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Abstract
In this article, a new family of Runge-Kutta methods of 8th order for solving ordinary differential equations is discovered

and depends on the parameters bg and a0 5. For bg = 49/180 and a;05 = 1/9, we find the Cooper-Verner method [1]. We
show that the stability region depends only on coefficient a;095. We compare the stability regions according to the values
of a5 with respect to the stability region of Cooper-Verner.
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1. Introduction

Since the time of Newton, one of the main problems of mathematicians is the resolution of various differential equations.
Practically, the immense quantity of these equations were not resolvable in the analytical aspect. This has led to the
development of numerical methods for their resolution. The method of Runge-Kutta, named RK is used to find a good
numerical result. Currently, a large number of high-order RK methods are known (5..10) [1, 2,4, 8,9, 10]. However, they
are not all found. For example, methods of 8th order depending of several parameters are not presented in the literature.
The field of stability has not been fully investigated. In this article we discover new family of order 8 depending on
several parameters.This family summarizes the Cooper-Verner method [1]. It depends on the coefficients bg and a;¢ 5. For
bg =49/180 and ajps5 = 1/9, we find the Cooper-Verner method [1]. Subsequently, we show that the region of stability of
this family depends only on the coefficient a;¢ s and not on bg. The study will consist in comparing the regions of stability
according to the values of a0 5 with respect to the stability region from Cooper-Verner.

The study will be led by respecting the following plan: in section 2 Presentation of the new family RK8 method, section
3 The stability region, section 4 Comparison of some stability regions, section 5 Conclusion.

2. Presentation of the New Family RK8 Method

Consider a general form of the first-order ODE given below:

Y = flxy(x), ey

with the initial condition y(xp) = yo for the interval xo < x < x,,. Here, x is the independent variable, y is the dependent
variable, n is the number of point values, and f is the function of the derivation. The goal is to determine the unknown
function y(x) whose derivative satisfies (1) and the corresponding initial values. In doing so, let us discretize the interval
X0 < x < x, to be

X0, X1 = Xo + h, x2 = xo +2h, ..., x, = xo + nh, 2)
where 4 is the fixed step size. With the initial condition y(xy) = yo, the unknown function y{, y2, 3, - - , ¥, can be solved
by using the RK8 method.
The family of 8t order method is thus obtained by the resolution of the 200 equations with 11 stages (see Appendix A)
on Maple. However, the 200 equations are obtained from the successive derivatives of the exact solution up to 8 (see
Appendix B).
Lets consider the Butcher tableau of 8 order 11 steps RK method(see Fig. 1):
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Figure 1. Butcher tableau of RK8 family

with free parameters bg and a;g 5.

Some of these coefficients have fixed values, not depending on bg and a5, these coefficients are:

1 16 49 1
b = 20 by =0; b3 =0;b4 =0; bs =0;b6 =0 b9—E, by = 30° by =20° 3)
D DR DY £ 1 SO CA N @
2= 5503 55 G4 = T 0 = T G = o
7- V21 7- 21 1 7+ V21 | -
c7 = icg = 1 C9g=—,Clop=—— C|] =
7 VR 1 9= 55 C10 2 1
1
a = (6)
1 1
a1 = 73 a3 = 7 (N
1 =7-3vV21  21+5V21 ®
a1 = 75 dan = 8 ; a43 = 19 ;

_eNar 4Vl 2 21— V2L ©)

as, = 34 s asp =V as3 = 63 7° asy4 = 250
Lol SEN2L 94 N2L 231414821 63-T7V21 10)

6,1 - 48 ’ 6,2 - ) 6,3 - 36 ’ 6,4 - 360 ’ 6,5 - 80 ’
10 - V21
= 4y, =0; 11
azi o a2 05 (11)
a9 = 753 9o = 0; (12)
4421 132
a1 = 777 4102 = 0;ai00 = 35 + 75 (13)
28 — 28 V21 49 - 721
a1 =0; anp=0a119= ——— a0 = ——5—; (14)
45 18
And the others are expressed in terms of bg and ajg s:
49
= — _— 1

b7 = —bg + 30" (15)
a3 = —(24/35)ays — 136/105 — (12/245)a10s V21 + (656/2205) V21; (16)
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ar4 = 7= (3/10)a10s V21 = (71/45) V21 + (3/10)aros;
ars = —(3/10)aos + (3/10)ai0s V21 — 43/6 + (169/105) V21;
are = —(277/735) V21 + 181/105 + (12/245)a10.5 V21 + (24/35)ao s;
180bs V21 — 49 V21 — 1800bg + 343

= - 5 = 0,
5.1 7560b5 %2
_ 441ayos V21 - 3240a7,5bs — 28 V21 + 882475 — 2205a05 + 147
%5 = 3240bg ’
_ T2a105 V21 + 1620a7,6bs — 29 V21 — 441a76 — 252a105 + 119
96 = 162065 ’
_900bs V21 + 11340a7,bs + 11340as 6bs — 98 V21 — 3087a;, — 4860bs + 686
983 = 11340bg ’
U
877 162005
(c3/2) — agpcr — agzcs — agscs — AggCe — Ag.7C7
agy4 = 5

4
ags = (1/8)aios V21 = (1/8)aios — (1/72) V21 + 1/72;
ao4 = —49/288 — (7/32)aros V21 + (7/288) V21 + (49/32)ay3s;
aos = (7/32)aios V21 — (35/576) V21 — (49/32)ays + 21/64;
ass = —(1/8)aios V21 + (1/8)aios + (1/72) V21 + 5/36;
a7 = 91/576 + (7/192) V21 — (585/1568)bg V21 — (405/224)bg:
aog = (585/1568)bg V21 + (405/224)bg;
aios = —(6/49aios V21 — (2/Taigs + (2/147) V21 +2/63;
a4 = 1/9 —as;
a0 = (2/T)ares — 803/2205 + (6/49)aros V21 — (59/735) V21;
a07 = 1/9 + (1/42) V21 + (2295/686)bs + (495/686)bs V21;
arog = —(2295/686)bs — (495/686)bs V21;
an = (2/3ais V21 - 2/3)aps - (2/27) V21 +2/27;
aya = —(1/6)ars V21 + (1/54) V21 + (49/6)ar s — 49/54;
ans = (7/27) V21 = 77/54 = (49/6)ar s + (1/6)aros V21;
aie = (2/3)ais — 64/135 — (2/3)ays V21 + (94/135) V21;
a7 = 7/18 = (265/98)bs V21 — (215/14)bg;
ang = (265/98)bg V21 + (215/14)bg;
The numerical solution is given by the formula
11
et =yith [Z bsks)
s=1
with

s—1

ks = f[x,- + Csh,yi + hZawk], Xiy] = X + h
J=1
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We can notice that if bg = 49/180 and ajps = 1/9, then we find the method of Cooper-Verner [1].
3. The Stability Regions

The concept of stability is based on the discrete solution. It gives back account of the actual behavior of the approximate
solution for a given practical value, therefore non-zero, of the & step. In real calculation, the errors accumulate. This
is particularly evident in the process of solving a differential equation where one progresses step by step from an initial
value. There are various stability conditions. First of all the numerical solution must remain limited. This requirement of
minimum stability may be insufficient in practice, the bound obtained being often an exponential of the duration which
therefore grows infinitely when it increases. We then introduce more stability criteria, demanding that the digital solution
reproduce the behavior physical of the exact solution. The concept of absolute stability, in its simplest form, is based
on the analysis of the behavior, according to the values of the step A, of the numerical solutions of the equation model
[1,3,5,6]:

u' () = Au(r) (45)
Using (44) and (45), we obtain:
ki = Ayi; (46)
s—1
for s> 1, ksle(y,-+h2aw-k-); (47)
=1
Which give:
Yis1 = £ (hA) yi (48)

Let’s put z = 1. We obtain by Maple:

(@) =1-z2+(1/2)2 - (1/6)2 + (1/24)z* — (1/120)2° + (1/720)2° — (1/5040)z” + (1/40320)z*+
(797/50803200)z° + (499/152409600) V217° — (1/25200)z°ay05 — (37/4233600) V21 a0 5+
(1/470400)z'° + (1/2083725) V212'° — (31/940800)z'%a ;.5 — (61/8467200) V21z'%a;0 5+
(13/4267468800) V21z'" — (11/1612800)z' a0 — (353/237081600) V212" a105 + (1/29030400)z!! (49)

The absolute stability region is the set
{fzeCl K@I<1} (50)

4. Comparison of Some Stability Regions
The stability region depends on coefficient a9 5. We obtain by Maple different regions according to values of ag 5.

For ajp5 = 1/9, we obtain the stability region of the Cooper-Verner method (see Fig. 2). From the point of view of the
values of x, if we choose ajps = %(see Fig. 3)orajps = Wl'g( see Fig. 4) or ajo5 = ﬁ( see Fig. 5), then we see that the
stability regions are bigger than the region of Cooper-Verner.

6 T 6
4 4
o o
2 2
0 0
2 2
o o
4 4
% 1 1 1 I 1 5 L 1 1 I 1
) -4 2 0 2 4 6 € -4 2 0 2 4
Figure 2. Stability region for a[10.5]=1/9 Figure 3. Stability region for a[10,5]=1/10
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Figure 4. Stability region for a[10,5]=1/10.9 Figure 5. Stability vegion lor a[10,5]=1/11.9

Let’s see some stability region of ajpos = {1,10,100,1000}. (see Fig. 6, Fig. 7, Fig. 8, Fig. 9). We see that the
more ajos > 1, the more the stability region becomes smaller. We can notice that all stability regions are smaller than of
the Cooper-Verner one.

6 T T T T 6 T T T
4r 1 4t 1
o
2k . 2 ° Q .
or B o 1
2r 1 2 F o =) 1
)
4 1 4 .
5 I I I | I % | I I | I
5 -4 2 0 2 4 6 £ -4 2 0 2 4 6
Figure 6. Stability region for a[10,5]=1 Figure 7. Stability region for a[10,5]=10
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Figure 8. Stability region for a[10,5]=100 Figure 9. Stability region for a[10,5]=1000

Let’s see some stability region of ajps = {0,—1,—10,—-100}. (see Fig. 10, Fig. 11, Fig. 12, Fig. 13). We can see that the
more a5 < 0, the more the stability region is smaller. We also notice that all the stability regions are smaller than that of
the Cooper-Verner one.
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Figure 10). Stability region of a[10,5]=0 Figure 11. Stability region for a[10,5]=-1
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Figure 12. Stability region for a[10,5]=-10 Figure 13. Stability region for a[10.5]=-100

5. Conclusion

A new family of Runge-Kutta method Sth order is discovered. This family depends one the parameters a5 and bg. For
ajos = 1/9 and bg = 49/180, we find the method of Cooper-Verner. The stability region depends on the value of a;g s but
not of the bg coefficient. If we want to obtain a region of stability greater than that of the Cooper-Verner method, then it

is not better to choose negative values of a5 or values greater than 1. You have to choose wisely a5 between 0 and 1.
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Appendix A

The 200 equations of order 8 with s stages

s
Zi bi =
i bici =
s 2 1
-1 bici =3
1
le 1 bi al]CJ 6
1 bic} = .
s —
2ij=1 biciaijej = §
2_ 1
le 1 b al]Cj 2

|
2 ket bidijajece = 5

I o=

b<c4 =
Z” lbc al]c] il
3 bia;iciagcr = €1
i,jk=1 ijCjlikCk = 20
2=
le 1b clalj =~ 15
2 k=1 b'ciaijajkck =30
1
Z” 1 bi aljc =55
bia:iCcadncr = =
Zi,j,k:l i4ijCjajkCk = 39
s et = L
i ket biaijajcy = g5
1
21 k=1 bigijajanct = 35

._‘

Y b<c5
2i 1 bi 3 a,,c
ZU 1 bics a,]cf ;
3 e bictagjane; = 5
23 ket biciaijcjaic = 55
3} o1 biciaije} = 55

21 ket bicigijejajcr = 35
2 k=1 bi Czaua/kCi ]2

Z i,jk,l=1 b Claljajkaklcl 144
21 ket bia;jc? aicy = =
Z'S,j,k =1 b'aijcjaikaklcl =7
Zl =1 b a,]Cj %

X jaer biaijcianc = g
21 ke biijejapc; = 55

—
|,_‘N|._.

oo

; -
i jki=1 bigijciajancs = g5
K 1
i k=1 bigijajeckaicr = 15

s e = L
i k=t bidijac; = 35

s L
i k=1 bidijajckancr = 55

s ] 2 _ 1
i jki=1 bitijaancy = 3¢5

s - _L
Zi,j,k,l,m:l biaijajkaklalmcm = 79

b<c6
_ L
Z”]bca,]cj— 1
2 _ 1
Z” lbc aljcl 37

- L
Zi,j,k:l bici 4ijajkCr = 73

—_

s 20 A Cr = =
Zi,j,k:l bzci a;jCiaixCr = 78

Zij,k,l:l bicia;jcjaganc; = é
ijk 1 biciaije. -aikci = %
Z,] 1 b;c: al]ci 218
l'jk*l b,‘Ci a;jCjajiCx =
ljk lb‘c»zaijajkci = 8L4

20 i, jkl= 1 bi ¢ FAijAjkAKICI = Teg
Z i,jk,l= lb a;jaixa;CjCrCp = %
Zz =1 bicia;j j %

2 jk=1 biciaij63ajkck = %
Zl{j,k:l biciaijcjajkci = %
Ziﬁk,l:l bicia;jciajanc = 55
2i k=1 biciaija e = %
Ziﬁk,l:l bicia;jajcrayc; = ﬁ
Zt{j,k,l:l biciaijajkaklclz = ﬁ

24 ikdmet DiCiij@ ka1 aImCn = 515
Zij,k:l biaijcia,-kck = %

z“ij,k,l:l biaijcjajkcka”cl = ﬁ
21 jwiet bigijajciance; = —
Zij,k,l,m:l bia;ja kA CiAimCn = .
z“ij,k:l biaija,'kcici = %

2 k=1 bﬂi;C?u,-kakICI =

2 hdm=1 biij@ K ChitmCm = 755
3} o biaijc = g5

Z“f,j,k=1 biaijC;ajkck = ﬁ
2 jk=1 biaijcfajkci = o

Zf,j,k,l:1 biaijciajkaklcl = ﬁ
Z“;,j,k,lzl biaijcjajkaﬂckcl = ﬁ
Z“;jk lb'aijcjajkcz = ﬁ

2 jki=1 bidijejajcranc = %

% ijkl= lbaljcjajkaklcl = ﬁ

33 ket DittiC i@ ka@ImEn = 1555
% k=1 bigijajicra ﬂczz = ﬁ
Z;,j.k,l,m=1 biajjajck@jmen = 5z
23 ket biaijajct = 5

33 ik bitijajcianc: = 35
Zf,j.k,l=1 biaija jkaaklclz = ﬁ

s —
i jkm=1 bia;jajxCrapimtn = g5

L
56

—_

(=2

Zf,,;k,z,m=1 biaijajanaumcicn = 555
25 jki=1 bidijapanc; = g5

2 jkame1 Dittijajkapci@imen = lﬁlﬁ
2 jkim=1 bi kKA Cs, = T35
Zi,j,k,l,m=1 bia;ja jxaxQmmnc, = m

197

b»c7

i1 bic; a,jcj i
Z,] 1 bic} aUci +
3 e bictaijajer = 5
ijk 1 b‘Csaijaikcjck =35
Z,J 1 bic; a,jc; 3‘2
Zi,j,k:[ biC,- QijCjajkCk = ¢z
Zl{j,k:l biC?Clijajkci =5
Zi jht=1 bic?aijajkaklcl = ﬁ
Zf,j,k:l bicizaijcja,-kc]% = %
X kit bicizaijc_/aikakzcl = %
Zl{j,k)l:l biciaijaikailc.jckcl = é
20 ki biaijcﬁaikaﬂckcl = %
2 ik tm=1 DiijQikC jCxiimCm = 155
Z:;'Y,j,kzl biciaijcjaikcz = é
Z;'ij,k:l biciaijcjaikckaklcl = ﬁ
Zij,k,l:l biCia,-jcja,-kakZCIZ = ﬁ
21 jkimer biCiaijC jAikaximCn = =
33 k=1 biciaijcianane; = 1
Z:;'v.j,k=1 biciaijcﬁa[kci = 7]_2
Z{j,klm | biciaijajrerapamen, =
Zije1 bi€; alfcj 0
35 iker bictaiGaper = g
Zf,j,k,l=1 biC?aijajkajlckcl = ﬁ
Zlﬁj,k:l bicl‘zaijcjajk(,‘% = ﬁ)
Zf,j,k,l=1 bicl‘zaijcjajkaklcl = ﬁ
2 et bic,‘zaijajkci = %
Zlﬁj,k,lzl bic,‘zaijlljkckaklcl = %
Zf,j,k,l=1 bic?aijajkak/clz = ﬁ
23 jkdim= 1b‘c-zaiiajkakzazmcm = ﬁ
21 o biciaije j_ =
33 ka1 biciaijClajer = 5
Zf,jk:l biciaijciajkclz = ﬁ
33 k=t biciaijciajanct = g
Z‘Jzé..j,k,l:l biciaijcjajkaﬂckcl = 1(1)_2
2 k=1 Diciaijeja jkcz = ﬁ
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Z:f.j,k,1=1 biciaijcja jkaklclz = %
Zij,k,l,m:l biciaijcjajkak[almcm = lllﬁ
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Zf,j,k,l,m=1 biciaijajxcrajimcn = 5;_6
2 k=t biciajjaict = 55
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2i k=1 biciaijajcrac = 5
2} ket biciaijacranct = 73
z:ij,k,lzl biciaijajkckaklalmcm — ﬁ)
z:is,j,k,l,mzl biciaijajkaklakmC/Cm — 9}%
Zis,j,k,lzl bicia;ja jkaklc? = ﬁ
z:is,j,k,l,mzl biciaijajkaklclalmcm — 191_20
X jkdmet biCitija @i, = 5355
2 jkdm=1 biCittij jx@@immnCn = %
2 jk=t biajjcjanc; = g5
2} ik biaijcjanciancs = 15
Zis, ok d.m=1 biajjcjaianamcicm = 535
2} ik biaijciaicranct = sig
is,j,k,l,mzl bia;jcjajcrayancn = o
21 ik bitijejananc; = 35
Z'S,j,klmﬂ bia;jcjaiayciaymcy = %
,j,klm | biaijcja ikaklalmcz = W10
]»J,
1920
lek 1 b; aljc a,kci 96
Zi,j,k,lzl bi“zﬁiciaikauc[ = le
z:ij,k,lzl b"aijciaikckaklcl — ﬁ
Zis,j,k,l,mzl bia;jajrcraiciy,cy = ﬁ
2 k=1 biaijc?aikaklcf S
24 ikdmer Dittijacranamcy, = sz
Zis,j,k,l,m=1 biaijcillikaklalmcm = %
A

1

i,j,k,l,m,n=1
1

1152 N
Z,j lba,jc 3

k.lmn=1 b; idijC jAik Ukl AmmnCn =

biat; a0 jiCrQit Qi mn Cn =
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Appendix B

The successive derivatives of the exact solution
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