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Abstract 

The oscillation of a class of neutral third-order semi-linear differential equations is studied. The Riccati transform 

technique is used to construct different functions and classical inequalities. Some new oscillation theories of differential 

equations are established. Our results differ from the results in other literature, and use examples to illustrate the 

application of the conclusions. 
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1. Introduction 

Consider the oscillation of a class of third-order semilinear neutral delay differential equations of the form 
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Where         txtptxtZ  , 0,0   , ,  are the quotients of two positive and odd integers. 

Assume the following conditions hold 
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According to the custom, the solution of the equation is called oscillatory, if it has arbitrarily large zeros; otherwise it is 

said to be non- oscillatory. If all the solutions of the equation are oscillatory, then the equation is called oscillatory; 

otherwise it is called non- oscillatory. 

References (X. X. SU, L. N. Dai, S. M. Wu., & Q. W. LIN,2017, H. LIU, F. MENG, & P. LIU, 2012, and ZENG, Y. H., 

LUO, L. P., & YU, Y. H, 2015) for second-order semi-linear neutral differential equations 

.0))(())(()()))()(
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txtxtqtZtZtr 
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（（                       (1.1) 

n-depth research was done to give some new oscillate criteria. In the past few years, the research on the vibration of 

third-order semi-linear differential equations has begun to attract attention, but its research results on oscillations are 

still relatively small, such as references(LI, Y. D., GAO ZH. H., & DENG Y. H,2012), and References fifth to fifteen. In 

2017, Hui Yuanxian et al. Established a number of new oscillate criteria to guarantee that all solutions of the equation
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)(E  oscillate or converge to zero under the condition of limiting 
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Recently, Ref. (S. M. WU,, J. J. LIN, Q. D. LI., & Q. W. LIN,2019) studied several new vibrational criteria for all 

solutions of the equation   ，0))(())(()()()()(
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to vibrate or converge to zero in the case of ，00  tt   . 

Inspired by the work in References (SU, et al 2017), and References fourteenth and fifteenth, the Riccati transformation 

and classical inequalities were used to establish a new conclusion for the oscillation of the equation under the conditions 


 

dssr
t

)(
0

1

  and   , which generalized and improved Some results are given, and some examples are given 

to illustrate the application of the main results. 

2. Lemma 

Lemma2.1 (HUI, Y. X., & WANG, J. J., 2017). If )(tx  is the final positive solution of equation ，)(E  then )(tZ has 

only the following two possibilities, that is, there is 0tT  , so that when Tt  , there are  
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3. Main Results 

In order to take advantage of the Philos-type integral averaging technique, a function F 
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And 
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Then the equation )(E  is oscillatory. 

Proof Let the equation )(E  have a non-vibratory solution. If )(tZ is of type (A), that is 0)(,0)(,0)(  tZtZtZ , 

then have 

))(()()())(()()()( tZtptZtxtptZtx   )()1( tZp  , 

from equation )(E , obtain 
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Consider Riccati transform 
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From Lemma 2.3, let )()( tZtu  , for any )1,0( , exist 0tT  , such that  
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This contradicts (3.2), so the assumption is not true. That is, when )(tZ satisfies (B), )(tx is the vibrational solution of 

equation  E . The proof is complete. 

Theorem 3.2. Let there be a function      ,0,,0

1 tC  such that (3.1) holds, and satisfies 
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                              (3.14) 

Then, equation )(E is oscillatory. 

Proof Let )(tx  be the non-vibration solution of the equation )(E , similar to the proof of Theorem 3.1, if )(tZ is of type 

(A), that is, here, the proof process is the same as the proof process of the first part of Theorem 3.1. That is, when )(tZ

satisfying (A) type, )(tx is the oscillate solution of the equation. 

If )(tZ satisfies type (B), that is ,0)(,0)(,0)(  tZtZtZ  
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Define Riccati function as follows 
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derivate t on both sides of (3.16) and use the result of (3.15) to get 
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Since 0  is the ratio of two positive and odd numbers, so 1  is an even number, that is, 0
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then (3.17) becomes 

                            ),()( 31 tAtU                                    (3.18) 

Integrate both sides of (3.18) from T to t to get 
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Let t , according to (3.14), obtain )( 21 tU , which contradicts 0)(1 tU , so the assumption is not true. Thus, 

when (B) is satisfied, )(tx  is the oscillatory solution of the equation )(E . The proof is complete. 

Corollary3.3. Let function )),0(),,([ 0

1  tC  and function FstH ),(  exist so that (3.14) holds, and  
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Then equation )(E is oscillatory. 

4. Application 

Example: Consider a third-order neutral differential equation 

,00)())(
3

1
)(( 0

9

3

6 






















 mtttxttxtxt ，                  (E2) 



 

 

http://jmr.ccsenet.org                        Journal of Mathematics Research                       Vol. 12, No. 3; 2020 

29 

here we take ，， 13   ,
2

1
,

3

1
)(,)(,)( 96  ptpttqttr ,)(,)( tttt    

tt )( , from Lemma 3, when tt )( , 1 , ，)1,0(








 6

2

1
,

2

1
max

MM
m ,obviously there

，
t

ds
s

dssrtttrtrtR
tt

11
)()(,)()()(

2

1

6

1

 
 







 ,0
1

)(

)(
)(1 




tt

t
tA




)(3 tA ,

2

1
)1)(( 10tptq  

,
22

1)(
)1()()( 10

2
9

2

t
t

t
t

t

t
ptqtA












  

So get 

.
4

)12(
suplim

2

1

2
suplim

1

)()()(
)()(suplim

00

0

652610

1

1








 



























































t

t
t

t

t
t

t

t
t

M

tMt
ds

sM

sss
s

ds
sA

M

ssr
sAs












 

.
4

)12(
suplim

2

1

2

1
suplim

)(

)(

1
)()(suplim

00

0

7729

1

3
































































ds
M

Mtt
ds

M

tt

t

ds
sM

sR
tAt

t

t
t

t

t
t

t

t
t 










 

.
2020

lim
2

lim)(lim
10

0

109

3
00













tt
ds

s
dssA

t

t

t
t

t

t
t

 

Obviously Equation )( 2E satisfies the conditions (3.1) and (3.2) of Theorem 3.1, and it satisfies the conditions (3.14) of 

Theorem 3.2. So that equation )( 2E is oscillatory. 

Mark: Our results improve or generalize the results of some literature. The results of reference (LI., et al, 2017).) cannot 

be applied to this example. 
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