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Abstract

The oscillation of a class of neutral third-order semi-linear differential equations is studied. The Riccati transform
technique is used to construct different functions and classical inequalities. Some new oscillation theories of differential
equations are established. Our results differ from the results in other literature, and use examples to illustrate the
application of the conclusions.
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1. Introduction
Consider the oscillation of a class of third-order semilinear neutral delay differential equations of the form

[r(t) z"(t)\“*lz"(t)] +a® W) x(ot) =0, 126 >0. f<a (E)

Where Z(t)=x(t)+ p(t)x(z(t)). B > 0, @ > 0 «, p are the quotients of two positive and odd integers.

Assume the following conditions hold

(A) P®).a() &C((ty,0).(0,%2))0< p(t) < p<1.4(t) > O;

(A) r(t) eC([ty,),(0,0))r(t) =0,r'(t) >0, jt "” r% (s)ds < +o0;

(A) z(t), o(t) e C'([ty, ), (0,0)), for eacht >ty thereis bz (t) <t,o(t) <t, o(t) > 0,05'(t) >0,
LECRIECRES

According to the custom, the solution of the equation is called oscillatory, if it has arbitrarily large zeros; otherwise it is

said to be non- oscillatory. If all the solutions of the equation are oscillatory, then the equation is called oscillatory;
otherwise it is called non- oscillatory.

References (X. X. SU, L. N. Dai, S. M. Wu., & Q. W. LIN,2017, H. LIU, F. MENG, & P. LIU, 2012, and ZENG, Y. H.,
LUO, L. P, & YU, Y. H, 2015) for second-order semi-linear neutral differential equations

()2’ 2" W) +a®)x@®)|” " x(o(t) =0. (1.1)

n-depth research was done to give some new oscillate criteria. In the past few years, the research on the vibration of
third-order semi-linear differential equations has begun to attract attention, but its research results on oscillations are
still relatively small, such as references(LI, Y. D., GAO ZH. H., & DENG Y. H,2012), and References fifth to fifteen. In
2017, Hui Yuanxian et al. Established a number of new oscillate criteria to guarantee that all solutions of the equation
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1
(E) oscillate or converge to zero under the condition of limiting J'w r «(s)ds =+oo-
t0
Recently, Ref. (S. M. WU,, J. J. LIN, Q. D. LI., & Q. W. LIN,2019) studied several new vibrational criteria for all

solutions of the equation [r(t) z"(t)‘“‘lz”(t)] 4 q(t)‘x(a(t))‘ﬁ_lx(g(t)) =0,

to vibrate or converge to zero in the case of t>t, >0, S > «.

Inspired by the work in References (SU, et al 2017), and References fourteenth and fifteenth, the Riccati transformation

and classical inequalities were used to establish a new conclusion for the oscillation of the equation under the conditions
o L

J. r «(s)ds<+oo and g <o, which generalized and improved Some results are given, and some examples are given
t0

to illustrate the application of the main results.

2. Lemma

Lemma2.1 (HUI, Y. X., & WANG, J. J., 2017). If X(t) is the final positive solution of equation (E), then Z(¢) has

only the following two possibilities, that is, there is T >1,, so that when t>T, there are

(A) Z(t)>0,Z'(t)>0,2"(t) > 0.

(B) Z(t)>0,Z'(t)<0,Z"(t) > 0.

Lemma 2.2(WU, etal, 2019) If A>0,B>0 and >0 exist, then g, A% < @° B
(a+1)a+1 Aa

Lemma 2.3(WU, et al, 2019) Let u(t) >O0,u’(t) >0,u"(t) <0,t>t, be, forany & (01), there exists T, >t,
o(t)

such thatu(o (t)) > GTu(t), t>T,

Lemma 2.4 (LIN, W. X., 2017).Let u(t)>O0,u’(t)>0,u"(t) >0,u”(t)<0,t>T,, then exists y e (0,D and

T, >T,, suchthat u(t) = pu'(t), t=T,

3. Main Results
In order to take advantage of the Philos-type integral averaging technique, a function F

Let D={t,s)t>s>t,}, D, ={(t,s)ft>s>t,}.
The function H(t,s) e C(D,R) belongs to the F class, and it is writtenas H(t,s) e F , if
(i) H (t,t)=0,t>t,; H(t,s)>0,(t,s) e D,.;
(i) HEY g5y, HESD) 645 eD
0s 0s
And continuous on D, there is a function h e C(D,,R), p € C*([t,, ), (0,0)) , which satisfies
OH (t,s)
0s

+A(H(t,s) = -h(t,s)H ﬁ(t, s), k=min{x, B}

Use tokens: For p,o e C*([t,,«),(0,)), let
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Ai(t)=f) ((tt)) . A =9®A-p)* . AM=401-p)" , Ab)= q(t){(l p)yga (t)} () = J.:Or%(s)ds,
a+l-p 1 M = 1

RO)=r « (1) L:W' (Z”(T))ﬁl ’ Sufficiently large for t.

Theorem 3.1 If a function p € C*([t,,),(0,0)) exists that satisfies A (t) >0, and

o ROLOIENO
Ilrrgjoup jto{p(s)A(s) M7 [,B+1j }ds_ . 3.1)
And
B+l
im sup {wﬁ(s)&(s)—(ﬂ[iJ Mi(;zs)}ds:oo. (3.2)

Then the equation (E) is oscillatory.

Proof Let the equation (E) have a non-vibratory solution. If Z (t) is of type (A), that isZ(t)>0,Z'(t)>0,Z"(t) >0,
then have

(1) =Z(1) - pOx(z(1) = Z(t) - p()Z(z(1)) = 1- P)Z(Y) ,

from equation (E), obtain

(r®E")*) =-at)x’ (o(t)) <-qt)1- p)’ 27 (o (t)).
that is
(r®@"®)") =-aq®)x" (o (t) <-at)d- p)’ 27 (o (1)) - (3.3)
Consider Riccati transform

_ (Z'(t)”
W) = OO s

Differentiate t on both sides of the above formula, and use formula (3.3) to get

Wi 20w s m(r(t)(Z"(t))“ J

>0, t>t,

p(t) @'’
p'(t) (r{e)(Z"®)“)’ (C4(0)
(0 —=W(t)+ (t)W*ﬂp(t)r(t) ')
t 7’ (ot 1 1
<2 WO~ - py T p () 3.4
(POr )’ (2")”
' " 1
Because( 1 J __ 2" >0, and so -, monotonically increases, also exists T=maX{t2,T;,}, Whent =T,
Z"(t) (z"®) Z"(t)
L .Sincea > >0, 50 2_150 , We get 1 %_l> 1 %_l—M
Z”(t) Z (T) ﬂ Zv(t) = Z!I(T) -

From Lemma 2.3, let u(t) =Z'(t), forany@ € (0,1) , exist T, >t,, such that
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1 >0(7(‘[) 1 T
Z't)y  t Z'(ct)

From Lemma 2.4, exist y € (ODand T, 2T, such that
Z(o(t) 2yo(®)Z'(c(t)), t=Ty
So (3.4) becomes
i) < 20w - pyan -—2 w7 ). 35)
p(t) 7
(pM®r(t)

A0) __ A
From Lemma 2.2, let B= o(t) >0, A=

>0 U=W(0) ey
(rp(t)” '

Bu—Au’ <L (p'(t)j’”l r(t)p(t)_r(t)p(t)(Ai(o]ﬁ*{

T (B+D)" p() M7 M7 (Bl

M”Z | g+1
Integrating from T to t on both sides of the above formula, we get

p+L
W(t)SWU)—ﬁ[p(s)A(s)_r(sl\)/lp,fs)[ggj }ds.

S+l
So (3.5) becomes W’(t)S—p(t)A(t)+r(t)p(t)[Al(t)] .

Let t — o0, then W (t) > —o0, which contradicts W (t) >0, so the assumption does not hold,that is, X(t) is the

oscillatory solution of equation (E).
If type (B) is satisfied, that is Z(t) >0,Z2'(t) <0, Z"(t) > 0.

Because (r(t)(Z"(t))“), =—q(t)(x(a(t))” <0, SO —(r(t)(Z"(t))“), >0,and known by q(t)>0,-p)>0,Z'(t) <0,

which is q(t)(L— p)” (Z'(t))” < O0,so there is

~(re@"®)7) = a0 - p) 1)’ = AGZ'©). (36)
Consider Riccati transform
() =T W)

')’
differentiate T in equation (3.7) and use equations (3.6) and (3.7) to get

>0,t=t,, (3.7)

’ (r(t)(zﬂ(t))a)' r(t)(zﬁ(t))wrl
u'(t)= +p
( ) (Z,(t))ﬂ (Z,(t))fJrl

2 AW+ U ),

P OE)”

(3.8)

G- 1 - :
Because[i] __Z"® _.9,andso -~ monotonically increases, existenceT = maxt,.T, }
z'(t) (z'®)) Z"(t)
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1,1 Syt
when 121 20" 22y S ’ Z6) A7) ™
then from (3.8)
U'(t) = A(t) +iﬂu17 ®. (3.9
r’ ()
Multiply both sides of formula (3.9) by ¢”(t), and integrate from 7 to, get
Fo’ ()A(s)ds < | o (s)U (S)dS f AMo” (s)r K (S)U G (S)dS
(3.10)
<@ OU®) +r| Be" ()T (S)U (s)—Mo(s)r L (S)U g (s) ds
; A 1
Using Lemma 2.2, take g _ "o (s)>0,A=Mg(s)r #(s)>0,u=U(s)" then
e 8
_ B B R(s)
A By WY )
Therefore from (3.10), we obtain
flooao-[L] R e roun (3.11)
T B+1) MPo(s)| '
Since (r(t)(Z2"(t))*)’ <0, then when S > 1, there is r(s)(Z"(s))* < r(t)(Z"(t))*, that is,
1
1 a
Z"(s)<re (t)Z”(t)( s )j (3.12)
Integrate s fromtto (1 >S) on both sides (3.12) to get
. 1
0<Z'()-Z'(t) <re(t)2")} (1Jads.
r(s)
1 1
Therefore g <-7'(t)<-Z'(1) + rg(t)Z”(t)J‘l [i}ads , that is,
T\ r(s)
ré(t)Z”(t) i [1Jads >Z'()>Z'(1). (3.13)
r(s)

Because y(t) = f’(%];ds, let | — o0, then from (3.13), we get

o’ (UM < —rlfg ") <o,

and because ¢’ (t)U (t) > 0, so ¢” (t)U (t) =, so have
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] (2" RO S
I{w (S)A(s) [ﬁ+1j Mﬂq)(s)}dsﬁw U () =0.

This contradicts (3.2), so the assumption is not true. That is, when Z(¢) satisfies (B), X(t)is the vibrational solution of
equation (E). The proof is complete.
Theorem 3.2. Let there be a function p € C*([t,, =), (0,20)) such that (3.1) holds, and satisfies

lim i A(s)ds =co, (3.14)

Then, equation (E) is oscillatory.

Proof Let X(t) be the non-vibration solution of the equation (E), similar to the proof of Theorem 3.1, if Z(t) is of type
(A), that is, here, the proof process is the same as the proof process of the first part of Theorem 3.1. That is, when Z(t)
satisfying (A) type, X(t) is the oscillate solution of the equation.

IfZ(t) satisfies type (B), that is Z(t) >0,Z'(t) <0, Z"(t) > 0,
Since (r(t)(Z”(t))“)’ = —q(t)(x(c(t))” <0,and(4) knowq(t) > 0,1- p) >0, Z'(t) <0. we get
qt)@- p)?(Z'(t))” <0, and we have

(FO@"®)*) <—aO@- p) @'®) =-ABZ'®) (3.15)
Define Riccati function as follows
ugr):%w,mz, (3.16)

derivate t on both sides of (3.16) and use the result of (3.15) to get
iy (rOE"®)“)

U/(t)= -

© '@y’

<-AM-p

SO )"
0"
rE )" (347
o)

JOIC4(0)

@y % e

Since B >0 is the ratio of two positive and odd numbers, so £ +1 is an even number, that is, 3

then (3.17) becomes
Ui (t) <-A(1), (3.18)
Integrate both sides of (3.18) from T tot to get

Ui (t,) 2 U, (0)+ [} A(s)ds.

Lett — oo, according to (3.14), obtain U,(t,) »+w, which contradicts U, (t) <0, so the assumption is not true. Thus,
when (B) is satisfied, X(t) is the oscillatory solution of the equation (E) . The proof is complete.

Corollary3.3. Let function 0 e C'([t,,),(0,)) and function H(t,s) e F exist so that (3.14) holds, and

p+1
. 1 p()r(s)( h(t.s)
lim su H(t,s)0(s)A(s) — ds = +oo. }
prH(t,tO)L{ t8)P(S)AS) == 17 (ﬂ+1 +00 (3.19)
Then equation (E) is oscillatory.
4. Application
Example: Consider a third-order neutral differential equation
1 i
{te((x(t)+3x(t))”j } +t°x(t) =0,t>t, >m >0, (E2)
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here we take =3, B=1L r(t)=t°,q(t) =t’, p(t)=%, p=%, rt)=t,o)=t,

p(t)=t, from Lemma 3, wheno(t) =t, §=1, 76(0,1)’m=max{21/|16 2,\l/| },obviouslythere
RO=r « O=r) =t ot)=["r () SCE PO 1o am=qma-p)’ -
M=r « O=rO=t" ot)= jr (s)ds = S > 0 " 9L~ p

A = q(t){(l p2% ) (t)} —tx T,

So get

B+L
Iitmxsup f; [ P(S)A(S) - r(S,\)Apﬂ(S) ( % ] 1 s

s s'xs t°(2Mp° -1) )
"'r?i”pj{ =6 }ds‘"”?i“pj [WJ—

p+1
lim supj.{go M)A M) - ( A j R(s) }ds

B+1)  MPgp(s)
9 7
= lim supJ' [x—(l) t st—llm supj Md
tm 2 2) M tm

th th
—ds = -0 |-
Ilmjt A,(s)ds = Ilmjt ds !Lw(zo Zoj_oo

Obviously Equation (E,) satisfies the conditions (3.1) and (3.2) of Theorem 3.1, and it satisfies the conditions (3.14) of
Theorem 3.2. So that equation (E,) is oscillatory.

Mark: Our results improve or generalize the results of some literature. The results of reference (LI., et al, 2017).) cannot
be applied to this example.
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