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Abstract

A mixed finite element with the characteristics is presented as a local conservative numerical approximation for an incom-
pressible miscible problem in porous media. A mixed finite element (MFE) is used for the pressure and Darcy velocity,
and a characteristic method is for the saturation. The convection term is discretized along the characteristic direction and
the diffusion term is discretized by zero-order mixed finite element method. The method of characteristics confirms the
strong stability without numerical dispersion at sharp fronts. Moreover, large time step is possibly adopted without any
accuracy loss. The scalar unknown function and the adjoint vector function are obtained simultaneously and the law of
mass conservation holds in every element by the zero-order mixed finite element discretization of diffusion flux. In order
to derive the optimal 3/2-order error estimate in L? norm, a post-processing technique is included in the approximation to
the scalar unknown saturation. This method can be used to solve the complicated problem.

Keywords: 3D incompressible case, mixed finite element with the characteristics, elemental conservation of mass, 3/2-
order error estimate in L? norm

1. Introduction

The mathematical model is defined by two partial differential equations, the pressure equation and the concentration
equation, to describe the displacement of incompressible miscible fluid in porous media. The pressure equation is an
elliptic equation and the saturation equation is a convection dominated diffusion equation with strong hyperbolic nature
(Douglas, Ewing & Wheeler, 19831, 19832; Ewing, Russell & Wheeler, 1984; Yuan, 1999).

-V. (@(Vp —Y(VdX))=V-u=¢q, XeQ,teJ=(0,T], (1a)
“X)
= —@(Vp —y(©)Vd(X)), X e Q,t € J. (1b)
H(X)
¢%+u~Vc—V-(D(X,u)Vc)=(5—c)€1,XeQ,teJ, )
u-v=(DX,uVe) v=0, X€dQ,tel, (3)
c(X,0) = co(X), X € Q, 4)

where Q is a bounded domain in R, p(X, 1) is the pressure, u = (i1, u», u3)” is Darcy velocity and ¢(X, ¢) is the saturation
of water. § = max{qg, 0}, where the quantity g corresponds to the injection well as g > 0 and to the production well as
g < 0. Other symbols are defined as follows, ¢(X), the porosity of porous media, x(X), the permeability of rock and u(c),
the viscosity related with the water saturation ¢, ¢, the injected saturation at injection wells and the resident saturation
at production well equal to c. y(c) and d(c) = (0,0,z)" denote the gravity coefficient and vertical coordinate and u
denotes the unit outward normal vector at 9Q. D(X,u) is a diffusion matrix defined generally in (Dawson, 1989; Russell
& Wheeler, 1983),

2 i, L,
DX,u) = DX + aluf | ity 07 dyl; |+ ef| b, 2+022 -an, | (5)
d, b, 02 -
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where D,, denotes the molecular diffusion coefficient, / is a 3 x 3 identity matrix, and «;, a; are longitudinal and transverse
dispersivities, respectively. fi,, ity, i, are direction cosines of Darcy velocity in x-axis, y-axis and z-axis. This mathematical
model is usually discussed for simulating numerically oil reservoir and pollution transfer problems. Generally, diffusion
matrix is supposed to be positive definite and is simplified only related with molecular dispersion coefficients, and it holds
that 0 < D, < D,,(X) < D* for two positive constants D, and D* (Douglas & Roberts, 1983; Russell & Wheller, 1983;
Yuan, 1996).

A restriction condition is introduced for making the clarity
fq(X, ndX =0, fp(X, ndxX =0, teJ. (6)
Q Q

Convection-dominated diffusion equations are major modelled formulations in some actual problems, so it is important to
show the efficiency and accuracy in solving such problems. Some simple and traditional numerical methods such as finite
element method (FEM) or finite difference method (FDM) are possibly invalid for numerical dispersion and nonphysical
oscillation. Some new improved numerical techniques are put forward for convection-diffusion equations, and their
numerical analysis and experimental tests are shown (Bell, Dawson & Shubin, 1988; Cella, Russell, Herrera & Ewing,
1990; Dawson, Russell & Wheeler, 1989; Johnson, 1986; Todd, Dell & Hirasaki, 1972; Yang, 1999; Yuan, 1996, 1999).
These methods are developed from FEM or FDM, and they have some distinct properties. Upstream weighting introduces
some extra numerical dispersion. High-order Godunov scheme requires an additional CTL restriction about time step.
Streamline diffusion method and least squares mixed finite element method add some extra numerical work for artificial
streamline directions. Eulerian-Lagrangian localized adjoint method (ELLAM) is mass conservative and it is difficult
for evaluating the resulting integrals. The modified method of characteristic finite element method (MMOC-Galerkin)
permits a larger time step but fails to preserve the law of mass. It is shown that mixed finite element method could solve
some problems in fluid mechanics well. The unknown functions and adjoint vectors could be obtained simultaneously.
Theoretical analysis and applications are also discussed (Johnson & Thomee, 1981; Raviart & Thomas, 1977; Nedelec,
1980; Douglas & Roberts, 1985).

Arbogast and Wheeler discuss a characteristic mixed finite element (CMFE) to approximate the solution of an advection-
dominated transport problem (Arbogast & Wheeler, 1995). It is based on a space-time variational form of the advection-
diffusion transfer problem and adopts characteristic approximation similar to that of MMOC-Galerkin method for handling
diffusion term. Since piecewise defined constants are considered in test function space, so the law of mass holds element
by element. A post-processing step is included in the schemes to improve the rate of convergence of the method. It is
proven that the scheme is optimally convergent with first order in time and at least suboptimally convergent with 3/2 order
in space. It is point out that the scheme of characteristic mixed finite element introduces many integrals of the mapping
of test functions and their computations are difficult and complicated.

In this paper, we discuss a new coupled scheme of MFE and CMEE to solve an incompressible miscible displacement
problem (1)-(6) based on the treatment of two-dimensional simplified model and on the preliminary results (Sun & Yuan,
2009). Error estimate in L? norm is shown only in first order and its theoretical analysis is not generalized for three-
dimensional case. Three-dimensional problem is concluded by a coupled system from modern numerical simulation of oil
reservoir (Ewing, 1983; Shen, Liu & Tang, 2002; Yuan, 2013) and its computational procedures are formulated as follows.
The pressure is computed by the method of MFE and both the pressure and Darcy velocity are obtained simultaneously.
The saturation equation is discretized by the characteristic method of MFE, where characteristic approximation is used for
the convection term and a zero-order MFE approximation is applied for the diffusion term. The method of characteristics
preserves the stability at sharp fronts and overcomes numerical dispersion. It has smaller truncation error and adopts larger
time step with high efficiency while without any loss of accuracy. The lowest-order MFE approximation for diffusion term
computes the unknown scalar function and the adjoint vector functions. This scheme conserves mass locally because of
piecewise defined constant test functions. A postprocessing technique is introduced to improve the convergent rate and an
optimal 3/2 order error estimate in L? norm is derived. Then, this method may solve the complicated problem efficiently
(Arbogast & Wheeler, 1995; Ewing, 1983; Shen, Liu & Tang, 2002).

The symbols of Sobolov space are used in this paper. Suppose that the problem is regular
c € L(H) O H'(H") N L*(W,) N HA (L),
R) p € Leo(H"), (7
u e L(H' (div) N L2(W5,) N WLL®) HA(L?).

In the following discussions, K and € denote a generic positive constant and a generic small positive number, respectively.
They have different definitions at different places.
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2. The Scheme of MFE-CMFE

For convenience, we assume that the problem (1)-(6) is Q-periodic (Ewing, 1984; Yuan, 1999). This assumption is phys-
ically reasonable, because no-flow condition (3) is generally treated by mirror reflection, and interior flow patterns play
major roles in reservoir simulation (Ewing, Russell & Wheeler, 1984; Shen, Liu & Tang, 2002; Yuan, 1999). Therefore,
the boundary condition (3) could be ignored.

2.1 A CMFE Approximation for the Saturation Equation

Darcy velocity u = (u1, us, u3)” is assumed to be known for showing how the saturation is obtained. The characteristics
and MFE discretization are used. Let

V={:xeHAiv;Q),x Vlgo =0}, M ={p:pe LZ(Q), @ is a piecewise defined constant function},

and M is a dense subset in L%. Let 7(X, f) denote the unit vector of characteristic direction (—u,, —u2, —u3, 1) associated
3
with the operator ¢% + u - Vc and let y = [Jul* + 1]'/% = (Zl u? + 1)!/2, where
=
wac ¢6c e
— =¢— +u- Ve
or ot

Take z = —D(u)Vc, and assume that u(X, 7) is known. The weak form of (2) is given for finding a mapping (c,z) : J —
L*(Q) x V such that

o
(avé, ©) = (Vz.0) = (¢ = 0)G. ¢). Vo € LX), (8a)
(D' W)z x) + (6. V- x) =0, Yy € V, (8b)
c(X,0) = co(X), z2(X,0) = —=D(u(X,0))Vcy, VX € Q. (8¢c)

Let Az, = T/N denote a time step of the saturation where N is a positive integer, and let " = nAt. For a function ¢(X, 1),
let ¢"(X) = (X, "), and define
Xn—l =X - ¢_lu"At, En_l(X) — cn—l(Xn—l)'

Approximate %(X) = %(X, ") by a backward difference quotient

oc" X)) -t
X)m — =
BT( ) VAT

; €))

where ¢ = [¢? + [u"[*]'/2.

The time discretization (9) is combined with a spatial normal mixed finite element discretization. For i, > 0, let T),, = {J.}
denote a quasi-uniform partition of €, where the diameter of the regular tetrahedron element or hexahedron element in
symbol J, is not larger than A.. Let the lowest-order Raviar-Thomas-Nedelec mixed finite element space be denoted by
M, x H, ¢ M XV (Brezzi, 1974; Nedelec, 1980; Raviart & Thomas, 1977), where their functions and approximations
satisfy the following estimates

¢i€nA5 Ilf = ell < Kihell fll1
(A0 ! i
Xlgfg llg = xll < Kihcliglh, Xlengh g = Xldivy < Kihellgll divys

() el < KihPllgll, Yo € My,
where K| is a positive constant independent of 4.
Define an elliptic mapping of (c, z): [0, T] — M) X Hj, such that
@Cr—c@)+(V-(Zn—2,9) =0, Yo € M), (10a)
(D' W@k~ 2).x) + G~ 2.V x)., Vx € Hy. (10b)

From the discussions (Russell, 1985; Wheeler, 1973), we know that (¢, Z,) exists uniquely, and get the following priori
estimates

1Zn = 2ll s udivyy + 1160 = €llie@z) < Kahe. (1)
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Characteristics-mixed finite element approximation of (8) is defined by finding {c}, z;} € M}, X H}, such that

n =n—1

¢, —C
W= 0) = (V- 5,9) + (@' ) = (@), Vg € M), (12a)
(D™ WM, x) + (ch, V- x) = 0, Yy € Hy, (12b)
=0, =7, VXeQ. (12¢)

2.2 MFE for the Pressure Equation

Let W = L*(Q)/{w|q = const.}, and define a pair of bilinear operators

0
A0 =), (132)
B(a,n) = —~(V-a,n), (13b)

where 6 € L*(Q), a,8 € H(div;Q), T € LX(Q).

The pressure equation (1) is equivalent to the following saddle-point problem: to find (u, p) : J — V X W such that
(Ewing, Russell & Wheeler, 1984; Yuan, 1999)

Alc,u,v) + B(v, p) = (r(c)Vd,v), Yv ey, (14a)
B, w) =—-(g,w), YweW (14b)

For h;, > 0, the problem (14) is discretized in space on a quasi-uniform mesh J;,, of € with the diameter of element J,, not
more than h,. Let V), X W), C V X W be zero-order Raviar-Thomas-Nedelec space on this mesh, then

inf |lg — wil < K3h,liglli,
(Ap) W .
inf ILf = vl < Kshllfll. inf 1Lf = Vil iy, < Kslollfl i
p) IV~ < K3h;,3/2||v||, Mllwe,) < K3h1_;]||v||L°°(Jp)s Yv e Wy,
where Kj is independent of /4, and J, denotes an element of J,,.

Introduce the elliptic projection of (u, p) to find (4, pp): [0,T] — Vj X Wy, such that

Ale, by, v) + B, pp) = (r(c)Vd,v), Yv ey, (15a)
By, w) = —(q,w), Vwe W (15b)

where ¢ denotes the exact solution.

It is shown that (@, py) exists uniquely and their error estimates are given as follows (Brezzi, 1974; Wheeler, 1973)
[y, — u||L°°(H(diV)) + ”i’h - p||L°°(L2) < K4hp~ (16)
Then it follows from (16) and inverse estimates (/,,)

10|y < Ks. (17)

The pressure and velocity are approximated by the MFE when the saturation approximation cy, is given at ¢ € J, that is to
say that (wy, p;) € V;, X W), are defined by

Alcn, un, v) + B, pp) = (r(cn)Vd, v), Vv € Vy, (18a)
Buy, w) = —(g,w), Yw € W, (18b)

Their numerical solutions of (18) exist uniquely (Brezzi, 1974). From the discussions (Brezzi, 1974; Wheeler, 1973), we
can get the following estimates by (15) and (17)

oy = il diyy + lPn = Pall < Ks(1 + [[agllz=)lle — call. 19)

Using (16) and (19), and combining estimates of the saturation, we can derive the error estimates of the velocity and
pressure. Therefore, error estimates of (1)-(6) are mainly discussed in this paper.
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2.3 The Composite Procedures

Combing (12) with (18), we give the coupled scheme of (1)-(6). In actual computations, Darcy velocity changes more
slowly than the saturation with respect to time ¢, so spatial large step is adopted for computing (18). Time interval J is
partitioned 0 = 79 < t; < --- <1, =T, with Ar} = 1,, — 1,,-1. All the steps except for the first step At}] are supposed to
be uniform Az’,’,’ = At,,m > 2. Each pressure node t,, is also a saturation node ¢* where m, n are positive integers, and let
Jj=At, /AL, i = At}, /At,. For a function ¢,,(X) = ¢(X, t,,) related with saturation step " for t,,-; < " < t,,, we require a
velocity approximation uy, in (12). If m > 2, define a linear extrapolation of wy,,,—; and uy,_» as follows

" - Im-1 " - Im-1

Euy = (1 + ——— | — ———— W 2.
In-1 = tm—2 -1 — tm=2

If m=1, set EuZ = Uyp.

Combining (12) with (18), replacing exact solution by numerical approximations, then we can obtain full discrete coupled
scheme of (1)-(6) to find (c},z}) : (11", ,iN) — M, x Hy and (uy, py) : (fo, 11, ,11) — Vi X Wy satisfying the
following equations

ot — én—l
(¢%,¢> +(V-2,9) + @"'ch @) = ('q", @), Yo € M}, (20a)
(D™YEU)Z, x) - (¢}, Vx) = 0, Yy € Hy, (20b)
A= N= vxeq, (20c)
AChym, Upm, V) + BO, pim) = (r(Chm)Vd,v), Vv €V, (20d)
By, W) = ~(gm, W), Yw € Wy, (20e)

where &} (X) = ¢7'(X - ¢ Eu}AL,).
The procedure (20) runs as follows.

Step 1. Given initial approximation (cg, 12), then numerical values of (w0, pno) are obtained by (20e) and (20f).
Step 2. Applying (20a) and (20b) to find (c;,z}), (c7,23), -+, (cil,z,{‘ ).

Step 3. By the fact of (ci1 R zi') = (up,1, pn1), and by (20d) and (20e), we have (up1, pi.1)-

Step 4. Similarly, we get the values of (ci‘“ ,z;;'“), (ci”z,z{;'ﬂ), e (c;;”j,z;;' 1), and (W2, pa2)-

Step 5. The program runs repeatedly as above, then all the numerical solutions are obtained.

Let the post-processing space be denoted by M), whose function ¢ is discontinuous and piecewise linear on the mesh Jj, .
Then we define a post-processing scheme of (1)-(6) by finding Cg of M, approximating to 02 and finding (¢}, z;) € MXH,
and (uy, py) € Vy, X Wy, forn > 1 and m > 0 such that

n _ An-1
@S+ (V2. 9) + @) = (§'T ), Vo€ Myn2 1 (21a)
(D' (Ed})Zy, x) = (¢, Vx) = 0, ¥y € Hpn 2 1 (21b)
ﬂ(Ch,m, uh,m’ V) + B(V’ ph,m) = (r(Ch,m)Vd’ V)9 vV € Vh’ m Z 07 (21C)
By, W) = =(gm, W), Yw € Wy,m 2 0. (21d)

Finally, we give the locally post-processing of (C}) at the element J. € J;,_ to find C; € M,, such that

(¢(Cy =), )y, =0, (22a)
(D(EU)VC! + 2, Vg), =0, Vo € M), (22b)

The procedures (21) and (22) are computed as follows.
Step 1. Given the initial approximation C?, the values of (w0, Yi0) are obtained by (21a) and (21b).
Step 2. (21a) and (21b) are used to compute (c}l, z}ll), and the post-processing scheme (22) is used to compute C ,1

Step 3. Similarly for 1 < n < jy, given (¢!, /"), we use (22) to get C;~", then get (cf, ) by (21a) and (21b). C} is
obtained by (22).

Step 4. Noticing Ci' = Cp,1, we use (21c) and (21d) to get (w1, pn.1)-
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Step 5. In the above computation order we get the values of (c“”,zfl'ﬂ) C"Jrl (c “+2, “+2), . (c]'”, zi'”), C{;‘J’j and
(a2, pi2)-

Step 6. Repeatedly, all the numerical solutions are obtained.
2.4 Local Conservation of Mass

If the problem (1)-(6) has no source or sink, i.e. ¢ = 0, and the boundary conditions have no flow, then the saturation
satisfies the law of local mass conservation on each element J. € J;_,

P
f 6 Zax - f D@W)Ve - v;,dS = 0.
5. ot aJ.

Then we show how (20a) satisfies the law of local mass conservation in discrete norms.

Theorem 1 If g = 0, then on each element J,. € Jj,_, the scheme (20a) satisfies the discrete local mass conservation

Cp -Gy 0
f s gy f 70 v,dS = 0. (23)
Je I aJ.

Proof: Since ¢ € M} is a piecewise defined constant function on Jj , i.e. ¢ equals to the number 1 at J. € J;_, and is O at

other elements, then (20a) turns into
Cn _ '\n—
f¢ dX+fV~Z,’l‘dX=O.
J,

Green formula is used for the second term on J, to get (23), then Theorem 1 is proven completely.
3. Convergence Analysis
3.1 Hypotheses

Here we only consider molecular diffusion for diffusion matrix D(X, u), i.e. D(X,u) = D,,(X)I, simply symbol in D(X)
(Douglas & Roberts, 1983; Ewing, 1983; Russell & Wheeler, 1983; Shen, Liu & Tang, 2002; Yuan, 2013). The coeffi-
cients and the right-hand functions of (1)-(6) are supposed to satisfy the following conditions
0<a*§k8§;<a 0<¢. < d(X) < g7,
© |y, >| | 52X, )] + V0] + 13X, 1) +
0< D, <DX)<D*, |VDX)| < D",

A0 <K, (24)

where a.,a*, ¢.,¢*, K*, D, and D" are positive constants.
3.2 Primary Properties
We give a local post-processing for C;, on the element J, € J;, by defining C), € M, such that

((b(éh = Cn), 1) =0, (25a)
(DVC + 2, Vgo)lc =0, g€ M,,. (25b)

Letn=¢—c,ij=Ch—c,é =c—&, & =Cp—Ch,p=2,—2, ¢ = 2, — Z,. Some properties are stated as follows (Arbogast
& Wheeler, 1995; Sun & Yuan, 2009).

Lemma 1 For V¢ € J and sufficiently small spatial step A,

lnll < Kehellzlh, (26a)
lloll < Kehellzlh, (26b)
||f7|| < Ks(llzlly + 11V - 2ll)kZ, (26¢)

||—II < Ke(llzlly + 11V - 2l + I| I|1 +V- —||1)h (26d)

c?

1/2
{Z IIVﬁlli} < Kellzll - (26¢)

Jo€Jp,
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By inverse property (I.) and priori estimates (11), there exists a positive constant K7 independent of /. such that

IChllzzy < K7. (27)
Lemma 2 For Yz € J, it holds
(¢ —&,8") = lig' & - &I, (28a)
g2l < llg"2E", (28b)
ID'2ver|| < D72, (28¢)
"> — €M1y, < KslIVE"|I, P, (28d)

where Kj is a positive constant independent of 4.

Lemma 3 There exist a function ®" € H'(Q) and a positive number Ky independent of /. and n such that

D" < Ko (™M1 + 112”11 (29a)

then for sufficiently small 4.,
lD" = &'l < Ko (I1€"I-1 + 18”1 hes (29b)
where Ky is depends on the upper bound and lower bound of D(X), and ||Dl|y ) and || - [|-; denote the dual norms of

H'(Q).
3.3 Convergence Theorem

Optimal order estimates in L?> norm are derived for the saturation equation. Successively by (16) and (19) we can get
estimates of Darcy velocity in H(div; Q) norm and of the pressure in L? norm.

Theorem 2 Suppose that the conditions (R), (C), (Ac), (Ic), (A,) and (/,) hold and suppose that the partition parameters
satisfy
hy, = O(h)?), (A)? = O}, (At,)* = O(}*), At = O(h)). (30)

Suppose that initial approximation is taken by C2 = C’g, and there exists a positive constant K such that Az, > th’/ 2, then
the solutions of (21) and (22) are estimated as follows

n_ . n 3/2 2 11\3/2
052270/2:‘. {IC] = "I} < KR + hy + At + (AL,)” + (A1), (31a)
n_ .n 2 1\3/2
o max {lich = "I} < K{he + hy + Ate + (A1,)* + (Ar, )2}, (31b)
. _ 3/2 2 1\3/2
pomax, (s = Wallydivy + 1Phm = pullt < K4 + hy + At + (A1) + (A1)}, (31¢)

where K depends on p, ¢ and their derivatives.

Proof: It follows from (8a), (8b) and (10)

W+ T 5e)
= (@ -Mg", ) - (W(c - ¢%,¢), Vo e My,n>1, (32a)
(D7'Z00) + @,V -x) =0, Yy € Hy. (32b)
Subtracting (32) from (21a) and (21b), we have
it BRI N
= O+ 0 - @ )+ 2~ g :’_H,sa) Ul ), Vo € M), (33a)
(D' ) = (€Y - x) =0, v)c € Hj. (33b)
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In (33), we take test functions by ¢ = ¢" and y = ¢", and add (33a) and (33b) together. Then,

f é_-nl
(655 €N+ (D7
_ n _ an—1
= (" + &N, €") - (¢'7 ” f)+(w<c"> L ey e e,

From (25) and (22), it follows

(¢§n’ (,0) = ((pé}n’ (,0), (¢77"’ (,0) (¢~n QD)s pE Mh~
Let
Xﬂ—l — X_¢_1EunAtC, fn—l(X) — fn—](Xn—l),

where f denotes any function defined on Q X [0, T']. Using (35), we rewrite (34) as follows

(¢%,§”) + (D"ﬂ{”)

= @2 - o e s o - T LT e
: <¢—6"_1A‘tf"_ PO Ay S

T - (cﬁnl;f”ls)

Applying Holder inequality and (35) for the fist term on the left hand side of (37) to get
(@@ -&1).¢")

- . | | R
> (8.8 = 18 F7) + (06" 6] = S (@8 &") - 5 (08" &)

| - ~ 1 . -
= 51088~ (@& E ] - 3 (6@ — 8.
By Lemma 2,

(P& -8 = g P& - eMIP < Ks Yy IVEIBR2 < Koh2ID'2L"P,
Je€Jh,

where Kg is a positive constant.

Therefore, the terms on the left hand side of (37) are estimated as follows

Zn—1
A_tc(¢(§ =&, e+ (D7

2 A 102, 2) — (9 8 ‘))]+—<2An Ksh?)(D™'20".").

The terms on the right hand side of (37) are denoted by Gy, G», - ,Gy. Then,
3 2
IGil £ Ko ||z At + Ko [IE"I° .
T Lz(t”’],t”;Lz)

IGal +1Gsl < Ko {Bf + 1€"11*}.

Applying Lemma 2 to estimate Gy,

-1 2
IGal < Kuy(Ary) H— + K ")
6t L2(e1 s L2)
0z 2
—114 2 2
< Kio(Ate) BNz gy + 19 s gy + (3, e
L2(m- ,f”;H
6Z 2 2
+|v-= + Ky ll€"1 .
H 6[ LZ(t”’l,T”;H])}
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For the argument of G5, we first introduce

| 1 X! 9! Hcn! . -
AN— vn—1 _ _ S =n— n_ n =
ST = = fgm 7 dz _fo 7z ((1 DX+ 77X )|Eu Euy| At dz,

where z denotes the unit vector of EFu” — Euz. Let

L der! . A
8c(X) = f ((1-X%" + 2% ") dz.
0 0z
Noting that g.(X) is a mean value of the first-order derivative of ¢"~'(X), we have

lgell= < Kun [l

From (42), (16), (19) and (26) it follows

IGs| = ] f d(X)g(X)|Eu" — Eu}le"dX| < ¢ lIgell- || Eu" — Ew|| "]l
Q

< Ky {JEut - B + 161} < Koy {12+ B[+ 6l + 16712}

For Gg, taking A, sufficiently small, and using Lemma 1, (16), (19), (I.) and Lemma 3, we have

Gl =| > f P _'7 TT—gax|=| ) f B0 OIEW" — Eujlé"dX]

Je€Jpe Je€Jpe

<Kn{ ) leall: 1 (0" - Ewf| @07 + 100" - £71,)
Je€Jp,

<Ko O lleall: ) [lEw" - g a2 e, + 121

Je€dp,
< Ko {1+ 1+ [t [+ [l + 16717+ & |02
G+ is discussed similarly to Gg,

Gol < Ko S (IVE|E ) [l - Ewgl iz (et + 1)

e
< Kis [D72 N B2 (y + 12+ (||| + [|Em-2]l) Gl + 11271
< Kafig 1) + it + | [+ 8ol 1 0720
2 (1 o+ 02 (B[ + G2l (10722 + D722 ) + e )
Introduce an induction hypothesis for [ > 1. If #/ < T, we assume that
W@ - 0.k - 0,0 = 1,2, L
By (46) and h,, = O(h}'*), we get
Grl < Kis "I + e{|[D20 || + |72 ).
Gy is bounded as follows by Lemma 3,
Gsl < Kia(at)™ (|67 =i~ om] + | =i & - o)}
< Kua(Ae) =" = 77| e+ (! = | er - o
< KisAr M|t =77+ kel =7 e + g )
From the discussions (Ewing, Russell & Wheeler, 1984; Russell, 1985), we have

ot =1 = K e
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(42)

(43)

(44)

(45)

(46)

(47)
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and
7= =L < Kl
Then, combining the above estimates with Lemma 3,
1Gsl < Kaaf ||| + 7" || (Az) ™ Ref M, + 1271 s
<D0\ + Ko {hf + 1S + 1P

In a similar fashion, Gy is bounded by

Gl < Kis{ | + [ D IvE I ] a2}, + 127
Je€Jp, (49)

< Kis {07 P + o2l + e + ).
Substituting (38)-(49) into (37), we have

L [(gE &) - (9, 1))]+—(2Atc thixD*”Z(”,g")

62
a2

2At,

< K16{( e

E )Atc + (

LZ(T”_I M ;L2)

Lz(t"’] ,t”;L2) 67—2

L2(ty,tm3L?)
6*u

3 2 2
W )(Atp) + ( ”Z”LZ(trkl’fn;Hl) + “V . Z”Lz(t”’l,t”;Hl) (50)

L2(rm 2.0m3L?)
H az||?
L2(m=1 s HY) at

H (At hG + Il + B+ h(Ar)
ot L2V HY)

[l + [l + 11 + 11 + canermé[fo~ 2|
el Py el e o e
By (30) and Az, > K'h/?, we get
Kgh? < Kg(K') 'At.hl?, hS(At)™ < (K'Y H(AL)%, (At)2hE < (K'Y h,.

Multiplying both sides of (50) by 2At., summing on 1 < n < L and using Lemma 2, we have for sufficiently € and .,

L L
B+ > e IP ave < Kig {(Atc)z (D)t + A + 1+ + €] Atc}. (51)
n=1 n=1
Applying Gronwall Lemma, we obtain
L
B+ D IR At < Kig {(Ar)? + (M) + (AL + B2+ B2} (52)
n=1

It remains to testify the induction hypothesis (46). It holds obviously because of & = 0. If it holds for / < L, then by (52)
and (30) we have

I < KinhZ {(810)% + (At + (ALY + 12 + 2} — 0, he — 0. (53)

Then, the induction hypothesis (46) is proven.
Finally, combining (52) and (26), we obtain (31). The proof ends.
Acknowledgements

This work is supported by the National Natural Science Foundation of China (Grant No. 11871312), Natural Science
Foundation of Shandong Province (Grant No. ZR2016AMOS).

58



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 3; 2020

References

Arbogast, T., & Wheeler, M. F. (1995). A characteristics-mixed finite element methods for advection-dominated transport
problems. SIAM J. Numer. Anal., 32, 404-424. https://doi.org/10.1137/0732017

Bell, J. B., Dawson, C. N., & Shubin, G. R. (1988). An unsplit high-order Godunov scheme for scalar conservation laws
in two dimensions. J. Comput. Phys., 74, 1-24. https://doi.org/10.1016/0021-9991(88)90065-4

Brezzi, F. (1974). On the existence, uniqueness and approximation of saddle-point problems arising from lagrangian
multipliers. RAIRO Anal. Numer., 2, 129-151. https://doi.org/10.1051/m2an/197408R201291

Cella, M. A., Russell, T. F.,, Herrera, 1., & Ewing, R. E. (1990). An EulerianCLagrangian localized adjoint method for the
advectionCdiffusion equations. Adv. Water Resour., 13, 187-206.

Ciarlet, P. G. (1978). The finite element method for elliptic problems. Amsterdam: North-Holland.
https://doi.org/10.1115/1.3424474

Dawson, C. N., Russell, T. F., & Wheeler, M. F. (1989). Some improved error estimates for the modified method of
characteristics. SIAM J. Numer. Anal., 26, 1487-1512. https://doi.org/10.1137/0726087

Douglas, Jr. J., Ewing, R. E., & Wheeler, M. F. (1983). Approximation of the pressure by a mixed method in the
simulation of miscible displacement. RAIRO Anal. Numer., 17(1), 17-33.

Douglas, Jr. J., Ewing, R. E., & Wheeler, M. F. (1983). A time-discretization procedure for a mixed finite element
approximation of miscible displacement in porous media. RAIRO Anal. Numer., 17(2), 249-265.

Douglas, Jr. J., & Roberts, J. E. (1983). Numerical methods for a model for compressible miscible displacement in porous
media. Math. Comp., 41, 441-459. https://doi.org/10.1090/S0025-5718-1983-0717695-3

Douglas, Jr. J., & Roberts, J. E. (1985). Global estimates for mixed methods for second order elliptic equations. Math.
Comp., 44, 39-52. https://doi.org/10.1090/S0025-5718-1985-0771029-9

Ewing, R. E. (1983). The Mathematics of Reservoir Simulation. SIAM, Philadelphia.
https://doi.org/10.1137/1.9781611971071

Ewing, R. E., Russell, T. F., & Wheeler, M. F. (1984). Convergence analysis of an approximation of miscible displacement
in porous media by mixed finite elements and a modified method of characteristics. Comput. Methods Appl. Mech.
Engrg., 47, 73-92.

Johnson, C. (1986). Streamline diffusion methods for problems in fluid mechanics. In Finite Element in Fluids VI. Wiley,
New York, 1986.

Johnson, C., & Thomée, V. (1981). Error estimates for some mixed finite element methods for parabolic type problems.
RAIRO Anal. Numer., 15, 41-78. https://doi.org/10.1051/m2an/1981150100411

Nedelec, J. C. (1980). Mixed finite elements in R>. Numer. Math., 35, 315-341. https://doi.org/10.1007/BF01396415

Raviart, P. A., & Thomas, J. M. (1977). A mixed finite element method for second order elliptic problems, in: Mathematical
Aspects of the Finite Element Method. Lecture Notes in Mathematics, 606, Springer.
https://doi.org/10.1007/BFb0064470

Russell, T. F. (1985). Time stepping along characteristics with incomplete interaction for a Galerkin approximation of
miscible displacement in porous media. SLAM J. Numer. Anal., 22(5), 970-1013. https://doi.org/10.1137/0722059

Russell, R. F., & Wheeler, M. F. (1983). Finite element and finite difference methods for continuous flows in porous media.
In Ewing, R. E. ed. Mathematics of Reservoir Simulation, hiladelphia: SIAM P, 35-106.
https://doi.org/10.1137/1.9781611971071.ch2

Shen, P. P, Liu, M. X., & Tang, L. (2002). Mathematical model of petroleum exploration and development. Beijing:
Science Press.

Sun, T. J., & Yuan, Y. R. (2009). An approximation of incompressible miscible displacement in porous media by mixed
finite element method and characteristics-mixed finite element method. J. Comput. Appl. Math., 228, 391-411.

Todd, M. R., O’Dell, P. M., & Hirasaki, G. J. (1972). Methods for increased accuracy in numerical reservoir simulators.
Soc. Petrol. Engry. J., 12, 521-530. https://doi.org/10.2118/3516-PA

Wheeler, M. F. (1973). A priori L, error estimates for Galerkin approximations to parabolic partial differential equations.
SIAM J. Numer. Anal., 10, 723-759. https://doi.org/10.1137/0710062

59



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 12, No. 3; 2020

Yang, D. P. (2000). Analysis of least-squares mixed finite element methods for nonlinear nonstationary convectionCdif-
fusion problems. Math. Comp., 69, 929-963.

Yuan, Y. R. (1999). Characteristic finite difference methods for positive semidefinite problem of two phase miscible flow
in porous media. J. Systems Sci. Math. Sci., 12(4), 299-306.

Yuan, Y. R. (2013). Theory and application of reservoir numerical simulation. Beijing: Science Press.

Yuan, Y. R. (1996). Characteristic finite element methods for positive semidefinite problem of two phase miscible flow in
three dimensions. Chin. Sci. Bull., 22, 2027-2032.

Yuan, Y. R., Sun, T. J,, Li, C. F, Liu, Y. X., & Yang, Q. (2018). Mixed volume element combined with characteristic
mixed finite volume element method for oilCwater two phase displacement problem. Journal of Computational and
Applied Mathematics, 340, 404-419.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/4.0/).

60



