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Abstract

The procedure of constructions of a plane from an angular vector in a rectangular coordinate system has been described.
The method of creating of an angular vector from two rectilinear vectors has been considered. The property of equality of
angular vectors has been described.
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1. Introduction

With the advent of angular vectors in the vector theory (Kharchenko, 2017), there was a need for their use not only for
modeling angular physical quantities, but also for geometric constructions. Angular vectors can be used as oriented planes
in the coordinate system. These vectors allow us to perform operations similar to rectilinear vectors, such as: constructing
parallel and perpendicular planes; creating a plane perpendicular to the two original planes; construction of a rectilinear
vector at the intersection of two planes, etc. One of the first and important steps for these operations is to solve the
problem of constructing a plane from an angular vector.

Before deriving a method for constructions of a plane from an angular vector and for a better understanding of the
properties of vectors, we will consider:

1. method of creating an angular vector from two rectilinear vectors,
2. property of the equality between angular vectors.
2. Creating an Angular Vector

The equation linking rectilinear and angular vectors is the cross product equation a x b =¢. This equation shows not
only the relations between vectors, but also the method of creating an angular vector from two rectilinear vectors.

The equation shows that an angular vector is created from a sequence of two rectilinear (perpendicular to each other)
vectors. The sequence of rectilinear vectors determines the direction of an angular vector.

In geometric form, when creating an angular vector for the equation axb =¢, it is convenient to imagine that
rectilinear vector begins to be created b at the end of the rectilinear vector a . And the position of these rectilinear
(perpendicular) vectors, sets the direction of the angular vector ¢, Fig. 1.

The direction sign of an angular vector, determines the angular direction in the selected coordinate system, just like the
directions of the coordinate axes in the coordinate system determine the sign of rectilinear vector.

The value of an angular vector is equal to the area of the rectangle formed from rectilinear vectors.

a<b=c

Figure 1. Creating an angular vector of two rectilinear vectors
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The same angular vector can be created from different combinations of rectilinear vectors in the cross product, Fig. 2.

Figure 2. Combinations of cross product of vectors

The choice (or derivation) of the equation for finding the projections of an angular vector in the coordinate-vector form
depends on the selected coordinate system. These equations also depend on the sequence of rectilinear vectors in the cross
product.

For all variants of rectangular coordinate systems (and there are 96 types = 8 octants of dividing the space * 6 variants of
the location of the axis names in each octant * 2 variants of the angular direction for each version of the coordinate
system), only two versions of the equations for finding the projections of angular vectors can be derived.

For a positive angular direction between the axes Oy — Ox — Oz (the direction can be selected both clockwise and
counterclockwise, and depends on the selected coordinate system):

¢ =axb =(a,b, —a,b,)l +(a,b, —a,b,)m+(ab, —a,b)n=c,l +c,m+c,n
¢y =a,b, —a,b, c,, =a,b, —ab, c,, =ab, —a,b, (1)

For a positive angular direction between the axles Ox — Oy — Oz (the direction can be selected both clockwise and
counterclockwise, and depends on the selected coordinate system):

¢=axb =(ab, —a,b )l +(a,b, —a,b,)M+(a,b, —ab,)i =c, I +c,m+c,n
Cy =a,b, —asb, c, =a,b, —ab, C,y =a,b, —ab, (2
This option of coordinating the direction of angular vectors (and their projections) in various coordinate systems is
slightly different from that proposed earlier in "Angular Vectors in the Theory of Vectors". This description is the best,

since it completely solves the problem of choosing the angular direction in the coordinate system and the equations for
finding projections of an angular vector.

For the cross product equation @ xb = ¢, you do not need to use the right-hand rule (in mathematics) and the right-hand
screw rule (in theoretical mechanics), which greatly simplifies the solution of problems and increases the choice of the
coordinate system.

3. Property of the Equality Between Angular Vectors
Let's remember that two rectilinear vectors a,b are equal when they:
— have equal modules,

— are equally oriented relative to the coordinate axes (they have the same projection values on the corresponding
coordinate axes),

— directions of vectors coincide (signs of all projections of the vectors on coordinate axes coincide).

When writing of rectilinear vectors in algebraic form, vectors are equal a(a,,a,,a,)= E(bx,by,bz) when their
projections a, =b,,a, =b,,a, =b, areequal.

The equality of angular vectors C, d,t is very similar to the properties of rectilinear vectors:
— they have equal modules,
— they are equally oriented relative to the coordinate axes (they have the same projection values on the corresponding
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coordinate planes),
— their directions of vectors coincide.
When angular_ vectors are written in algebraic form, vectors are equal
C(Cy,Cy,,Cx) =d(dy,,dy,,d,) =t (L, t,,,t,) when their projections are equal:

Cy =d, =t,, c,, =d, =t c,, =d, =t,,.
But, despite the similar properties of the equality of rectilinear and angular vectors, there are differences between them.
They appear during the geometric construction of vectors, Fig. 3.

Equal rectilinear vectors are always parallel and codirectional in space (coordinate system).

For equal angular vectors, only the planes in which they are located are parallel. But the location of an angular vector in
the plane (the location of the rectilinear vectors from which an angular vector is built) can be any. And the shape of the
resulting the area figure (rectangles or squares) can be any. Moreover, the areas of equal angular vectors are equal
S(c) =S(d) =S(t) =|c| = ‘&‘ =[t| to the modules of angular vectors.

From the equality of angular vectors it follows that the same angular vector can be represented from various combinations
of rectilinear vectors. Therefore, angular vectors are often displayed conditionally (without a geometric figure).

Figure 3. Equality of rectilinear and angular vectors

It also follows from the equality of angular vectors that the projection of an angular vector onto any other plane (including
the coordinate one) does not depend on the shape and location of an angular vector on the plane in which it is located.

4. The Method of Construction of a Plane From an Angular Vector

It is difficult to construction of an angular vector and its projections onto the coordinate planes in a coordinate system.
After all, we only have the area values of the figures on these planes (projections of an angular vector), and we do not
know their shapes and locations in the coordinate planes. And to construction of them, we need the original two rectilinear
vectors. Their location, size, and direction determine the location, direction, and shape of an angular vector.

Based on the property of the equality of angular vectors, we can represent an angular vector from any sequence of two
rectilinear vectors.

Let's imagine that the angular vector C(C,,C,,,C5) is construction of from two rectilinear vectors a(ay.a,,0) and
located in the coordinate planes, Fig. 4. These vectors begin and end on the coordinate axes and construction of a plane in
the form of a triangle in the coordinate system. Let's find the coordinates of the points A(x,.,0,0), B(0,yg.0),
C(0,0,z.), creating this plane.

As you can see, the vectors &, b are not perpendicular. But this is not important because the cross product a x b=c
takes into account the location of the original rectilinear vectors. Only part of one of the vectors that can be represented
perpendicular to the second vector will participate in the equation.

To find the projections of rectilinear vectors @,b we need the condition a, ==b,. This condition determines the
dependence of the projection values of two vectors a,b , which allow them to be placed so that they begin and end on the
coordinate axes, and the signs allow us to solve the radical expression (3).
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Figure 4. Construction of a plane in the form of a triangle

For the coordinate system with an angular direction OY — OX — OZ , we find the equation for finding the projections
of the angular vector from the cross product equation (1).

Cy =a,b, —a,b,
c,, =a,b, —ab,
Cax :axbz _asz

We find the projections of rectilinear vectors from these equations.

C,x =28,-b,—0-b,
Cy=2a,-b,—a,-0 ¢, =0-0-a,-b, aX:CiZJ_rsz'ny
C, Cy , Cy Cy, 'bx _Cy-ay, bz Cyz -a, (3)
b, ta, —ay Cyy Cay a — ¢sz Cyy

For the coordinate system with an angular direction OX — OY — OZ , the equation for finding the projections of the
angular vector is as follows:

c,=0-a,-b,
ny=0—ay bx Cyz_ay'bz_o ax:_(;zx:iclx Xy
a Coy _ Gy o b = __Cr b, _icﬂ'aX* ? Cyz - 8 (4)
y — - 2 -
bx Fa, y ny ny a — +sz'ny
N ¢

The choice of the upper or lower sign in the three equations for (3), (4) depends on whether the radical a, is a real
number (whether the radical expression is positive). If there are signs in the projections of an angular vector €(—,——),
c(—++), C(+,—+), C(++,-), the “minus” sign is selected in the subradical equation. If there are signs in the
projections of an angular vector C(+,+,+), ¢C(——+), C(+,——), C(—+,—), then the “plus” sign is selected.
Accordingly, the upper or lower sign in the equations (3, 4) of finding the other two projections of rectilinear vectors is
selected.

The radical solution for the projection @, givestwo solutions. As a result, we get two pairs of oppositely directed vectors
a,b and —a,—-b located on the same plane.
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In order to find a pair of vectors, we used the cross product equation a x b =¢ . In fact, we do not know the sequence of
rectilinear vectors in the cross product that suits us (for the same angular vector C). If we chose the cross product
b xa = ¢, we would get pairs of vectors: b,-a; —b,a.

Let’s choose from the obtained four vectors a suitable pair of vectors by an additional condition a, =-b, .
Next, we find the coordinates of points A, B, C.

a=(Xg —Xp,Yg —Ya:0); BZ(XA_XCvOaZA_Zc);
Xg — X, =4, yB_yAzay XA_Xc:bx ZA_ZC:bz
Xg =0 ypo=0 Xc =0 z,=0
Xp =—2ay Ve :ay Xa :bx Zc :_bz

A(x,,0,0); B(0,ys.0); C(0,0,z)

Example 1. Construction of a plane from an angular vector.

Let us be given an angular vector C€(10,—5,8) and a coordinate system, Fig. 5. It is necessary to find points A(x,,0,0),
B(0,y5.0), C(0,0,z.) on the coordinate axes to construct a plane in which the angular vector is located.

For our condition: C€(10,—5,8) and with a positive angular direction OY — OX — OZ , we choose the upper sign for
equations (3).

Cc,-C . C c c,-a -5.
A E 0_ ., 2, =Sn o _1o_.5 L 5(i4):i2,
Cy, -5 b, +a, =4 2 Cyy 10

And we get two pairs of rectilinear vectors:

51(4,;0), B,(4.0.2); 52(4,—;0), b,(-4.0,-2)

Each pair of rectilinear vectors obtained can be used to construct an angular vector. But we, by the condition of the

problem, need to construction of a plane with points located on the coordinate axes. To do this, we can re-find rectilinear
vectors using the cross product b xa =€ and get the pairs of vectors

b,(~40,-2) 51(4,;@: b,(4.0.2), az(—4,—§,0).

A 4

Figure 5. Construction of a plane from angular vector
Or, we choose a pair @,b , satisfying the condition a, =—b, from four vectors
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51(412’0) J 62 (_4’01_2) , then Xp =78y = bx =4, Y = ay :g 1 Zc = _bz =2
Answer 1: A(-4,0,0); B(O,g,O); C(0,0,2)

_ 5 = 5
Or az(—4,—§,0), b, (4,0,2), then x,=-a,=b, =4, Yg =a, = —5 o =-b, =-2

Answer 2:  A(4,0,0); B(O,—%,O); C(0,0,-2)

Conclusion: Both solutions are fair and create two parallel planes.
Example 2. Construction of a plane passing through a point from an angular vector.

If the angular vector €(10,—5,8) from the previous example passes through a point D(2,5,-3), it is quite easy to
construction of a plane from any pair of vectors =& ,+b . The point D belongs to two vectors and can be the
beginning or end of each vector. Let’s find the coordinates of the points T, P located on the desired plane.

. - _,. 5 . .
Let the point D be at the beginning of the vector &, (4,5,0) , then the coordinates of the point T (X;, Y,Z;) atthe
end of the vector are as follows:

T(X =a, +Xp,Yr =2, +Yp,Z; =8, +2p)

T =4+2,y; =g+5,zT =0-3)

(6 22.4)
2

Let the point D be at the beginning of the vector t_)1(4,0,2), then the coordinates of the point P(Xp,Yp,Zp) at the
end of the vector are as follows:

P(Xp =b, +Xp,Yp =b, +Yp,2p =b, + ;)
P(Xp =4+2,¥p =0+5,2, =2-3)

P(6,5-1)

Answer: It is one of the options for creating a plane through points D(2,5,-3), T(G'lzs’_sj , P(6,5,—1)

5. Conclusion

The described simple procedure shows that construction of a plane from an angular vector allows us to find several
solutions at once (to create several parallel planes) that expand the capabilities of engineers in geometric constructions.

The considered method of forming an angular vector from two rectilinear vectors shows a geometric relationship between
these vectors. This explanation of the logical dependence of rectilinear and angular vectors is the missing link in proving
the existence of the cross product equation for vectors axb =c.

The considered property of the equality of angular vectors allows us to expand the methods of solving problems and when
solving them, visually represent the behavior of the angular vector and its projections.

Refutation

In the paper "Angular Vectors in the Theory of Vectors", the projections of an angular vector onto the coordinate planes
were connected by a sequence of indices

b, =-b,, b,=-b,, b, =-b

Xy yX ! yz zy X xz
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This rule will be superfluous, because it adds excessive attention to the indexes, and the positive direction of the
projections of an angular vector is determined by the selected coordinate system in which there is an angular direction.

The sequence of indices should not affect the direction of the projection of an angular vector.
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