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Abstract

In this article we will study the Riemann Stieltjes Laplace integral of vectorial functions in Fréchet spaces. Particularly
we will prove a isometric theorem and a generation theorem for integrated semigroups on Fréchet spaces.
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1. Introduction

In this paper we study some properties of the Laplace-Steltjeds trasform of vector valued functions. Particularly we prove
some isometric theorems (Theorem (62) and Theorem (80)) Moreover we applay these result in order to prove a existence
theorem for integrate semigroups on Fréchet spaces (Theorem (86) and Theorem (96)).

1.1 Preliminars

In this section we will present some results developed in (Granucci 2006) and (Granucci 2019) which are essential for the
following paragraphs, for more details we refer to (Granucci 2006) and (Granucci 2019).

Definition 1. A real-valued function p (x) defined on a complex linear space S is called a semi-norm, if

p (x + y) ≤ p (x) + p (y) ∀x, y ∈ S (1)

and
p (λx) = |λ| p (x) ∀λ ∈ C, ∀x ∈ S . (2)

Definition 2. A complex linear topological spaces S is called a locally convex, linear topological space, or, in short, a
localy convex space, if any if its open sets contains a convex, balanced and absorbing open set.

Definition 3. A complex linear space F is called a Quasi-normed linear space if, for every x ∈ F, there is associated a
real number |x|F, the quasi-norm of the vector x, which satisfies

|x|F ≥ 0 and |x|F = 0⇔ x = 0; (3)

|x + y|F ≤ |x|F + |y|F ∀x, y ∈ F; (4)

|x|F = |−x|F ∀x ∈ F; (5)

lim
αn→0
|αnx|F = 0 ∀x ∈ F; (6)

lim
|x|F→0

|αx|F = 0 ∀α ∈ C. (7)

The topology of a quasi-normed linear space F is thus defined by the distance

d (x, y) = |x − y|F . (8)

We say that the sequence {xn}n ⊂ F converges strongly to x ∈ F, xn → x for n→ +∞ in F, or

F − lim
n→∞

xn = x, (9)

if
lim
n→∞
|xn − x|F = lim

n→∞
d (xn, x) = 0. (10)
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Definition 4. A quasi-normed linear space F is called a Fréchet space if it is complete, i.e., if every Cauchy sequence of
F converges strongly to a point of F.

Definition 5. For Bourbaki, a Fréchet space F is a locally convex space which is quasi-normed and complete.

Theorem 6. If (S , τ) is a linear, topological and separate space,whose topology is produced by a family P of separate
and countable (or finite) seminorms; then we can define on S such a quasi-norm that the induced topology coincides with
τ; that is (S , τ) it is a space of Fréchet in the sense given by Bourbaki.

Remark 7. Let F a Bourbaki-Fréchet space; then a family P of separate and numerabile (or finite) seminorms that
produces the topology of F exists.

Remark 8. Let P = {pi}i∈A be a family of separate and numerabile (or finite) seminorms. We define

|x|F =
∑
i∈A

pi (x)
2i (1 + pi (x))

(11)

the Fréchet’s quasi-norm. Moreover |λx|F is an increasing function and

|λx|F < |x|F ∀x ∈ F; (12)

besides we get

|x|F ≤
∑
i∈A

1
2i ≤ 1 ∀x ∈ F. (13)

1.2 The Fréchet-Riemann-Stieltjes Integral

Definition 9. Let F, g be two functions defined on an interval [a, b], one with values in the Fréchet space F and one with
values in C. If Π denotes a finite partition a = t0 < t1 < ... < tn = b of [a, b] with partitioning points ti and with some
intermediate points si ∈ [ti−1, ti], for i = 1, ..., n, we denote by |Π| = max

i=1,..,n
{(ti − ti−1)} the norm of Π, and by

S (g, F,Π) =
n∑

i=1

g (si) (F (ti) − F (ti−1)) (14)

the Fréchet-valued Riemann-Stieltjes sum associated with g, F and Π. We say that g is Fréchet Riemann Stieltjes inte-
grable with rispect to F if

F − lim
|Π|→0

S (g, F,Π) (15)

exists; hereΠ runs through all partitions of [a, b] with intermediate points, and the limit must be independent of the choice
of intermediate points. If g is Fréchet Riemann Stieltjes integrable with rispect to F we define

b∫
a

g (t) dF (t) = F − lim
|Π|→0

S (g, F,Π) . (16)

Now we propose some properties of the functions with vectorial values in a space of Banach X that they are Riemann
Stieltjes summable in comparison with a second function.

Proposition 10. Let F : [a, b] → X and g : [a, b] → C. If one function is continuous and the other is of bounded
semivariation; then F and g are Riemann Stieltjes integrable with respect to each other.

Proposition 11. Let g : [a, b] → C be a piecewise continuous, and F : [a, b] → X be continuous and of bounded
semivariation; then F and g are Fréchet Riemann Stieltjes integrable with respect to each other.

Proposition 12. Let F : [a, b] → X be of bounded semivariation and g ∈ C1 ([a, b] ,C); then Fg
′

is Riemann integrable
and

b∫
a

F (t) dg (t) =

b∫
a

F (t) g
′
(t) dt. (17)
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Proposition 13. Let F : [a, b]→ X be of bounded semivariation and g, h ∈ C ([a, b] ,C); then

G (t) =

t∫
a

h (s) dF(s) (18)

is of bounded semivariation on [a, b] and

b∫
a

g (s) dG(s) =

b∫
a

h (s) g(s) dF(s). (19)

Propositions (10), (11), (12) and (13) follow from the following theorem that characterizes the functions of bounded
semivariation to vectorial values in a space of Banach X:

Theorem 14. A function F : [a, b]→ X is of bounded semivariation if and only if it is of weak bounded variation.

Proposition 15. Let F : [a, b]→ F be of weak bounded variation and g : [a, b]→ C of bounded variation; then Fg is of
weak bounded variation.

Proposition 16. Let F : [a, b]→ X of bounded semivariation and g : [a, b]→ C continuous; then g is Riemann Stieltjes
integrable with respect to F.

Proposition 17. Let g : [a, b] → C be a piecewise continuous, and F : [a, b] → X be continuous and of bounded
semivariation; then g are Fréchet Riemann Stieltjes integrable with respect to F.

Proposition 18. Let F : [a, b] → X be of bounded semivariation and g ∈ C1 ([a, b] ,C); then Fg
′

is Riemann integrable
and

b∫
a

F (t) dg (t) =

b∫
a

F (t) g
′
(t) dt. (20)

Proposition 19. Let F : [a, b]→ X be of bounded semivariation and g, h ∈ C ([a, b] ,C); then

G (t) =

t∫
a

h (s) dF(s) (21)

is of bounded variation on [a, b] and
b∫

a

g (s) dG(s) =

b∫
a

h (s) g(s) dF(s).

Proposition 20. Let f : [a, b] → X and g ∈ C ([a, b] ,C); if F : [a, b] → X is an antiderivative of the function f ; then
b∫

a
g (s) dF (s) exists and

b∫
a

g (s) dF (s) =

b∫
a

g (s) f (s) ds. (22)

Definition 21. Let F : [0,+∞) → F a Frèchet values function and suppose that F ∈ BVloc ([0,+∞) ,F), then we define
the Fréchet Laplace Stieltjes integral

d̂F (λ) =

+∞∫
0

e−λt dF(t) = F − lim
τ→+∞

τ∫
0

e−λt dF(t). (23)

Proposition 22. Let f ∈ S BV ([0,+∞) , X) and F (t) =
t∫

0
f (s) ds. Then F is locally Lipschitz continuous and

d̂ f (λ) = − f (0) + λd̂F (λ) = − f (0) + λ2F̂ (λ) (24)

wheneverℜ{λ} > ω ( f ).
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Proposition 23. Let F ∈ S BV ([0,+∞) , X) and define G (t) =
t∫

0
e−µs dF(s) for µ ∈ C. For λ ∈ C, d̂G (λ) exists if and only

if d̂F (λ + µ) exists, and then d̂G (λ) = d̂F (λ + µ).

Definition 24. For F ∈ S BV ([0,+∞) , X) we define

abs (dF) = inf
{
ℜ{λ} : d̂F (λ) exists

}
. (25)

Proposition 25. Let F ∈ S BV ([0,+∞) , X); then d̂F (λ) converge ifℜ{λ} > abs (dF), not converge ifℜ{λ} < abs (dF).

Lemma 26. Let F ∈ S BV ([0,+∞) , X) and F∞ = F − lim
t→+∞

F(t), if the limit exists, F∞ = 0 otherwise; then

abs (dF) = ω (F − F∞) . (26)

Theorem 27. Let F ∈ S BV ([0,+∞) , X) and assume that abs (dF) < ∞; then λ 7→ d̂F (λ) is holomorphic for ℜ{λ} >
abs (dF), and

d̂F (λ)(n) =

+∞∫
0

e−λs (−s)n dF (s) (27)

forℜ{λ} > abs (dF), n ∈ N\ {0}, as an improper Fréchet Riemann Stieltjes integral.

Refer to (Granucci 2006) for the Fréchet space case.

1.3 The FsLip0 ([0,+∞) ,F) Space and the LB (X,F) Space

Let F a Fréchet space and f : [0,+∞)→ F, we define

[
f
]
0,1,F = sup

t>s≥0

{ | f (t) − f (s)|F
|t − s|

}
(28)

then
Lip0 ([0,+∞) ,F) =

{
f : [0,+∞)→ F : f (0) = 0,

[
f
]
0,1,F < +∞

}
(29)

Proposition 28. [·]0,1,F is a quasi-norm.

Proposition 29.
(
Lip0 ([0,+∞) ,F) , [·]0,1,F

)
is a quasi-normed metric space.

We define [
f
]
0,1,k = sup

t>s≥0

{∥ f (t) − f (s)∥k
|t − s|

}
(30)

and
FsLip0 ([0,+∞) ,F) =

{
f : [0,+∞)→ F : f (0) = 0,

[
f
]
0,1,k < +∞ ∀k ∈ N

}
. (31)

Proposition 30. [·]0,1,k are semi-norms.

Proposition 31. The function defined by

| f |FsLip0([0,+∞),F) =

+∞∑
k=0

[
f
]
0,1,k

2k
(
1 +

[
f
]
0,1,k

) ∀ f ∈ FsLip0 ([0,+∞) ,F) (32)

is a qusi-norm.

Proposition 32.
(
FsLip0 ([0,+∞) ,F) , |·|FsLip0([0,+∞),F)

)
is a quasi-normed metric space.

Let F a Fréchet space, X a Banach space and f : X → F a linear continuous operator; then for all k ∈ N there exists
Ck > 0 such that

∥ f (x)∥F,k ≤ Ck ∥x∥X ∀x ∈ X. (33)
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Definition 33. Let F a Fréchet space, X a Banach space and f ∈ L(X,F) we define

∥ f ∥L(X,F),k = sup
x∈X
∥x∥X≤1

{
∥ f (x)∥F,k

}
(34)

and

| f |L(X,F) =

+∞∑
k=0

∥ f ∥L(X,F),k

2k
(
1 + ∥ f ∥L(X,F),k

) . (35)

Proposition 34. ∥·∥L(X,F),k are semi-norms and |·|L(X,F) is a quasi-norm.

Proposition 35.
(
L(X,F), |·|L(X,F)

)
is a quasi-normed complete metric space.

Definition 36. Let F a Fréchet space, X a Banach space and f : X → F a linear operator; f is bounded if exists a real
costant K such that

| f (x)|F ≤ K ∥x∥X ∀x ∈ X. (36)

Lemma 37. Let F a Fréchet space, X a Banach space and f : X → F a linear operator; if it is bounded then it is
continuous.

Proposition 38. Let F a Fréchet space and X a Banach space; then

1. LB (X,F) = { f : X → F : f is linear and bounded} ⊂ L(X,F);

2. | f |LB(X,F) = sup
x∈X
∥x∥X≤1

{
| f (x)|F

}
is a quasi norm;

3.
(
LB (X,F) , |·|LB(X,F)

)
is a quasi-normed, complete metric space

Theorem 39. There exists a unique isomorphism ΦS : F 7→ TF from Lip0 ([0,+∞) ,F) onto LB

(
L1 ([0,+∞) ,C) ,F

)
such

that
TFχ[0,t] = F (t) (37)

for all t ≥ 0 and F ∈ Lip0 ([0,+∞) ,F). Moreover,

TFg = lim
t→+∞

t∫
0

g (s) dF (s) =

+∞∫
0

g (s) dF (s) (38)

for all continuous functions g ∈ L1 ([0,+∞) ,C).

Proof. See (Granucci 2006). �

Proposition 40.
(
Lip0 ([0,+∞) ,F) , |·|Lip0([0,+∞),F)

)
is a quasi-normed, complete metric space.

Proof. See (Granucci 2006). �

Theorem 41. There exists a unique isometric isomorphismΦS : F 7→ TF from FsLip0 ([0,+∞) ,F) ontoL
(
L1 ([0,+∞) ,C) ,F

)
such that

TFχ[0,t] = F (t) (39)

for all t ≥ 0 and F ∈ FsLip0 ([0,+∞) ,F). Moreover,

TFg = lim
t→+∞

t∫
0

g (s) dF (s) =

+∞∫
0

g (s) dF (s) (40)

for all continuous functions g ∈ L1 ([0,+∞) ,C).

Proof. See (Granucci 2006). �

Proposition 42.
(
FsLip0 ([0,+∞) ,F) , |·|FsLip0([0,+∞),F)

)
is a quasi-normed, complete metric space and Lip0 ([0,+∞) ,F) ⊂

FsLip0 ([0,+∞) ,F).

Proof. See (Granucci 2006). �
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2. FsBS V ([a, b] ,F)-space

In this section we introduce some new vector spaces to study the properties of the Laplace-Steltjeds transform of value
functions in Fréchet spaces.

Definition 43. We say that f ∈ FsBS V ([a, b] ,F) if exist Mk > 0 such that∥∥∥∥∥∥∥∑i

( f (ti) − f (si))

∥∥∥∥∥∥∥
k

≤ Mk

for every choice of a finite number of non-overlapping intrvals (si, ti) in [a, b] and for all k ∈ N.

Remark 44. FsBS V ([a, b] ,F) ⊂ wBV ([a, b] ,F).

Proof. By
∥∥∥∥∥∑

i
( f (ti) − f (si))

∥∥∥∥∥
k
≤ Mk for all k ∈ N, we have

∣∣∣∣∣∑
i
⟨ f (ti) − f (si) |x∗⟩

∣∣∣∣∣ =

∣∣∣∣∣∣
⟨∑

i
( f (ti) − f (si))|x∗

⟩∣∣∣∣∣∣
≤ Ck,x∗

∥∥∥∥∥∑
i

( f (ti) − f (si))
∥∥∥∥∥

k
≤ Ck,x∗Mk

then f ∈ wBV ([a, b] ,F). �

Remark 45. FsLip ([a, b] ,F) ⊂ FsBS V ([a, b] ,F).

Remark 46. If f ∈ FsBS V ([a, b] ,F) then for all k ∈ N∥∥∥∥∥∥∥∥∥
b∫

a

g(t) d f (t)

∥∥∥∥∥∥∥∥∥
k

≤ sup
t∈[a,b]

{|g (t)|}Mk

where Mk = sup
{∥∥∥∥∥∑

i
( f (ti) − f (si))

∥∥∥∥∥
k

: (si, ti) disjoint subintervals of [a, b]
}

.

Remark 47. Let π be a partition of [a, b] with partitioning points a = t0 < t1 < · · · < tn = b and intermediate
points si ∈ [ti−1, ti] for i = 1, ..., n. If we choose s0 = a and sn+1 = b we get a partition π

′
with partitioning points

a = s0 < s1 < · · · < sn < sn+1 = b and intermediate points ti ∈ [si, si+1] for i = 1, ..., n and
∣∣∣π′ ∣∣∣ ≤ 2 |π|. Moreover we obtain

S (F, g, π) = g (b) F (b) − g (a) F (a) − S
(
g, F, π

′)
.

Proposition 48. Let F ∈ FsBS V ([a, b] ,F) and g : [a, b] → C continuous; then g is Riemann Stieltjes integrable with
respect to F.

Proof. Assume that F ∈ FsBS V ([a, b] ,F) and g is continuous. Let ε > 0, g ∈ C ([a, b] ,C), then there exists δ > 0 such
that

∣∣∣∣g (si) − g
(
s j

)∣∣∣∣ < ε whenever
∣∣∣si − s j

∣∣∣ < δ.
Let π j, for j = 1, 2, be two partitions of [a, b], with

∣∣∣π j

∣∣∣ < δ2 ; let a = t0 < t1 < · · · < tn = b be the partitioning points of π1
and π2 together and

S
(
g, F, π j

)
=

n∑
i=1

g
(
si, j

)
(F (ti) − F (ti−1))

where si, j, ti and ti−1 are in the same subinterval of π j, moreover
∣∣∣si − s j

∣∣∣ < δ; then for x∗ ∈ F∗ if

A1 =
{
i = 1, ..., n : g

(
si,1

) − g
(
si,2

) ≥ 0
}

A1 =
{
i = 1, ..., n : g

(
si,1

) − g
(
si,2

)
< 0

}
B1 = {i = 1, ..., n : ⟨F (ti) − F (ti−1) |x∗⟩ ≥ 0}
B2 = {i = 1, ..., n : ⟨F (ti) − F (ti−1) |x∗⟩ < 0}
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we have
|⟨S (g, F, π1) − S (g, F, π2) |x∗⟩|

=

∣∣∣∣∣∣ n∑
i=1

(
g
(
si,1

) − g
(
si,2

)) ⟨F (ti) − F (ti−1) |x∗⟩
∣∣∣∣∣∣

≤ ∑
i∈A1∩B1

(
g
(
si,1

) − g
(
si,2

)) ⟨F (ti) − F (ti−1) |x∗⟩+

+
∑

i∈A2∩B2

(
g
(
si,1

) − g
(
si,2

)) ⟨F (ti) − F (ti−1) |x∗⟩ −

− ∑
i∈A1∩B2

(
g
(
si,1

) − g
(
si,2

)) ⟨F (ti) − F (ti−1) |x∗⟩ −

− ∑
i∈A2∩B1

(
g
(
si,1

) − g
(
si,2

)) ⟨F (ti) − F (ti−1) |x∗⟩ ≤

≤ ε ∑
i∈A1∩B1

⟨F (ti) − F (ti−1) |x∗⟩ + ε ∑
i∈A2∩B1

⟨F (ti) − F (ti−1) |x∗⟩+

+ε
∑

i∈A1∩B2

⟨F (ti) − F (ti−1) | − x∗⟩ + ε ∑
i∈A2∩B2

⟨F (ti) − F (ti−1) | − x∗⟩

≤ ε
∣∣∣∣∣∣ n∑
i=1
⟨F (ti) − F (ti−1) |x∗⟩

∣∣∣∣∣∣
and by Theorem (2) of [Granucci 2006]

|⟨S (g, F, π1) − S (g, F, π2) |x∗⟩| ≤ εCs (x∗)

∥∥∥∥∥∥∥
n∑

i=1

F (ti) − F (ti−1)

∥∥∥∥∥∥∥
s

.

From Theorem (11) of [Granucci 2006] there exists x∗s ∈ F∗ such that

Cs (x∗) = 1

and
|⟨S (g, F, π1) − S (g, F, π2) |x∗⟩| = ∥S (g, F, π1) − S (g, F, π2)∥s

then
∥S (g, F, π1) − S (g, F, π2)∥s ≤ εMs

and lim
|π|→0

S (g, F, π) exists by Cauchy’s convergence criterion, moreover lim
|π|→0

S (g, F, π) =
b∫

a
g (s) dF (s) and by Remark

(47)
b∫

a

g (s) dF (s) = g (b) F (b) − g (a) F (a) −
b∫

a

F (s) dg (s) .

�

Proposition 49. Let g : [a, b] → C be a piecewise continuous, and F ∈ FsBS V ([a, b] ,F); then g are Fréchet Riemann
Stieltjes integrable with respect to F.

Proof. The result follows from Proprosition (48) and Remark (47). �

Proposition 50. Let F ∈ FsBS V ([a, b] ,F) and g ∈ C1 ([a, b] ,C); then Fg
′

is Riemann integrable and

b∫
a

F (t) dg (t) =

b∫
a

F (t) g
′
(t) dt. (41)

Proof. Since by Proposition (48)

F − lim
|π|↓0

S (g, F, π) =

b∫
a

g (t) dF (t) ∈ F

and
b∫

a

g (t) dF (t) = g (b) F (b) − g (a) F (a) −
b∫

a

F (s) dg (s)
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we get

lim
|π|↓0

S (⟨F|x∗⟩ , g, π) = lim
|π|↓0
⟨S (F, g, π) |x∗⟩ =

⟨ b∫
a

F (s) dg (s) |x∗
⟩

and

lim
|π|↓0

S (⟨F|x∗⟩ , g, π) =
b∫

a

⟨F (s) |x∗⟩ dg (s)

for all x∗ ∈ F∗. By Proposition (1.9.9) of [Arendt et al. 2001] we have

b∫
a

⟨F (t) |x∗⟩ dg (t) =

b∫
a

⟨F (t) |x∗⟩ g′ (t) dt

for all x∗ ∈ F∗; then ⟨ b∫
a

F (t) dg (t) −
b∫

a

F (t) g
′
(t) dt

∣∣∣∣∣∣∣∣∣ x∗
⟩
= 0

for all x∗ ∈ F∗. By Theorem (11) of [Granucci 2006] for all k ∈ N exists x∗k ∈ F∗ such that

⟨ b∫
a

F (t) dg (t) −
b∫

a

F (t) g
′
(t) dt

∣∣∣∣∣∣∣∣∣ x∗
⟩
=

∥∥∥∥∥∥∥∥∥
b∫

a

F (t) dg (t) −
b∫

a

F (t) g
′
(t) dt

∥∥∥∥∥∥∥∥∥
k

then
b∫

a
F (t) dg (t) =

b∫
a

F (t) g
′
(t) dt. �

Proposition 51. Let F ∈ FsBS V ([a, b] ,F) and g, h ∈ C ([a, b] ,C); then

G (t) =

t∫
a

h (s) dF(s) (42)

is of bounded variation on [a, b] and
b∫

a

g (s) dG(s) =

b∫
a

h (s) g(s) dF(s).

Proof. By Proposition (48) G is a vector F-valued fuction defined on [a, b] and

F − lim
|π|↓0

S (h, F, π) =

t∫
a

h (s) dF (s) ∈ F

then

lim
|π|↓0

S (h, ⟨F|x∗⟩ , π) = lim
|π|↓0
⟨S (h, F, π) |x∗⟩ =

⟨ t∫
a

h (s) dF (s) |x∗
⟩

and

lim
|π|↓0

S (h, ⟨F|x∗⟩ , π) =
t∫

a

h (s) d ⟨F (s) |x∗⟩

for all x∗ ∈ F∗; therefore, since

⟨G (t) |x∗⟩ =
t∫

a

h (s) d ⟨F(s)|x∗⟩ ,
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we get
n∑

i=1
|⟨G (ti) |x∗⟩ − ⟨G (ti−1) |x∗⟩| =

n∑
i=1
|⟨G (ti) −G (ti−1) |x∗⟩|

=
n∑

i=1

∣∣∣∣∣∣∣
ti∫

ti−1

h (s) d ⟨F(s)|x∗⟩
∣∣∣∣∣∣∣

≤
n∑

i=1

ti∫
ti−1

|h (s)| d |⟨F(s)|x∗⟩|

≤ ∥h∥∞ V[a,b] (⟨F(s)|x∗⟩)
≤ ∥h∥∞ Mx∗

and ⟨G|x∗⟩ ∈ BV ([a, b]) for all x∗ ∈ F∗. By proposition (1.9.10) of [Arendt et al. 2001] we have

b∫
a

g (s) d ⟨G(s)|x∗⟩ =
b∫

a

h (s) g(s) d ⟨F(s)|x∗⟩

for all x∗ ∈ F∗; since
b∫

a

h (s) g(s) d ⟨F(s)|x∗⟩ =
⟨ b∫

a

h (s) g(s) dF(s)|x∗
⟩

then
b∫

a

g (s) dG(s) =

b∫
a

h (s) g(s) dF(s).

�

Proposition 52. Let f : [a, b] → F weakly integrable and g ∈ C ([a, b] ,C). If F : [a, b] → F is an antiderivative of the

function f ; then
b∫

a
g (s) dF (s) exists and

b∫
a

g (s) dF (s) =

b∫
a

g (s) f (s) ds. (43)

Proof. Let F(t) = F(a) +
t∫

a
f (s) ds for all t ∈ [a, b]; then

∥∥∥∥∥∥∑i∈π F (ti) − F (si)

∥∥∥∥∥∥
k
=

∣∣∣∣∣∣∑i∈π ⟨F (ti) − F (si) |x∗⟩
∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∑i∈π
⟨ ti∫

si

f (s) ds|x∗
⟩∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
⟨ b∫

a
f (s) ds|x∗

⟩∣∣∣∣∣∣∣
≤ Ms,x∗

∥∥∥∥∥∥∥ b∫
a

f (s) ds

∥∥∥∥∥∥∥
s

= Ms,x∗ ∥F (b) − F (a)∥s
≤ Cs,F,x∗

then F ∈ FsBS V ([a, b] ,F) and by Proposition (48) the Riemann Stieljes integral
b∫

a
g (s) dF (s) exists. Since g is bounded

and measurable then g (s) f (s) is weakly integrable; moreover

⟨ b∫
a

g (s) f (s) ds|x∗
⟩
=

b∫
a

g (s) ⟨ f (s) |x∗⟩ ds

75



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 11, No. 3; 2019

for all x∗ ∈ F∗. Since
⟨S (g, F, π) |x∗⟩ = S (g, ⟨F|x∗⟩ , π)

we get ∣∣∣∣∣∣∣∣∣⟨S (g, F, π) |x∗⟩ −
b∫

a

g (s) ⟨ f (s) |x∗⟩ ds

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

N∑
i=1

ti∫
ti−1

(
g
(
si, j

)
− g (s)

)
⟨ f (s) |x∗⟩ ds

∣∣∣∣∣∣∣∣∣ .
For ε > 0 there exists δ > 0 such that ∣∣∣∣g (

si, j

)
− g (s)

∣∣∣∣ < ε
whenever

∣∣∣si, j − s
∣∣∣ < δ and for any partition π with |π| < δ we have∣∣∣∣∣∣∣∣∣⟨S (g, F, π) |x∗⟩ −

b∫
a

g (s) ⟨ f (s) |x∗⟩ ds

∣∣∣∣∣∣∣∣∣ ≤ ε
b∫

a

⟨ f (s) |x∗⟩ ds

and

lim
|π|↓0
⟨S (g, F, π) |x∗⟩ =

b∫
a

g (s) ⟨ f (s) |x∗⟩ ds

therefore ⟨ b∫
a

g (s) dF (s) |x∗
⟩
=

⟨ b∫
a

g (s) f (s) ds|x∗
⟩

for all x∗ ∈ F∗; then
b∫

a

g (s) dF (s) =

b∫
a

g (s) f (s) ds.

�

Remark 53. Let be F ∈ FsBS V ([0, t] ,F); then by Proposition (48) and Remark (47)

t∫
0

e−λs dF (s) = e−λtF(t) − F(0) + λ

t∫
0

e−λsF(s) ds.

The exponential growth bound of F ∈ FsBS V ([0, t] ,F) is defined by

ϖ (F) = inf
{
w ∈ R :

{
e−wtF(t) : t ≥ 0

}
is bounded in F

}
.

Remark 54. Let be F ∈ FsBS V ([0, t] ,F); then abs(dF) ≤ ϖ (F) and

d̂F (λ) =

+∞∫
0

e−λs dF (s) = −F(0) + λ

+∞∫
0

e−λsF(s) ds

ifℜ{λ} > ϖ (F).

Lemma 55. Let f ∈ FsBS Vloc ([0,+∞) ,F) and F(t) =
t∫

0
f (s) ds; then F ∈ FsLiploc ([0,+∞) ,F) and

d̂ f (λ) = − f (0) + λd̂F (λ) = − f (0) + λ2F̂ (λ) (44)

wheneverℜ{λ} > ϖ ( f ).
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Proof. Let’s take f ∈ FsBS Vloc ([0,+∞) ,F) then ∥ f (s)∥k ≤ Mk for all s ∈ [a, b] ⊂ [0,+∞) and

∥F(t) − F(s)∥k =

∥∥∥∥∥∥∥∥
t∫

s

f (s) ds

∥∥∥∥∥∥∥∥
k

≤ (t − s) Mk

i.e. F ∈ FsLiploc ([0,+∞) ,F). By Remark (45), Remark (47) and Proposition (50) we have F ∈ FsBS Vloc ([0,+∞) ,F)
and ϖ (F) ≤ ϖ ( f ). By Proposition (51)

τ∫
0

e−λs d f (s) = e−λτ f (τ) − f (0) + λ

τ∫
0

e−λs dF (s) ;

letting τ→ +∞, since e−λτ f (τ)→ 0, we get

d̂ f (λ) = − f (0) + λd̂F (λ)

wheneverℜ{λ} > ϖ ( f ). Since
d̂F (λ) = λF̂ (λ)

then it follows
d̂ f (λ) = − f (0) + λ2F̂ (λ) .

�

Proposition 56. Let F ∈ FsBS V ([a, b] ,F) and define G (t) =
t∫

0
e−µs dF(s) for µ ∈ C. For λ ∈ C, d̂G (λ) exists if and only

if d̂F (λ + µ) exists, and then d̂G (λ) = d̂F (λ + µ).

Proof. By Proposition (51) we get
τ∫

0

e−λt dG (t) =

τ∫
0

e−(λ+µ)t dF (t)

then letting τ→ +∞,
+∞∫
0

e−λt dG (t) =

+∞∫
0

e−(λ+µ)t dF (t) .

�

Definition 57. For F ∈ FsBS V ([a, b] ,F) we define

abs (dF) = inf
{
ℜ{λ} : d̂F (λ) exists

}
. (45)

Proposition 58. Let F ∈ FsBS V ([a, b] ,F); then d̂F (λ) converges if ℜ{λ} > abs (dF), does not converge if ℜ{λ} <
abs (dF).

Proof. Clearly d̂F (λ) does not exist ifℜ (λ) < abs (dF). For λ0 ∈ C define

G0 (t) =

t∫
0

e−λ0 s dF (s)

then by Proposition (51)
t∫

0

e−λs dF (s) =

t∫
0

e−(λ−λ0)s dG0 (s)

and by Proposition (50)
t∫

0

e−λs dF (s) = e−(λ−λ0)tG0 (t) + (λ − λ0)

t∫
0

e−(λ−λ0)sG0 (s) ds
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If d̂F (λ0) exists, then G0 is bounded. Therefore, d̂F (λ) exists ifℜ (λ) > ℜ (λ0) and

d̂F (λ) = (λ − λ0)

+∞∫
0

e−(λ−λ0)sG0 (s) ds.

�

Lemma 59. Let F ∈ FsBS V ([a, b] ,F) and F∞ = F − lim
t→+∞

F(t), if the limit exists, F∞ = 0 otherwise; then

abs (dF) = ω (F − F∞) . (46)

Proof. For λ0 > abs (dF) define

G0 (t) =

t∫
0

e−λ0 s dF (s)

then G0 is bounded.

If abs (dF) ≥ 0 and λ0 > abs (dF) by Proposition (51)

F (t) = F (0) +
t∫

0
eλ0 s dG0 (s)

= F (0) + eλ0tG0 (t) +
t∫

0
eλ0 sG0 (s) ds

for all t ≥ 0, so

e−λ0t (F (t) − F∞) = e−λ0t (F (0) − F∞) +G0 (t) + e−λ0t

t∫
0

eλ0 sG0 (s) ds

then
sup
t≥0

{∥∥∥e−λ0t (F (t) − F∞)
∥∥∥

k

}
≤ Ck

for k = 1, 2, ..., thus ϖ (F − F∞) ≤ abs (dF).

If abs (dF) < λ0 < 0 for r ≥ t ≥ 0 we have

F (r) − F (t) =
r∫

t
eλ0 s dG0 (s)

= eλ0rG0 (r) − eλ0tG0 (t) − λ0

r∫
t

eλ0 sG0 (s) ds

thus

F∞ = F − lim
r→+∞

F (r) = F (t) − eλ0tG0 (t) − λ0

+∞∫
t

eλ0 sG0 (s) ds

exists and
sup
t≥0

{∥∥∥e−λ0t (F(t) − F∞)
∥∥∥

k

}
≤ Ck

for k = 1, 2, ..., therefore ϖ (F − F∞) ≤ abs (dF).

If w > ϖ (F − F∞) then there exist Mk ≥ 0 such that

∥F (t) − F∞∥k ≤ Mkewt ∀t ≥ 0.

Let λ > w > ϖ (F − F∞) then

t∫
0

e−λs dF (s) = e−λt (F(t) − F∞) + F∞ − F (0) + λ

t∫
0

e−λs (F(s) − F∞) ds

hence d̂F (λ) exists for λ > ϖ (F − F∞) and abs (dF) ≤ ϖ (F − F∞). �
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Theorem 60. Let F ∈ FsBS V ([a, b] ,F) and assume that abs (dF) < ∞; then λ 7→ d̂F (λ) is holomorphic for ℜ{λ} >
abs (dF), and

d̂F (λ)(n) =

+∞∫
0

e−λs (−s)n dF (s) (47)

forℜ{λ} > abs (dF), n ∈ N\ {0}, as an improper Fréchet Riemann Stieltjes integral.

Proof. Define qh : C→ F for every h ∈ N by

qh (λ) =

h∫
0

e−λt dF(t)

and qh, j : C→ F for every h, j ∈ N by

qh, j (λ) =
j∑

n=1

λn

n!

h∫
0

(−t)n dF(t).

We see that for every k ∈ N and j > i ∥∥∥qh, j (λ) − qh,i (λ)
∥∥∥

k ≤
j∑

n=i

|λ|n
n!

∥∥∥∥∥∥∥ h∫
0

tn dF(t)

∥∥∥∥∥∥∥
k

≤ 4
j∑

n=i

|λh|n
n!

∥∥∥∥∥∥∥ h∫
0

dF(t)

∥∥∥∥∥∥∥
k

≤ 4Ck

j∑
n=i

|λh|n
n! .

Fix ε > 0 then there exists jk,ε ∈ N such that
∥∥∥qh, j (λ) − qh,i (λ)

∥∥∥
k < ε for all i, j > jk,ε then we have

qh (λ) = F − lim
j→+∞

qh, j (λ) .

The limit exists uniformly for λ in a bounded subset of C. By the Weiesrtass convergence theorem, the functions qh are

entire and q( j)
h (λ) =

h∫
0

e−λt (−t) j dF(t) for all j = 1, 2, ....

Let λ0 ∈ C, abs ( f ) < ℜλ0 and

G0(τ) =

τ∫
0

e−λ0 s dF(s);

d̂F (λ0) exists then
d̂F (λ0) = F − lim

τ→+∞
G0(τ)

and
|G0(τ)|F ≤ C1 ∀τ ∈ [0,+∞) ;

moreover we have
∥G0(τ)∥k ≤

∥∥∥∥G0(τ) − d̂F (λ0)
∥∥∥∥

k
+

∥∥∥∥d̂F (λ0)
∥∥∥∥

k
≤ C2

for every k ∈ N and τ→ +∞; then
∥G0(τ)∥k ≤ C3 ∀τ ∈ [0,+∞) , ∀k ∈ N.

Let (λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds; then

∥∥∥∥∥∥∥(λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds

∥∥∥∥∥∥∥
k

≤ |λ − λ0|
τ2∫
τ1

e−(ℜ{λ}−ℜ{λ0})s ∥G0(s)∥k ds

≤ |λ − λ0|C3

τ2∫
τ1

e−(ℜ{λ}−ℜ{λ0})s ds→ 0 for τ→ +∞, ∀k ∈ N,
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ifℜ{λ} > ℜ{λ0} and we have

F − lim
τ→+∞

τ∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds =

+∞∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds.

ifℜ{λ} > ℜ{λ0};

Let
τ∫

0
e−λ0 s dF(s); integration by parts gives

d̂F (λ) − qh (λ) =
+∞∫
h

e−(λ−λ0)te−λ0t dF(t)

= −e−(λ−λ0)hG0 (h) + (λ − λ0)
+∞∫
h

e−(λ−λ0)tG0 (t) dt.

It follows that qh converges to d̂F uniformly on compact subset of
{
λ : ℜ{λ} > abs (F)

}
. By the Weiestrass convergence

theorem, d̂F is holomorphic and q(m)
h (λ)→ d̂F

(m)
(λ) as h→ +∞, forℜ{λ} > abs ( f ). �

3. FsC∞W ((0,+∞) ,F)-space and a Isometric Theorem

In this paragraph we state and prove our first isomorphism theorem (Theorem (62))

Let r (λ) = d̂F (λ) =
+∞∫
0

e−λt dF (t) for λ > 0 and where F ∈ FsLip0 ([0,+∞) ,F); by Theorem (60) r (λ) ∈ C∞ ((0,+∞) ,F)

and r(n) (λ) =
+∞∫
0

e−λt (−t)n dF (t).

Let kn,λ (t) = e−λt (−t)n; then
∥∥∥kn,λ

∥∥∥
1 =

n!
λn+1 .

Let TF
(
kn,λ

)
= r(n) (λ); then by Theorem (9) of [Granucci 2019] for all n ∈ N and λ > 0∥∥∥r(n) (λ)

∥∥∥
k ≤

∥∥∥kn,λ

∥∥∥
1 ∥F∥Lip0,k

=
n!
λn+1 ∥F∥Lip0,k

.

We define

∥r∥W,k = sup
λ>0

n∈N

{
λn+1

n!

∥∥∥r(n) (λ)
∥∥∥

k

}
≤ ∥F∥FsLip0,k

(48)

|r|FsC∞W ((0,+∞),F) =

+∞∑
k=1

∥r∥W,k
2k

(
1 + ∥r∥W,k

) (49)

and
FsC∞W ((0,+∞) ,F) =

{
r ∈ C∞ ((0,+∞) ,F) : ∥r∥W,k < +∞ ∀k ∈ N

}
. (50)

Proposition 61.
(
FsC∞W ((0,+∞) ,F) , |·|FsC∞W ((0,+∞),F)

)
is a metric space.

Theorem 62. The transform LS is an isometric isomorphism between FsLip0 ([0,+∞) ,F) and FsC∞W ((0,+∞) ,F).

Proof. (Step 1).

We have shown that LS : F 7→ d̂F maps FsLip0 ([0,+∞) ,F) into FsC∞W ((0,+∞) ,F) and

|LS (F)|FsC∞W ((0,+∞),F) ≤ |F|FsLip0([0,+∞),F) .

If LS (F) = d̂F = 0 for some F ∈ FsLip0 ([0,+∞) ,F) then
+∞∫
0

e−λt dF(t) = d̂F = 0 for all λ > 0. Since the exponential

functions are total in L1
(
RN

)
then TF = 0; then TFχ[0,t] = F (t) = 0 for all t ≥ 0. Thus the map LS is one-to-one.
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(Step2).

Let r ∈ FsC∞W ((0,+∞) ,F).

Define Tn ∈ L
(
L1 [0,+∞) ,F

)
by

Tn ( f ) =

+∞∫
0

f (t) (−1)n 1
n!

(n
t

)n+1
r(n)

(n
t

)
dt

and n ∈ N. We have
∥Tn ( f )∥k ≤ ∥ f ∥1 ∥r∥W,k

for all f ∈ L1 [0,+∞).

(Step 3).

We assume that Tn

(
e−λt

)
→ r (λ) for n→ +∞ for all λ > 0.

Since the exponential functions are total in L1
(
RN

)
then by Theorem (9) of [Granucci 2019] we have that exists T ∈

L
(
L1 [0,+∞) ,F

)
such that ∥T∥B,k ≤ ∥r∥W,k, where B =

{
f ∈ L1 [0,+∞) : ∥ f ∥1 ≤ 1

}
, and Tn ( f ) → T ( f ) for all f ∈

L1 [0,+∞).

In particular
r (λ) = lim

n→+∞
Tn

(
e−λt

)
= T

(
e−λt

)
.

Theorem (9) of (Granucci 2019) yields the existence of some F ∈ FsLip0 ([0,+∞) ,F) with

∥F∥FsLip0([0,+∞),F),k = ∥T∥B,k ≤ ∥r∥W,k

such that

Tg =

+∞∫
0

g(t) dF(t)

for all continuous functions g ∈ L1 [0,+∞). Thus, for all λ > 0,

r (λ) = T
(
e−λt

)
=

+∞∫
0

e−λt dF(t) = d̂F (λ)

and LS is onto; moreover
|LS (F)|FsC∞W ((0,+∞),F) =

∣∣∣∣d̂F
∣∣∣∣
FsC∞W ((0,+∞),F)

= |F|FsLip0([0,+∞),F)

for all F ∈ FsLip0 ([0,+∞) ,F).

(Step 4).

We prove that Tn

(
e−λt

)
→ r (λ) for n→ +∞ for all λ > 0.

We have

Tn

(
e−λt

)
=
+∞∫
0

e−λt (−1)n 1
n!

(
n
t

)n+1
r(n)

(
n
t

)
dt

= (−1)n 1
(n−1)!

+∞∫
0

e−λ
n
s (s)n−1 r(n) (s) ds

= (−1)n 1
(n−1)!

 n−1∑
j=1

(−1) j d j

ds j

(
e−λ

n
s (s)n−1

)
r(n− j−1) (s)

∣∣∣∣∣∣s=+∞
s=0

(−1)n
+∞∫
0

dn

dsn

(
e−λ

n
s (s)n−1

)
r (s) ds

.
We define

G (x, s) = e−
x
s

( x
s

)n−1
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then
G (ξx, ξs) = G (x, s)

for all ξ > 0; moreover
d
dξ

G (ξx, ξs) = 0

and
d
dξ

G (ξx, ξs) = xGx (ξx, ξs) + sGs (ξx, ξs)

then for ξ = 1 we have
xGx (x, s) + sGs(x, s) = 0. (51)

By definition fo G we have

xGx (x, s) = −x
(

sn−2

xn−1 e−
x
s + (n − 1)

sn−1

xn e−
x
s

)
(52)

and

sGs(x, s) = s
(

sn−3

xn−2 e−
x
s + (n − 1)

sn−2

xn−1 e−
x
s

)
. (53)

We consider
∂

∂s

(
sn−1

xn e−
x
s

)
=

sn−3

xn−1 e−
x
s + (n − 1)

sn−2

xn e−
x
s (54)

and
∂

∂x

(
sn−2

xn−1 e−
x
s

)
= − sn−3

xn−2 e−
x
s − (n − 1)

sn−2

xn e−
x
s (55)

By (51), (52), (53), (54) and (55) we have

∂

∂s

(
sn−1

xn e−
x
s

)
= −1

s
Gx (x, s)

and
∂

∂x

(
sn−2

xn−1 e−
x
s

)
=

1
x

Gs (x, s)

then
∂

∂s

(
sn−1

xn e−
x
s

)
= − ∂
∂x

(
sn−2

xn−1 e−
x
s

)
. (56)

By induction on j, it follows that
∂ j

∂s j

(
sn−1

xn e−
x
s

)
= (−1) j ∂

j

∂x j

(
sn− j−1

xn− j e−
x
s

)
for 1 ≤ j ≤ n; moreover we have

∂ j

∂s j

(
sn−1e−

x
s

)
= (−1) j xnsn− j−1 ∂

j

∂x j

(
1

xn− j e−
x
s

)
. (57)

Hence,

h (s) =
n−1∑
j=1

(−1) j d j

ds j

(
e−λ

n
s sn−1

)
r(n− j−1) (s)

=
n−1∑
j=1

xnsn− j−1 ∂ j

∂x j

(
1

xn− j e−
x
s

)
r(n− j−1) (s).

Since ∥∥∥sn− j−1r(n− j−1) (s)
∥∥∥

k = ((n − j − 1)!)
sn− j−1

(n − j − 1)!

∥∥∥r(n− j−1) (s)
∥∥∥

k ≤
(n − j − 1)!

s
∥r∥W,k

we obtain, for all k ∈ N

∥h (s)∥k ≤
n−1∑
j=1

(n − j − 1)!
s

∥r∥W,k xn

∣∣∣∣∣∣ ∂ j

∂x j

(
1

xn− j e−
x
s

)∣∣∣∣∣∣ ;
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then
lim
s→0
∥h (s)∥k = lim

s→+∞
∥h (s)∥k = 0

for all k ∈ N; thus
F − lim

s→0
h (s) = F − lim

s→+∞
h(s) = 0.

Therefore, letting x = λn,

Tn

(
e−λt

)
=

1
(n − 1)!

+∞∫
0

dn

dsn

(
e−λ

n
s (s)n−1

)
r (s) ds;

by (5.10) we have
∂n

∂sn

(
sn−1e−

x
s

)
= (−1)n xns−1 ∂

n

∂xn

(
e−

x
s

)
=

xn

sn+1 e−
x
s ,

it follows that

Tn

(
e−λt

)
= 1

(n−1)!

+∞∫
0

dn

dsn

(
e−λ

n
s (s)n−1

)
r (s) ds

= λnnn

(n−1)!

+∞∫
0

1
sn+1 e−

nλ
s r (s) ds

= λn nn+1

n!

+∞∫
0

e−nλvvn−1r
(

1
v

)
dv.

Define f (v) = v−1r
(

1
v

)
and µ = 1

λ
; then

Tn

(
e−λt

)
= λn nn+1

n!

+∞∫
0

e−nλvvn−1r
(

1
v

)
dv

=
µn

n!

(
n
µ

)n+1 +∞∫
0

e−
n
µ vvn f (v) dv

= µ (−1)n 1
n!

(
n
µ

)n+1
f̂ (n)

(
n
µ

)
.

From Theorem (30) of (Granucci 2006), olso refer to Theorem (7) of (Granucci 2019), we have

lim
n→+∞

Tn

(
e−λt

)
= µ f (µ) = r

(
1
µ

)
= r (λ)

for all λ > 0. �

Theorem 63. Let F ∈ FsLip0 ([0,+∞) ,F), r = LS (F) and t > 0; then

F (t) = F − lim
k→+∞

(−1)k 1
k!

(
k
t

)k+1 dk

dλk

(
r (λ)
λ

)∣∣∣∣∣∣
λ= k

t

. (58)

Proof. Since ϖ (F) ≤ 0 and F (0) = 0, it follows that

r (λ)
λ
=

+∞∫
0

e−λtF(t) dt

for all λ > 0; then from Theorem (30) of [Granucci 2006], olso refer to Theorem (7) of [Granucci 2019], we have the
statement. �

4. FsLip0,w ([0,+∞) ,F)-space

In this paragraph we state and prove our second result [Theorem (80)]. Let G : [0,+∞)→ F and G(0) = 0 define

∥G∥FsLip0,w([0,+∞),F),k = sup
t>s≥0


∥G(t) −G(s)∥k

t∫
s

ewr dr


(59)
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and

|G|FsLip0,w([0,+∞),F) =

+∞∑
k=1

∥G∥FsLipw([0,+∞),F),k

2k
(
1 + ∥G∥FsLipw([0,+∞),F),k

) (60)

then
FsLip0,w ([0,+∞) ,F) =

{
G : [0,+∞)→ F : |G|FsLipw([0,+∞),F) < +∞

}
(61)

Lemma 64. ∥·∥FsLip0,w([0,+∞),F),k are semi-norms for all k ∈ N and |·|FsLip0,w([0,+∞),F) is a quasi-norm.

Proposition 65.
(
FsLip0,w ([0,+∞) ,F) , |·|FsLipw([0,+∞),F)

)
is a metric space.

Remark 66. It is easy to see that

∥G∥FsLip0,w([0,+∞),F),k =


sup

0≤s<t

{ ∥G(t)−G(s)∥k
(t−s)ewt

}
if w ≥ 0,

sup
0≤s<t

{ ∥G(t)−G(s)∥k
(t−s)ews

}
if w ≤ 0.

(62)

Definition 67. Let G : [0,+∞)→ F, we define

∥G∥FsL∞([0,+∞),F),k = ess sup
t≥0

{∥G(t)∥k
}

(63)

and

|G|FsL∞([0,+∞),F) =

+∞∑
k=1

∥G∥FsL∞([0,+∞),F),k

2k
(
1 + ∥G∥FsL∞([0,+∞),F),k

) . (64)

Lemma 68. ∥·∥FsL∞([0,+∞),F),k are semi-norms for all k ∈ N and |·|FsL∞([0,+∞),F) is a quasi-norm.

Proposition 69.
(
FsL∞ ([0,+∞) ,F) , |·|FsL∞([0,+∞),F)

)
is a metric space.

Definition 70. Let G : [0,+∞)→ F, we define

∥G∥FsL∞w ([0,+∞),F),k = ess sup
t≥0

{∥∥∥e−wtG(t)
∥∥∥

k

}
(65)

and

|G|FsL∞w ([0,+∞),F) =

+∞∑
k=1

∥G∥FsL∞w ([0,+∞),F),k

2k
(
1 + ∥G∥FsL∞w ([0,+∞),F),k

) . (66)

Lemma 71. ∥·∥FsL∞w ([0,+∞),F),k are semi-norms for all k ∈ N and |·|FsL∞w ([0,+∞),F) is a quasi-norm.

Proposition 72.
(
FsL∞w ([0,+∞) ,F) , |·|FsL∞w ([0,+∞),F)

)
is a metric space.

Let Mw : G (t) 7→ e−wtG (t); then it is a isomorphism of FsL∞ ([0,+∞) ,F) onto FsL∞w ([0,+∞) ,F).

Let G ∈ FsLip0,w ([0,+∞) ,F) and f ∈ C ([0,+∞)); then∥∥∥∥∥∥ n∑
i=1

f (si) (G(ti) −G (ti−1))

∥∥∥∥∥∥
k
≤

n∑
i=1
| f (si)| ∥(G(ti) −G (ti−1))∥k

=
n∑

i=1
| f (si)| ∥(G(ti)−G(ti−1))∥k

(ti−ti−1)ewti (ti − ti−1) ewti

≤ ∥G∥FsLipw([0,+∞),F),k

b∫
a
| f (t)| ewt dt

and ∥∥∥∥∥∥∥∥∥
b∫

a

f (t) dG (t)

∥∥∥∥∥∥∥∥∥
k

≤ ∥G∥FsLip0,w([0,+∞),F),k

b∫
a

| f (t)| ewt dt. (67)
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Remark 73. Let G ∈ FsLip0,w ([0,+∞) ,F) and Iw defined by

(Iw (G)) (t) =

t∫
0

e−ws dG (s) (68)

then Iw : FsLip0,w ([0,+∞) ,F)→ FsLip0 ([0,+∞) ,F) and

∥Iw (G)∥FsLip0([0,+∞),F),k ≤ ∥G∥FsLip0,w([0,+∞),F),k .

Proof. Let G ∈ FsLip0,w ([0,+∞) ,F); then by (68) we have

∥(Iw (G)) (t) − (Iw (G)) (s)∥k ≤ ∥G∥FsLipw([0,+∞),F),k |t − s|

and Iw (G) ∈ FsLip0 ([0,+∞) ,F), moreover we have

∥Iw (G)∥FsLip0([0,+∞),F),k ≤ ∥G∥FsLipw([0,+∞),F),k .

�

Remark 74. Let F ∈ FsLip0 ([0,+∞) ,F) and

(JwF) (t) =

t∫
0

ews dF (s) (69)

then JwF : FsLip0 ([0,+∞) ,F)→ FsLipw ([0,+∞) ,F) and

∥Jw (F)∥FsLipw([0,+∞),F),k ≤ ∥F∥FsLip0([0,+∞),F),k .

Proof. Let F ∈ FsLip0 ([0,+∞) ,F); then by (68) if t > s we have

∥(Jw (F)) (t) − (Jw (F)) (s)∥k ≤ ewt ∥F∥FsLip0([0,+∞),F),k |t − s|

and JwF ∈ FsLipw ([0,+∞) ,F) with

∥Jw (F)∥FsLipw([0,+∞),F),k ≤ ∥F∥FsLip0([0,+∞),F),k .

�

Remark 75. Let G ∈ FsLipw ([0,+∞) ,F) and Iw defined by

(Iw (G)) (t) =

t∫
0

e−ws dG (s) .

Let F ∈ FsLip0 ([0,+∞) ,F) and

(JwF) (t) =

t∫
0

ews dF (s) ;

then
Jw (Iw (G)) = G (70)

and
Iw (JwF) = F. (71)

Remark 76. Iw is an isometric isomorphism of FsLipw ([0,+∞) ,F) onto FsLip0 ([0,+∞) ,F).

Remark 77. Let G ∈ FsL∞w ([0,+∞) ,F); then ω (G) < w and abs (dG) < w.
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The transform (LS ,wG
)

(λ) = d̂G (λ) =

+∞∫
0

eλt dG (t) (72)

exists for λ > w and we have (LS ,wG
)

(λ) = (LS IwG) (λ − w) . (73)

Let

∥r∥Ww,k = sup
λ>w
n∈N

{
(λ − w)n+1

n!

∥∥∥r(n) (λ)
∥∥∥

k

}
, (74)

|r|FsC∞Ww
((0,+∞),F) =

+∞∑
k=1

∥r∥Ww,k

2k
(
1 + ∥r∥Ww,k

) (75)

and
FsC∞Ww

((w,+∞) ,F) =
{
r ∈ C∞ ((w,+∞) ,F) : ∥r∥Ww,k < +∞ ∀k ∈ N

}
. (76)

Proposition 78.
(
FsC∞Ww

((w,+∞) ,F) , |·|FsC∞Ww
((w,+∞),F)

)
is a metric space.

Remark 79. Let S w : r → r (· − w); then is an isometric isomorphism of FsC∞W ((0,+∞) ,F) onto FsC∞Ww
((w,+∞) ,F).

Moreover we have
LS ,w = S w ◦ LS ◦ Iw. (77)

Theorem 80. Let w ∈ R. The Fréchet-Laplace-Stieltjes trasform is an isometric isomorphism of FsLipw ([0,+∞) ,F)
onto FsC∞w ((w,∞) ,F). In particular, for Mk > 0 for all k ∈ N and r ∈ FsC∞w ((w,∞) ,F), the following are equivalent:

1.
∥∥∥(λ − w)n+1 1

n! r
(n) (λ)

∥∥∥
k ≤ Mk for λ > w and for allk ∈ N.

2. There exists G : [0,+∞)→ F such that

(i) G (0) = 0;

(ii) ∥G (t + h) −G(t)∥k ≤ Mk

t+h∫
t

ews ds ∀k ∈ N and t, h > 0;

(iii) r (λ) =
+∞∫
0

e−λs dG(s)for al lλ > w.

Proof. By Remark (66) and Theorem (62). �

5. The Main Theorem: A Generation Theorem for Integrated Semigroups on Fréchet Space

In this section we enunciate and prove the main Theorem (86).

Definition 81. Let A be an operator on a Fréchet space F and n ∈ N. We call A a generator of a n-times integrated
semigroup if there exist w ≥ 0 and a strongly continuous function S : [0,+∞)→ L (F) such that (w,+∞) ⊂ ρ (A), the set{
e−wtS (t) x ∈ F : t > 0

}
is bounded for each x ∈ F and

R (λ, A) x = λn

+∞∫
0

e−λsS (s) x ds ℜ{λ} > w. (78)

In this case, S is called the n-times integrated semigroup generated by A.

Lemma 82. Let n ∈ N and S be a n-times integrated semigroup on F with generator A. Then the following hold:

1. R (µ, A) S (t) = S (t) R (µ, A) t ≥ 0, µ ∈ ρ (A).

2. If x ∈ D (A), then S (t) x ∈ D (A) and AS (t) x = S (t) Axfor all t ≥ 0.
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3. Let x ∈ D (A) and t ≥ 0; then
t∫

0

S (s) Ax ds = S (t) x − tn

n!
x. (79)

Moreover, d
dt S (t) x = S (t) Ax + tn−1

(n−1)! x.

4. Let x ∈ F and t ≥ 0; then
t∫

0
S (s) x ds ∈ D (A) and

A

t∫
0

S (s) x ds = S (t) x − tn

n!
x; (80)

moreover, S (0) = 0.

5. Let x, y ∈ F such that
t∫

0
S (s) y ds = S (t) x − tn

n! x for all t ≥ 0; then x ∈ D (A) and Ax = y.

Lemma 83. Let S : [0,+∞)→ L (F) be a strongly continuous function satisfyinge−wt

t∫
0

S (s)x ds : t ≥ 0

 (81)

is bounded for each x ∈ F and for same w ≥ 0. Let n ∈ N; for λ > w let

R (λ) x = λn

+∞∫
0

e−λsS (s)x ds

then the following statements are equivalent:

1. There exists an operator A such that(w,+∞) ⊂ ρ (A) and R (λ) = (λ − A)−1 for λ > w.

2. For s, t ≥ 0

S (t)S (s) =
1

(n − 1)!


t+s∫
t

(t + s − r)n−1 S (r) dr −
s∫

0

(t + s − r)n−1 S (r) dr

 (82)

and S (s)x = 0 for all s ≥ 0 implies x = 0.

Remark 84.

e−wt
t∫

0
S (s)x ds : t ≥ 0

is bounded for some w ≥ 0 is equivalent to

∥∥∥∥∥∥e−wt
t∫

0
S (s)x ds

∥∥∥∥∥∥
k

≤ Mk for all k ∈ N,

t ≥ 0, Mk ≥ 0 for all k ∈ N and some w ≥ 0.

Proposition 85. Let A be a linear operator on F and U be a connected open subset of C. Suppose that U ∩ ρ (A) is
nonempty and that there is a holomorphic function F : U → L (F) such that {λ ∈ U ∩ ρ (A) : F (λ) = R (λ, A)} has a limit
point in U. Then U ⊂ ρ (A) and F (λ) = R (λ, A) for all λ ∈ U.

Theorem 86. Let A be a linear operator on F. Let Mk ≥ 0 for all k ∈ N, w ∈ R and m ∈ N. Then the following assertions
are equivalent:

(a) (w,+∞) ⊂ ρ (A) and {[
(λ − w)n+1 (R (λ, A) /λm)(n) /n!

]
x
}

(83)

is bouded in F for all n ∈ N, λ > w and x ∈ F.

(b) A generates a (m + 1)-times integrated semigroup S m+1 on F satisfying

∥S m+1 (t) x − S m+1 (s) x∥k ≤ Mk

t∫
s

ewr dr 0 ≤ s ≤ t (84)

for all k ∈ N.
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Proof. (Step 1). We prove that (a) =⇒ (b). If we put

r (λ) =
1
λm R (λ, A) x

it follows by Theorem (80) that there exists G such that

r (λ) =

+∞∫
0

e−λs dG (s) ∀λ > w

and G (0) = 0; moreover we have

r (λ) = λ

+∞∫
0

e−λsG (s) ds.

Let S m+1 (t) x = G (s), then

1
λm R (λ, A) x = λ

+∞∫
0

e−λsS m+1 (s) x ds

and by Definition (81) A generates a (m + 1)-times integrated semigroup S m+1 on F. Moreover from Theorem (80)

∥S m+1 (t) x − S m+1 (s) x∥k ≤ Mk

t∫
s

ewr dr 0 ≤ s ≤ t

(Step 2). We prove that (b) =⇒ (a). By Definition (81) there exists ϖ
′ ≥ ϖ such that

R (λ, A) x
λk = λ

+∞∫
0

e−λtS k+1 (t) x dt

for all λ > ϖ
′
. By Proposition (14) of [Granucci 2006], (ϖ,+∞) ⊂ ρ (A) and since

+∞∫
0

e−λs dS k+1 (s) = λ

+∞∫
0

e−λtS k+1 (t) dt

then by Theorem (80) we have (a). �

Remark 87. Condition (a ) of Theore (86) is equivalent to (w,+∞) ⊂ ρ (A) and exist Mk ≥ 0 such that

sup
n∈N

sup
λ>w

{∥∥∥(λ − w)n+1 (R (λ, A) x/λm)(n) /n!
∥∥∥

k

}
≤ Mk (85)

for all k ∈ N and x ∈ F.

6. Applications: An Example of Integrated Semigroup on a Fréchet Space, the Schrödinger’s Operator on MYp

(
RN ,C

)
6.1 The Fréchet Space MYp

(
RN ,C

)
Definition 88. Let MYp

(
RN ,C

)
be the space of complex-valued C∞-functions defined on RN such that its partial deriva-

tives of all orders belong to the space Lp
(
RN ,C

)
, for 1 < p < ∞.

Let u ∈ MYp

(
RN ,C

)
, we define

∥u∥MYp(RN ,C),0 = ∥u∥p
∥u∥MYp(RN ,C),|k| =

∥∥∥D(k)u
∥∥∥

p
(86)

where k = (k1, ..., kN), ki ∈ N, for i = 1, ...,N, |k| =
N∑

i=1
ki and

D(k) =
∂k1+k2+···+kN

∂k1
x1 · · · ∂

kN
xN

.
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Lemma 89.
{
∥·∥MYp(RN ,C),0 , ∥·∥MYp(RN ,C),|k|

}
k∈NN\{(0,...,0)}

is a family of seminorm on MYp

(
RN ,C

)
and

|·|MYp(RN ,C) =
+∞∑
i=0

∥·∥MYp(RN ,C),i

2i
(
1 + ∥·∥MYp(RN ,C),i

) (87)

is a quasi-norm on MYp

(
RN ,C

)
.

Corollary 90.
(
MYp

(
RN ,C

)
, |·|MYp(RN ,C)

)
is a metric space.

Lemma 91. If fα → f in MYp

(
RN ,C

)
for α→ 0; then

1.
lim
α→0

fα (x) = f (x)

holds uniformly with respect to x in any compact set of RN .

2.
lim
α→0

D(k) fα (x) = D(k) f (x)

holds uniformly with respect to x in any compact set of RN .

Proof. We now prove the lemma for N = 2. We may assume f = 0. If p > 1 by Hölder inequality we have

∫
R2

∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx1dx2 ≤
∫
R2

∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2)
)∣∣∣∣q dx1dx2


1
q

∥ fα∥p +

+
∥∥∥∥e−(x2

1+x2
2)
∥∥∥∥

q

∫
R2

∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2
( fα (x1, x2))

∣∣∣∣p dx1dx2


1
p

(88)

then

lim
α→0

∫
R2

∣∣∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣∣∣ dx1dx2 = 0; (89)

fix ε > 0 then there exists α0 (ε) > 0 such that∫
R2

∣∣∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣∣∣ dx1dx2 < ε (90)

for all 0 < α < α0 (ε), where δ = 0 and δ = 1.

Then ∫
R

∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+s2
2) fα (x1, s2)

)
− ∂δ1

∂δ1 x1

(
e−(x2

1+ε
2
2) fα (x1, ε2)

)∣∣∣∣ dx1 ≤

≤
∫
R

dx1

s∫
ε

∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx2

≤
∫
R2

∣∣∣∣ ∂1+δ1

∂δ1 x1∂x2

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx1dx2

< ε

(91)

for all |α| < α0 (ε), s2 and ε2.

Let’s take fα ∈ MYp

(
RN ,C

)
, then by Hölder inequality we have

∫
R2

∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx1dx2 ≤
∫
R2

∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+x2
2)
)∣∣∣∣q dx1dx2


1
q

∥ fα∥p +

+
∥∥∥∥e−(x2

1+x2
2)
∥∥∥∥

q

∥∥∥∥ ∂δ1∂δ1 x1
fα
∥∥∥∥

p

(92)
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then by Fubini’s theorem we have

γ (x2) =
∫
R

∂δ1

∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)
dx1 ∈ L1 (R) (93)

and

lim
x2→±∞

∫
R

∂δ1

∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)
dx1 = 0. (94)

Therefore for each α there exists a sequence
{
εk

2 (α)
}
k∈N

such that

lim
εk

2(α)→−∞

∫
R

∂δ1

∂δ1 x1

(
e−

(
x2

1+(εk
2(α))2)

fα
(
x1, ε

k
2 (α)

))
dx1 = 0 (95)

then by (91) and (94) we have ∫
R

∣∣∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣∣∣ < ε (96)

for all |α| < α0 (ε) and s2.

Let’s take δ1 = 1, then ∣∣∣∣e−(s2
1+x2

2) fα (s1, x2) − e−(t2
1+x2

2) fα (t1, x2)
∣∣∣∣

≤
s1∫

t1

∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx1

≤
∫
R

∣∣∣∣ ∂δ1∂δ1 x1

(
e−(x2

1+x2
2) fα (x1, x2)

)∣∣∣∣ dx1

< ε

(97)

for all s1, t1, x2 and |α| < α0 (ε).

If we put δ1 = 0 in (93) we have ∫
R

∣∣∣∣e−(x2
1+x2

2) fα (x1, x2)
∣∣∣∣ dx1 < ε (98)

for all x2 and |α| < α0 (ε). Hence we see that for each fixed x2 and |α| < α0 (ε) there exists a sequence εk
1 (α, x2) such that

lim
εk

1→−∞
e−

(
(εk

1)
2
+x2

2

)
fα

(
εk

1, x2

)
= 0. (99)

By (97) and (99) we have ∣∣∣∣e−(x2
1+x2

2) fα (x1, x2)
∣∣∣∣ < ε (100)

for all x1, x2 ∈ R and |α| < α0 (ε). Thus fα (x1, x2)→ 0 uniformly with respect to (x1, x2) in any compact set.

Finally if fα → 0 in MYp

(
RN ,C

)
for α → 0; then D fα → 0 in MYp

(
RN ,C

)
for α → 0; thus D fα (x1, x2) → 0 uniformly

with respect to (x1, x2) in any compact set.

Using the same method we can also prove the lemma for N ≥ 3. �

Lemma 92. Let uα ∈ MYp

(
RN ,C

)
.

1. If Lp − lim
α→0

uα = v then

lim
α→0

uα (x) = v (x)

holds uniformly with respect to x in any compact set of RN .

2. f Lp − lim
α→0

D(k)uα = v(k) then

lim
α→0

D(k)uα (x) = v(k) (x)

holds uniformly with respect to x in any compact set of RN .

90



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 11, No. 3; 2019

Proof. It follows as in Lemma (91) �

Corollary 93.
(
MYp

(
RN ,C

)
, |·|MYp(RN ,C)

)
is a Fréchet space.

Proof. Let’s take {un}n∈N ⊂ MYp

(
RN ,C

)
a Cauchy sequence; then there exist v ∈ Lp

(
RN ,C

)
and v(k) ∈ Lp

(
RN ,C

)
suct

that Lp − lim
α→0

uα = v and Lp − lim
α→0

D(k)uα = v(k); then we have lim
α→0

uα (x) = v (x) holds uniformly with respect to x in any

compact set in RN and lim
α→0

D(k)uα (x) = v(k) (x) holds uniformly with respect to x in any compact set in RN . Moreover we

obatin v ∈ C∞
(
RN ,C

)
and D(k)v = v(k); then v ∈ MYp

(
RN ,C

)
and un → v in MYp

(
RN ,C

)
. �

6.1.1 The Schrödinger’s Operator on MYp

(
RN ,C

)
Definition 94. We define A = i△, the Schrödinger’s operator on MYp

(
RN ,C

)
, with p > 1.

We prove that A is a generator of a α-integrated semigroup on MYp

(
RN ,C

)
for all p > 1 and that A is a generator of a

C0-semigroup on MYp

(
RN ,C

)
if, and only if p = 2.

Since MY2

(
RN ,C

)
⊂ L2

(
RN ,C

)
we obtain that

∥(λ − A) u∥2 ≥ λ ∥u∥2 ∀u ∈ MY2

(
RN ,C

)
, λ > 0;

but
∥u∥0,2 = ∥u∥2 ∀u ∈ MY2

(
RN ,C

)
;

then
∥(λ − A) u∥0,2 ≥ λ ∥u∥0,2 ∀u ∈ MY2

(
RN ,C

)
, λ > 0.

Let’s take ∥(λ − A) u∥i,2, with i ≥ 1, then

∥(λ − A) u∥i,2 =
∥∥∥D(k) ((λ − A) u)

∥∥∥
2

where |k| = i. Since D(k) ((λ − A) u) = (λ − A) D(k)u and D(k)u ∈ MY2

(
RN ,C

)
, we have

∥(λ − A) u∥i,2 ≥ λ ∥u∥i,2 ∀u ∈ MY2

(
RN ,C

)
, λ > 0 e i ∈ N;

then A is Fs-dissipative on F, with F = MY2

(
RN ,C

)
; by Theorem (80) A is a generator of a C0-semigroup on MY2

(
RN ,C

)
.

Since (w,+∞) ⊂ ρ (A) and {[
(λ − w)n+1 (R (λ, A) /λm)(n) /n!

]
x
}

(101)

is bounded in MYp

(
RN ,C

)
for all n ∈ N and for each x ∈ MYp

(
RN ,C

)
; then by Theorem (86) A is a generator of a

(m + 1)-integrated semigroup on MYp

(
RN ,C

)
, for all p > 1.

Lemma 95. For all p ∈ (1,+∞) and every α > N
∣∣∣∣ 1

2 −
1
p

∣∣∣∣, the Riesz mean operator defined by

Iα (t) = t−α
t∫

0

(t − s)α−1 e−sA ds (102)

for t > 0, and Iα (t) = Iα (−t) for t < 0, acts continously on MYp

(
RN ,C

)
.

Theorem 96. For all p ∈ (1,+∞) and every α > N
∣∣∣∣ 1

2 −
1
p

∣∣∣∣, A generates a α-integrated semigroup S on MYp

(
RN ,C

)
,

define by

S (t) =
tα

Γ (α)
Iα (t) . (103)

Remark 97. Then A is a generator of a C0-semigroup on MYp

(
RN ,C

)
if, and only if p = 2.
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