(X, =) and Torg™"” (B=Mod) (% _) are adjoint functors.

___ S
According to lemma 3.2 EX Tzomp( A-moay(Cs =) = EX TZW( A-Mod)(Ko, —) and according to lemma 3.3

Comp(B-Mod Comp(B-Mod o] Comp(B—Mod
TorCompB=Mod o _y ~ Cornf'lnp(B MoD(Ko, ). By hypothesis EXT ¢oppa-roa (Ko, =) and Tore 1" E MoKy ) are
adjoint functors then EXT ¢,,,,,a-0a)/(X, —) and TorS"PB=MoD(x ) are adjoint functors.
Theorem 3.6

Let Bbe aring, A a sub-ring of B, S a saturated multiplicative subset of A and B satisfying the left and right Ore conditions
and X a complex of (A—B)-bimodules. Then the functors EXT (S EI(X), —): Comp(S ~'A=Mod) — Comp(S~'B—Mod)

and TorComPS™ B-Mod) (g Z(X),-) : Comp(S~'B — Mod) — Comp(S~'A — Mod) are adjoint functors.
Proof

Since X is a complex of (A — B) bimodules then SE‘ (X) is a complex of (S~'A — S~!'B) bimodules. Then according to
theorem 3.5 the functors mggmp(s_lA_Mod)(Sgl(X), -): Comp(S~'A — Mod) — Comp(S~'B — Mod) and
Tor,f"m”(silB_MOd)(SEI(X), —): Comp(S~'B — Mod) — Comp(S~'A — Mod) are adjoint functors.

4. Isomorphisms and localization in Comp(A — Mod)

Definition 4.1

Let C and D be two categories, F and G two functors with same variance from C to . A natural transformation or

functorial morphism from F to G is amap @ : F — G so that:

e If F and G are covariant, then

® : Ob(C)— Mor(D)
M+— CDM

is a map such that ®y; : F(M) — G(M) and for any f € Mor(C) so that
f M — N, then the following diagram is commutative:

Fon L Fv)

(DM\L l(DN
G(f)

G(M)—— G(N)
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e If F and G are contravariant then the following diagram is commutative:

FIV) —L P

Dy L L Dy
G(f)

G(N) —— G(M)

If @y is an isomorphism for all M then @ is called functorial isomorphism.

Definition 4.2

1. We say that a complex of left A-modules C is bounded if for | n | large, C" =0 .
2. We say that a complex of left A-modules C is of finite type if C is bounded and for all n € Z, C" is of finite type .

3. We say that a complex of left A-modules C is of type F P, if it has a projective resolution:

dy d d €
.—P—--— P —Pyp—C—0

with P, is a finite type complex of left A-modules for all n > 0.

Lemma 4.3

Let C be a complex of A-modules and C, a projective resolution of C of n-th kernel Ker(d,) = K,,. Then the functors
——=n+1

EXT comp(s 1 a-Mod) S El ),S El ()) and EXTZomp(S—IAfMOd) S El (Kp), S El ()) are isomorphic where EXTZ(,mp(S,IA,MOd)(S El X),S El 0)
is the n-th right derived functor of HOm*(S 2'(X), S 21 ()).

Proof
As the one of lemma 3.2
Lemma 4.4

Let C be a complex of A-modules and C, a projective resolution of C of n-th kernel Ker(d,) = K,,. Then

TorComp(s-lAfMod)(S(_jl(C)’S(_jl()) ~ TorSOmp(S—lA—Mod)(SEI(KO),SEL())

n+l1

where Tor,f"m‘"(s_lAfMOd)(S 21X, 8 210) is the n-th left derived functor of S Z'(X) @) S 21 0).
Proof As the one of lemma 3.2.
Theorem 4.5

Let B be aring, A a sub-ring of B, S a suturated multiplicative subset of A and B verifying the left Ore conditions and X a
complex of A — B bimodules.

Let be the functors S ' (X &) —) : Cmp(B — Mod) — Comp(S~'A — Mod) and

SEI(X) () SEI O : Cmp(B — Mod) — Comp(S~'A — Mod) such that:

1. for all complex of left B-modules Y we have:

@ SIXQ-HM) =S/ XQY)
) SN QS0 =S X QS D)

2. for all map of complexes f : Y; — Y, we have:

@ SIXQN:STXQQY) — S XK T2)
b) ST QSN SHX) RS — SHX) QS ()

Then S (X @) —) and S ' (X) Q) S ! () are isomorphic.
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Proof

we know, according to the proof of theorem 6 in [Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)], that for all
complex of left A modules Y there exist an isomorphism @y : S ZH(X Q) V) — S 1(X) Q) S (Y) such that:

oy ST Cepy — PsicesT o

2 C®Pm—t Z 2 ® Pm—t
N N

s

Now it remaind to prove, for all map of complexes f : Y| — Y», the commutativity of the following diagram:

S QN

SHX Q1) SX QT2
S0 @S0 SHORSE () 2100 ® S2(¥)

That is for all integer m the following diagram is commutative:

SEI (X ® f)m

STHED X' Q)"

@ S—lxt ® S—I(Yl)m—t
So let % € STH(EP X' R)(Y1)"").We have on one hand:

(I)')’,'2 o SEI(X®f)m(W) — (D’;'Z(M) — Z % ® SN (Pm=r)

N

S—I(@ X! ®(Y2)m—t)

SSE @Sy BsIx QS (V)

And on the other hand we have:

58 X0 @) o o EEEL - (520 @) s Y Y e L

— Z _f ® fm l(pm—t)
S S

Theorem 4.6

Let B be aring, A a sub-ring of B, S a suturated multiplicative subset of A and B verifying the left Ore conditions and X a
complex of (A — B) bimodules of finite type.

Let be the functors S Hom*(X, =) : Cmp(A — Mod) —> Comp(S~'B — Mod) and Hom*(S ;1(X),S ') : Cmp(A -
Mod) — Comp(S ™' B — Mod) such that:

1. for all complex of left A-modules Y we have:

(a) S¢'Hom*(X,-)(Y) = S 'Hom* (X, Y)

(b) Hom*(S g (X),S ¢ 0)(¥) = Hom*(S ¢ (X), S (V)
2. for all map of complexes f : Y} — Y, we have:

(@) SZ'Hom*(X, f) : S¢'Hom* (X, Y1) — S'Hom*(X, Y»)
(b) Hom*(S:1(X), S (f)) : Hom*(S 21 (X), S 21 (Y1) — Hom*(S ;1 (X), S ;' (Y2))

Then S ;! Hom*(X, —) and Hom®(S ¢! (X), S ¢! ()) are isomorphic.
Proof

we know that according to the proof of theorem 7 in [Dembele, B., Maaouia, B.,F., & Sanghare, M. (2020)] that for all
complex of left A modules Y there exist an isomorphism @y y : S ! Hom*(X,Y) — Hom*(S ;'(X), S ¢! (Y)) such that:

1 g(p)
s o

D prony(E)(E) =
o S
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Now let f : Y| — Y, be a map of complexes, let us show the commutativity of the following diagram:

S Hom* (X.f)

S Hom*(X, Y1)

L Dexyy)

Hom*(S:1(X), S ' (Y1)

S Hom* (X, Y,)

l Dix.vy)

Hom* (S (X).S 2 (f))
e L Hom*(SZM(X),SZ(Y2))

That is for all integers m and ¢ the following diagram commutative:

S -1 Hom(X’,f””’)

S~ Hom(X', (Y;)™*") S~ Hom(X", (Y2)™*")

(D(X/’(yl ymty (D(X’,(YZ ymtty

H()m(S’lXﬂS’lf’”H)

Hom(S‘IX’, S—l (Yl )m+t) Hom(S‘lX’, S—l (Yz)m+z)

Solet £ € S Hom(X", (Y1)™*"). At first we have

m+to ' 1 m+Io f
fTospy 1/ os

N N (o

_ gD
Dxi vy 0 S 1Hom(X’,f”“r’)(;t)(;) = Oxr (ryyme)( (p)

And secondly:

s o

Hom(S™' X', S~ ™) o Dy v, >m+f>(%)(l—:) =S 0 Dy, )W,)(%)(’;’) = (p)

Theorem 4.7

Let B be aring, A a sub-ring of B, S a suturated multiplicative subset of A and B verifying the left Ore conditions and X a
complex of (A — B) bimodules of type FP.

Then the functors SglEXT?X, ) : Cmp(A—Mod) — Comp(S ~' B—Mod) and EXT(nS El X), SEI()) : Cmp(A—Mod) —
Comp(S™'B — Mod) are isomorphic.

Proof
Let us show it by induction on 7.
On one part we have:
Hom*(X,—) = EXT (X, -)

and so
Sc'Hom*(X,-) = § g‘EXTO(X, -)

and other part we have:

Hom*(S ' (X),S ' () = mo(s X, S20)

According to theorem 4.6 S ' Hom®(X,-) = Hom"(S:'(X),S:'()) and then § EIEXT(DX, -y = EXT (S 20,8210
That show us that the relation is true for k = 0.

Assume that it is true for all kX < n and show that it is true for n.

According to lemma 3.2 we have:

—n ——n—1
EXT compa-moa)(Cs =) = EXT ¢oppa—moa)(Kos =)

and so |
11— ol
SCIEXTComp(A—Mod)(C’ _) = SC EXTComp(A—Mod)(KO’ _)

And according to lemma 4.3 we have:
v a1 -1y~ T a1 -1
EXT (Sc (X),S¢c 0) = EXT (S¢ (Ko),Sc 0)

By hypothesis we have:

n—1

= —n-—1 _ _
S EXT ¢omparoayKo. =) = EXT (S (Ko), S 0)

72



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 4; 2020

Thus § El EXTrCl‘oml’(A*Mod) (C’ _) = EXTn (S (_:1 (X)’ S El ())
Theorem 4.8

Let B be aring, A a sub-ring of B, S a suturated multiplicative subset of A and B verifying the left Ore conditions and X
a complex of (A — B) bimodules. Then the fuctors S ;! Tor$omPA=Mod x _y . Comp(B — Mod) —> Comp(S~'A — Mod)

and Tor,f”mp(s_lAfM"d)(S 2(X),810) : Comp(B — Mod) — Comp(S~'A — Mod) are isomorphic.
Proof
Let us show it by induction on n.
On one part :
X ® _ Orgomp(A—Mad)(X’ _)

and so
S X (X) -) = S TorgmrAMed x, -

and on other part:

S0 XS0 = Torgmr S A Me0(s 21 (x), 8 210
According to theorem 4.5 S (X Q) —) = S/ (X) @) S ' () and so
s Torgom"(AfM”d) X, -) = Torgom”(silAfM"d)(S 21X, S 210) and the relation is true for k = 0.
Suppose that the relation is true for all k < n and prove that it is true for n.

According to lemma 3.3 we have:

Torgomp(A—Mnd)(X, _) o Tor’f‘:);np(A—Mod)(Ko, _)

then
S E‘l TOrSomp(A—Mad)(X’ _) =S E‘l Torff;’np(S—lA—Mod) (KO’ _)

We have also according to lemma 4.4

Tor’?ump(S’lA—Mod)(S E‘l (X), SEI()) ~ TOrCOmp(S’]A—Mod)(SEl(KO)’ Sz‘l ())

n-1

By hypothesis we have:

—1A- “lA-
S Tor, PP K, =) = Tor 717 M (S L (Ko). S E10)

Thus S TorS"PA=Med (x _y = Top§omrSA-Mod (g -1(x) §-1()).
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