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Abstract

In this articles we will study the integration of the vectorial functions in Fréchet spaces. Particularly we will introduce
and we will study a new functional space and we will prove some theorems of representation.

Keywords: Fréchet spaces, semigroups, Laplace transforms

1. Preliminaries

In this articles we will study the integration of the vectorial functions in Fréchet spaces. Particularly we will introduce
and we will study a new functional space and we will prove some theorems of representation.

1.1 Definitions

Definition 1. A real-valued function p (x) defined on a complex linear space S is called a semi-norm, if

p (x + y) ≤ p (x) + p (y) ∀x, y ∈ S (1.1)

and
p (λx) = |λ| p (x) ∀λ ∈ C, ∀x ∈ S . (1.2)

Definition 2. A complex linear topological spaces S is called a locally convex, linear topological space, or, in short, a
locally convex space, if any if its open sets contains a convex, balanced and absorbing open set.

Definition 3. A complex linear space F is called a Quasi-normed linear space if, for every x ∈ F, there is associated a
real number |x|F, the quasi-norm of the vector x, which satisfies

|x|F ≥ 0 and |x|F = 0⇔ x = 0; (1.3)

|x + y|F ≤ |x|F + |y|F ∀x, y ∈ F; (1.4)

|x|F = |−x|F ∀x ∈ F; (1.5)

lim
αn→0
|αnx|F = 0 ∀x ∈ F; (1.6)

lim
|x|F→0

|αx|F = 0 ∀α ∈ C. (1.7)

The topology of a quasi-normed linear space F is thus defined by the distance

d (x, y) = |x − y|F . (1.8)

We say that the sequence {xn}n ⊂ F converges strongly to x ∈ F, xn → x for n→ +∞ in F, or

F − lim
n→∞

xn = x, (1.9)

if
lim
n→∞
|xn − x|F = lim

n→∞
d (xn, x) = 0. (1.10)
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1.2 Fréchet Space

Definition 4. A quasi-normed linear space F is called a Fréchet space if it is complete, i.e., if every Cauchy sequence of
F converges strongly to a point of F.

Remark 1. Let the topology of a locally convex space F be defined by a countable number of semi-norms pn (x), with
n = 1, 2, .... Then F is a quasi-normed linear space by the quasi-norm

|x|F =
∑
n≥1

pn (x)
2n (1 + pn (x))

. (1.11)

For, the convergence lim
h→∞

pn (xh) = 0, with n = 1, 2, ...is equivalent to F − lim
h→∞

xh = 0 with respect to the quasi-norm |x|F
above.

Definition 5. (Fréchet in Bourbaki sence) A locally convex space F is called a Fréchet space if it is quasi-normed and
complete.

Let X, Y be locally convex spaces on the same scalar field; we denote by L (X,Y) the totality of continuous linear operators
on X into Y; L (X,Y) is a linear space.

Definition 6. (Simple Convergence Topology). This is the topology of the convergence at each point of X and thus it is
defined by the family of semi-norms of the form

p (T ) = sup
j=1,...,r

{
q
(
T x j

)}
(1.12)

where
{
x j

}r

j=1
are an arbitrary finite system of point of X and q an arbitrary continuous semi-norm on Y. L (X,Y) endowed

with this topology will be denoted by Ls (X,Y) and it is a locally convex linear topological space.

Definition 7. (Bounded Convergence Topology). This is the topology of uniform convergence on bounded sets of X and
thus it is defined by the family of semi-norms of the form

p (T ) = sup
x∈B
{q (T x)} (1.13)

where B is an arbitrary bounded set of X and q an arbitrary continuous semi-norm on Y. L (X,Y) endowed with this
topology will be denoted by Lb (X,Y) and it is a locally convex linear topological space.

Remark 2. Since any finite set of X is bounded, the simple convergence topology is weaker than the bounded convergence
topology.

2. Bochner Integral

In this section we will introduce the concept of integration of Bochner for vectorial functions in spaces of Fréchet. The
properties here exposed are limited instead to the quasi-norm that induces the metric structure of the space of Fréchet.

Definition 8. Let F be a complex Fréchet space and let I be an interval in R; a function f : I → F is simple if it is of the
form

f (t) =
n∑

j=1

x jχΩ j (t) (2.1)

for some n ≥ 1, x j ∈ F and Lebesgue measurable sets Ω j ⊂ I with finite Lebesgue measure. In the representation of a
simple function, the sets Ω j may always be arranged to be disjoint, and then

f (t) =
{

x j for t ∈ Ω j, j = 1, ..., n
0 otherwise . (2.2)

Definition 9. Let F be a complex Fréchet space and let I be an interval in R; a function f : I → F is measurable if there
is a sequence of simple functions gh such that

f (t) = F − lim
h→∞

gh (t) (2.3)

for almost all t ∈ I.
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Theorem 1. Let F be a complex Fréchet space and let I be an interval in R; if f : I → F, g : I → F, h : I → C are
measurable then f + g and h f are measurable. Moreover, if k : F → Y is continuous, where Y is a Fréchet space, then
k ◦ f is measurable. In particular, | f |F is measurable.

Definition 10. Let F be a complex Fréchet space and let I be an interval in R; we say that f : I → F is countably valued
if there is a countable partition

{
Ω j : j ∈ N

}
of I such that f is constant on each Ω j.

Remark 3. f is measurable if eachΩ j is measurable. Conversely, if f is measurable then {t ∈ I : f (t) = x} is measurable,
where x ∈ F.

Definition 11. Let F be a complex Fréchet space and let I be an interval in R; we say that f : I → F is almost separably
valued if there is a null set Ω0 ⊂ I such that f (I −Ω0) is contained in a separable closed subspace of F.

Definition 12. Let F be a complex Fréchet space and let I be an interval in R; we say that f : I → F is weakly measurable
if x∗ ◦ f : t → ⟨ f (t) |x∗⟩ is Lebesgue measurable for each x∗ ∈ F∗.

Definition 13. For a simple function g : I → F, g(t) =
N∑

i=1
xiχΩi (t), we define the Bochner’s integral

∫
I

g(t) dt =
N∑

i=1

xiL1 (Ωi) . (2.4)

where L1 (Ωi) denote the Lebesgue measure of Ωi.

Definition 14. Let F be a complex Fréchet space, I be an interval in R and f : I → F is weakly measurable; we say that

f is weakly integrable if exists
w∗∫
I

f (t) dt ∈ F such that

∫
I

⟨ f (t) |x∗⟩ dt =
⟨ w∗∫

I

f (t) dt|x∗
⟩
∀x∗ ∈ F∗ (2.5)

and the function ⟨ f (t) |x∗⟩ is Lebesgue integrable ∀x∗ ∈ F∗, i.e.,∫
I

|⟨ f (t) |x∗⟩| dt < +∞ ∀x∗ ∈ F∗. (2.6)

Remark 4. If g is a simple function then it is weakly integrable and the weak integral is the Bochner’ integral of g.

Definition 15. Let F be a complex Fréchet space and le I be an interval in R; f : I → F is called Bochner integrable if
there exist a sequence of simple functions {gh}h∈N such that

gh → f pointwise a.e. in I (2.7)

and

lim
h→∞

∫
I

| f (t) − gh (t)|F dt = 0. (2.8)

If f is Bochner integrable then the Bochner integral of f on I is∫
I

f (t) dt = F − lim
h→∞

∫
I

gh (t) dt. (2.9)

Theorem 2. Let F be a complex Fréchet space and let I be an interval in R; f : I → F is Bochner integrable if and only
if f is measurable and | f |F is integrable. If f is Bochner integrable then∣∣∣∣∣∣∣∣

∫
I

f (t) dt

∣∣∣∣∣∣∣∣
F

≤
∫
I

| f (t)|F dt. (2.10)
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Proof. If f is Bochner integrable, then there exists an approximating sequence of simple functions gn. Thus f and | f |F
are measurable. The integrability of | f |F follows from∫

I

| f (t)|F dt ≤
∫
I

|gn (t)|F dt +
∫
I

| f (t) − gn (t)|F dt. (2.11)

Moreover, ∣∣∣∣∣∣∫
I

f (t) dt

∣∣∣∣∣∣
F

= lim
n→∞

∣∣∣∣∣∣∫
I

gn (t) dt

∣∣∣∣∣∣
F

≤ lim
n→∞

∫
I
|gn (t)|F dt

=
∫
I
| f (t)|F dt.

(2.12)

To prove the converse statement, let {hn}n∈N be a sequence of simple functions approximating f pointwise on I − Ω0,
where |Ω0| = 0.

Define simple functions by

gn (t) =
{

hn (t) if |hn (t)|F ≤ | f (t)|F
(
1 + n−1

)
,

0 otherwise.
(2.13)

Then
|gn (t)|F ≤ | f (t)|F

(
1 + n−1

)
(2.14)

and
lim
n→∞
|gn (t) − f (t)|F = 0 (2.15)

for all t ∈ I −Ω0.

Because the functions | f |F and |gn − f |F are integrable and

|gn (t) − f (t)|F ≤ 3 | f (t)|F , (2.16)

we can apply the scalar dominated convergenge theorem and obtain that

lim
n→∞

∫
I

|gn (t) − f (t)|F dt = 0. (2.17)

�

Remark 5. If L1 (I) < +∞ and f is measurable then

| f (t)|F =
+∞∑
k=1

∥ f (t)∥k
2k (

1 + ∥ f (t)∥k
) ≤ 1, (2.18)

thus f is Bochner integrable.

Example 1. Let’s take

g(t) =
{

2t cos
(
π
t2

)
+ 2π

t sin
(
π
t2

)
if 0 < t ≤ 1

0 if t = 0
(2.19)

then we consider f : [0, 1]→ F define by
f (t) = xg(t) (2.20)

where x ∈ F. We see that f is Bochner integrable but

1∫
0

|⟨ f (t) |x∗⟩| dt = |⟨x|x∗⟩|
1∫

0

|g (t)| dt = +∞

then f is not weakly integrable.
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Example 2. Let f : [0,+∞)→ F define by

f (t) =
{

xg(t) if 0 ≤ t ≤ 1
0 if t > 1 (2.21)

where x ∈ F; then f is Bochner integrable but not weakly integrable.

Example 3. Let be x : R→ R the function defined by x (s) = 1 for all s ∈ R, then x ∈ L2
loc (R). We define the semi-norms

on L2
loc (R) by,

∥z∥k =
∫
Bk

|z (s)|2 ds

where {Bk}k∈N is a sequence of bounded closed subset of R such that Bk ⊂ Bk+1 and ∪k∈NBk = R. We take Bk =[
−22k−1, 22k−1

]
, then |Bk | = 22k. Let f : [1,+∞)→ L2

loc (R) define by

f (t) =
1
t2 x;

then we have
+∞∫
1
|⟨ f (t)|x∗⟩| dt = |⟨x|x∗⟩| for all x∗ ∈

(
L2

loc (R)
)∗

and
+∞∫
1
⟨ f (t)|x∗⟩ dt = ⟨x|x∗⟩ for all x∗ ∈

(
L2

loc (R)
)∗

, then f

is weakly integrable but it is not Bochner integrable,

+∞∫
1
| f (t)|F dt =

+∞∫
1

+∞∑
k=1

∥ f (t)∥k
2k(1+∥ f (t)∥k) dt

=
+∞∑
k=1

1
2k

+∞∫
1

∥ f (t)∥k
(1+∥ f (t)∥k) dt

=
+∞∑
k=1

1
2k

+∞∫
1

|Bk |
t2(

1+ |Bk |
t2

) dt

=
+∞∑
k=1

2√|Bk |
2k

[
π
2 − arctan

(
1

2√|Bk |

)]
=
+∞∑
k=1

π
2 − arctan

(
1
2k

)
= +∞

We have the same results if we choose Bk such that lim inf
k→+∞

2
√
|Bk+1 |
|Bk | > 2.

Theorem 3. Let fn : I → F be Bochner integrable functions. If

lim
n→∞

fn (t) = f (t) (2.22)

exists a.e. and if there exists an integrable function g : I → R such that

| fn (t)|F ≤ g (t) a.e. for all n ∈ N, (2.23)

then f is Bochner integrable and

lim
n→∞

∫
I

fn (t) dt =
∫
I

f (t) dt. (2.24)

Moreover,

lim
n→∞

∫
I

| fn (t) − f (t)|F dt = 0. (2.25)

Proof. The function f is Bochner integrable since it is measurable and since | f |F is integrable (because | f |F ≤ g a.e.).

We define
hn (t) = | f (t) − fn (t)|F (2.26)

for t ∈ I. Since |hn (t)|F ≤ 2g (t) and hn (t)→ 0 a.e., the scalar dominated convergence theorem implies that

lim
n→∞

∫
I

| fn (t) − f (t)|F dt = 0. (2.27)

122



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 11, No. 1; 2019

By (2.27) we have

lim
n→∞

∣∣∣∣∣∣∣∣
∫
I

fn (t) dt −
∫
I

f (t) dt

∣∣∣∣∣∣∣∣
F

= 0. (2.28)

�

3. LB (F,R)-Weakly Integrable and FsLp (I,F) Spaces

To study the various relationships among the weak integral, definition (14) and the integral in Bochner sense, definition
(15), we introduce a particular class of linear and continuous functionals. Then we will give a new definition of ”weak”
integral related to this class of linear and continuous functionals.

Definition 16. Let F be a complex Fréchet space, then

l ∈ LB (F,R) (3.1)

if l is linear and there exists a constant Cl such that

|l (x)| ≤ Cl |x|F ∀x ∈ F. (3.2)

Remark 6. 0 ∈ LB (F,R) , ∅.

Remark 7. LB (F,R) ⊂ L (F,R).

Definition 17. Since |x|F ≤ 1 for all x ∈ F we get |l (x)| ≤ Cl for all x ∈ F and we define

|l|LB(F,R) = sup
x∈F
{|l (x)|} . (3.3)

Proposition 1. Let F be a complex Fréchet space; then |·|LB(F,R) is a quasi-norm and
(
LB (F,R) , |·|LB(F,R)

)
is a quasi-

normed metric space.

Definition 18. Let F a complex Fréchet space, I an interval in R and LB (F,R) , {0}. Let f : I → F weakly measurable.

We say that f is LB (F,R)-weakly integrable if exists
w∗LB(F,R)∫

I
f (t) dt ∈ F such that

∫
I

⟨ f (t) |x∗⟩ dt =
⟨ w∗LB(F,R)∫

I

f (t) dt|x∗
⟩
∀x∗ ∈ LB (F,R) (3.4)

and the function ⟨ f (t) |x∗⟩ is Lebesgue integrable ∀x∗ ∈ LB (F,R), i.e.,∫
I

|⟨ f (t) |x∗⟩| dt < +∞ ∀x∗ ∈ LB (F,R) . (3.5)

Remark 8. If f ∈ L1 (I,F); then f is LB (F,R)-weakly integrable.

Remark 9. If f is weakly integrable; then f is LB (F,R)-weakly integrable.

As a further comment we observe that it is possible to introduce other functional classes that have some connection with
the integration.

Definition 19. Let {∥·∥k}k≥1 be the the family of semi-norms that induces the topology on F and f : I → F a Bochner
measurable function; for 1 ≤ p < ∞ and for all k ≥ 1, we define

∥ f ∥k,Lp(I,F) =


∫
I

∥ f (t)∥pk dt


1
p

(3.6)

and
Lp

k (I,F) =
{
f : I → F s.t. f is B-measurable and ∥ f ∥k,Lp(I,F) < ∞

}
. (3.7)
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Definition 20. We define
FsLp (I,F) =

∩
k≥1

Lp
k (I,F) . (3.8)

Definition 21. Let f ∈ FsLp (I,F); we define

| f |FsLp(I,F) =
∑
k≥1

∥ f ∥k,Lp(I,F)

2k
(
1 + ∥ f ∥k,Lp(I,F)

) . (3.9)

Theorem 4. Sia 1 ≤ p < ∞; then |·|FsLp(I,F) si a quasi-norm and
(
Lp (I,F) , |·|FsLp(I,F)

)
is a metric space.

As a final observation we can say that here the considered spaces of Fréchet show a wide range of possible definition-
s of integral, each of which has interesting peculiarity. Substantially we will use the definition (14) but as shown in
immediately the following proposition sometimes we will use the possible relationschip with (14), (15) and (18).

Definition 22. Let F and G be a complex Fréchet space, then

l ∈ LB (F,G) (3.10)

if l is linear and there exists a constant Cl such that

|l (x)|G ≤ Cl |x|F ∀x ∈ F. (3.11)

Remark 10. 0 ∈ LB (F,G) , ∅.

Remark 11. LB (F,G) ⊂ L (F,G).

Definition 23. Since |x|F ≤ 1 for all x ∈ F we get |l (x)|G ≤ Cl for all x ∈ F and we define

|l|LB(F,G) = sup
x∈F
{|l (x)|G} . (3.12)

Remark 12. Let G = F × F, with |(x, y)|G = |x|F + |y|F, and π : G→ F defined by

π ((x, y)) = x

or by
π ((x, y)) = y

then π ∈ LB (F,G).

Proposition 2. Let T ∈ LB (F,G) be a linear continuous operator between the Fréchet spaces F and G. Let f : I → F
be a Bochner integrable function; then T ◦ f : I → G defined by

T ◦ f (t) = T ( f (t))

is Bochner integrable and

T
∫
I

f (t) dt =
∫
I

T ( f (t)) dt.

Proof. Since ∫
I

|T ( f (t))|G dt ≤
∫
I

CT | f (t)|G dt

then T ◦ f : I → G is Bochner integrable. Moreover∫
I

f (t) dt = F − lim
h→∞

∫
I

gh (t) dt

and

T


∫
I

gh (t) dt

 =
∫
I

T (gh (t)) dt
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since T ∈ LB (F,G) we have

T
∫

I
f (t) dt

 = G − lim
h→∞

T
∫

I
gh (t) dt


= G − lim

h→∞

∫
I

T (gh (t)) dt

and ∫
I

|T ( f (t)) − T (gh (t))|G dt ≤
∫
I

CT | f (t) − gh (t)|G dt;

then
G − lim

h→∞

∫
I

T (gh (t)) dt =
∫
I

T ( f (t)) dt

and

T


∫
I

f (t) dt

 =
∫
I

T ( f (t)) dt.

�

Proposition 3. Let A : D (A)→ F be a closed linear operator on F. Let f : I → F be a Bochner integrable function such
that f (t) ∈ D (A) for all t ∈ I and A ◦ f : I → F is Bochner integrable; then

∫
I

f (t) dt ∈ D (A) and

A
∫
I

f (t) dt =
∫
I

A( f (t)) dt.

Proof. Let’s take F × F with the quasi-norm

|(x, y)|F×F = |x|F + |y|F .

The graph G (A) of A is a closed subspace of F × F. Define g : I → G (A) ⊂ F × F by

g (t) = ( f (t) , A ( f (t)))

then ∫
I

|g (t)|F×F dt =
∫
I

| f (t)|F dt +
∫
I

|A ( f (t))|F dt < +∞.

By theorem (2) g is Bochner integrable, moreover ∫
I

g (t) dt ∈ G (A)

and applying proposition (2) to the two projection maps of F × F onto F shows that

∫
I

g (t) dt =


∫
I

f (t) dt,
∫
I

A ( f (t)) dt

 ,

this give the result. �

4. Laplace’s Integrals on Fréchet Spaces

Definition 24. Let F a Fréchet space and f ∈ L1
loc ([0,+∞) ,F); then

f̂ (λ) =

+∞∫
0

e−λt f (t) dt = lim
τ→+∞

τ∫
0

e−λt f (t) dt (4.1)

is the Laplace integral of f .
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Definition 25. Let F a Fréchet space, f ∈ L1
loc ([0,+∞) ,F) and f̂ the Laplace integral of f ; then

abs( f ) = inf
{
Re {λ} : f̂ (λ) exists

}
(4.2)

is the abscissa of convergence of f̂ .

Proposition 4. Let F a Fréchet space and f ∈ L1
loc ([0,+∞) ,F); then the Laplace integral of f , f̂ (λ), converge if

ℜ{λ} > abs ( f ) and not converge if Re {λ} < abs ( f ).

Proof. f̂ (λ) does not exist if Re {λ} < abs ( f ).

Let λ0 ∈ C and abs ( f ) < Reλ0, define

G0(τ) =

τ∫
0

e−λ0 s f (s) ds; (4.3)

if f̂ (λ0) exists then
f̂ (λ0) = F − lim

τ→+∞
G0(τ), (4.4)

and
|G0(τ)|F ≤ C1 ∀τ ∈ [0,+∞) ; (4.5)

moreover we have
∥G0(τ)∥k ≤

∥∥∥∥G0(τ) − f̂ (λ0)
∥∥∥∥

k
+

∥∥∥∥ f̂ (λ0)
∥∥∥∥

k
≤ C2 (4.6)

for every k ∈ N and τ→ +∞; then
∥G0(τ)∥k ≤ C3 ∀τ ∈ [0,+∞) , ∀k ∈ N. (4.7)

Let
τ∫

0
e−λs f (s) ds, integration by parts gives

τ∫
0

e−λs f (s) ds = e−(λ−λ0)τG0(τ) + (λ − λ0)

τ∫
0

e−(λ−λ0)sG0 (s) ds; (4.8)

and we must proof that

F − lim
τ→+∞

τ∫
0

e−λs f (s) ds (4.9)

exist if Re {λ} > Re {λ0}.

Let (λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds; then by (4.7)

∥∥∥∥∥∥∥(λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds

∥∥∥∥∥∥∥
k

≤ |λ − λ0|
τ2∫
τ1

e−(Re{λ}−Re{λ0})s ∥G0(s)∥k ds

≤ |λ − λ0|C3

τ2∫
τ1

e−(Re{λ}−Re{λ0})s ds→ 0 for τ→ +∞, ∀k ∈ N,
(4.10)

if Re {λ} > Re {λ0}.
From (4.10) we have

F − lim
τ→+∞

τ∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds =

+∞∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds. (4.11)

if Re {λ} > Re {λ0}; then the (4.11) gives

f̂ (λ) = F − lim
τ→+∞

τ∫
0

e−λs f (s) ds =

+∞∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds. (4.12)

�
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Definition 26. For f : [0,+∞)→ F the exponential growth bound is given by

ω ( f ) = inf
{
w ∈ R :

{
e−wt f (t) : t ≥ 0

}
is bounded in F

}
. (4.13)

Remark 13. abs ( f ) ≤ ω ( f ).

Proof. Let λ > σ > ω ( f ) then exist Ck > 0 such that∥∥∥e−σt f (t)
∥∥∥

k ≤ Ck ∀t ≥ 0, ∀k ∈ N.

We have ∥∥∥∥∥∥∥∥∥
t2∫

t1

e−λt f (t) dt

∥∥∥∥∥∥∥∥∥
k

≤
t2∫

t1

e−(λ−σ)t
∥∥∥e−σt f (t)

∥∥∥
k dt

then ∥∥∥∥∥∥∥∥∥
t2∫

t1

e−λt f (t) dt

∥∥∥∥∥∥∥∥∥
k

≤ Ck

t2∫
t1

e−(λ−σ)t dt → 0

for t1, t2 → +∞ and λ > σ > ω ( f ), thus f̂ (λ) = F − lim
τ→+∞

τ∫
0

e−λs f (s) ds exists and abs ( f ) ≤ ω ( f ). �

Definition 27. Let F (t) =
t∫

0
f (s) ds, where f ∈ L1

loc ([0,+∞) ,F), we define

F∞ =

 F − lim
t→+∞

t∫
0

f (s) ds if the limit exists,

0 otherwise.
(4.14)

Lemma 1. Let F a Fréchet space and f ∈ L1
loc ([0,+∞) ,F); then

abs ( f ) = ω (F − F∞) . (4.15)

Proof. (Step 1)

Let abs ( f ) < +∞, λ0 > abs ( f ),

G0 (t) =

t∫
0

e−λ0 s f (s) ds

and

F − lim
t→+∞

G0 (t) =

+∞∫
0

e−λ0 s f (s) ds = f̂ (λ0) ∈ F

then for all k ∈ N
∥G0 (t)∥k ≤ Ck ∀t ≥ 0.

Let abs ( f ) > 0 then F∞ = 0 and, for λ0 > abs ( f ), integration by parts gives

t∫
0

eλ0 se−λ0 s f (s) ds = eλ0tG0 (t) − λ0

t∫
0

eλ0 sG0 (s) ds

then for all k ∈ N
∥F (t)∥k ≤ 2Ckeλ0t ∀t ≥ 0. (4.16)

The set
{
F (t) e−λ0t : t ≥ 0

}
is bounded in F and ϖ (F − F∞) < λ0 then ϖ (F − F∞) ≤ abs ( f ).

Let abs ( f ) = 0 then if F∞ = 0 the same procedure as above yields ϖ (F − F∞) ≤ abs ( f ).
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If F∞ = F − lim
t→+∞

F (t) then for all k ∈ N ∥F (t) − F∞∥ ≤ Ck for all t ≥ 0, thus the set {F (t) − F∞ : t ≥ 0} is bounded in F
and ϖ (F − F∞) ≤ 0 = abs ( f ).

If abs ( f ) < 0 choose abs ( f ) < λ0 < 0 then

F (r) − F (s) =
r∫

s
eλ0t f (t) e−λ0t dt

= eλ0rG0 (r) − eλ0 sG0 (s) − λ0

r∫
s

eλ0tG0 (t) dt

and for all k ∈ N

∥F (s) − F∞∥k =

∥∥∥∥∥∥eλ0 sG0 (s) + λ0

+∞∫
s

eλ0tG0 (t) dt

∥∥∥∥∥∥
k

≤ 2Ckeλ0 s

for all s ≥ 0; thus the set
{
(F (t) − F∞) e−λ0t : t ≥ 0

}
is bounded in F and ϖ (F − F∞) < λ0 then ϖ (F − F∞) ≤ abs ( f ).

(Step 2)

Suppose that ϖ (F − F∞) < +∞ and let ϖ (F − F∞) < w; since F is continuous, there exist Mk such that ∥F (t) − F∞∥k ≤
Mkewt for all t ≥ 0.

Let ϖ (F − F∞) < w < λ, using the fact that F − F∞ is an antiderivative of f , integration by parts gives

t∫
0

e−λs f (s) ds = e−λt (F (t) − F∞) + F∞ + λ

t∫
0

e−λs (F (s) − F∞) ds

then f̂ (λ) exists,

f̂ (λ) = F∞ + λ ̂(F − F∞) (λ)

and abs ( f ) ≤ ϖ (F − F∞). �

Remark 14. If w ≥ 0; then the triangle inequality implies that ϖ (F) ≤ w if and only if ϖ (F − F∞) ≤ w. Thus f is

Laplace transformable if and only if F (t) =
t∫

0
f (s) ds is exponentially bounded and abs ( f ) ≤ w⇔ ϖ (F) ≤ w.

Theorem 5. Let f ∈ L1
loc ([0,+∞) ,F) with abs ( f ) < ∞. Then

λ 7→ f̂ (λ) (4.17)

is holomorphic for Re {λ} > abs ( f ) and, for all n ∈ N and Re {λ} > abs ( f ),

f̂ (n) (λ) =

+∞∫
0

e−λt (−t)n f (t) dt (4.18)

as an improper Bochner integral.

Proof. Let’s define qh : C→ F for every h ∈ N by

qh (λ) =

h∫
0

e−λt f (t) dt

and qh, j : C→ F for every h, j ∈ N by

qh, j (λ) =
j∑

n=1

λn

n!

h∫
0

(−t)n f (t) dt.
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We see that for every k ∈ N and j > i ∥∥∥qh, j (λ) − qh,i (λ)
∥∥∥

k ≤
j∑

n=i

|λ|n
n!

∥∥∥∥∥∥∥ h∫
0

tn f (t) dt

∥∥∥∥∥∥∥
k

≤
j∑

n=i

|λh|n
n!

∥∥∥∥∥∥∥ h∫
0

f (t) dt

∥∥∥∥∥∥∥
k

≤ Ck

j∑
n=i

|λh|n
n! .

Fix ε > 0 then exists jk,ε ∈ N such that
∥∥∥qh, j (λ) − qh,i (λ)

∥∥∥
k < ε for all i, j > jk,ε then we have

qh (λ) = F − lim
j→+∞

qh, j (λ) .

The limits exist uniformly for λ in a bounded subset of C. By the Weiesrtass convergence theorem, the functions qh are

entire and q( j)
h (λ) =

h∫
0

e−λt (−t) j f (t) dt for all j = 1, 2, ....

Let λ0 ∈ C, abs ( f ) < Reλ0 and

G0(τ) =

τ∫
0

e−λ0 s f (s) ds;

f̂ (λ0) exists then
f̂ (λ0) = F − lim

τ→+∞
G0(τ)

and
|G0(τ)|F ≤ C1 ∀τ ∈ [0,+∞) ;

moreover we have
∥G0(τ)∥k ≤

∥∥∥∥G0(τ) − f̂ (λ0)
∥∥∥∥

k
+

∥∥∥∥ f̂ (λ0)
∥∥∥∥

k
≤ C2

for every k ∈ N and τ→ +∞; then
∥G0(τ)∥k ≤ C3 ∀τ ∈ [0,+∞) , ∀k ∈ N.

Let (λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds; then

∥∥∥∥∥∥∥(λ − λ0)
τ2∫
τ1

e−(λ−λ0)sG0 (s) ds

∥∥∥∥∥∥∥
k

≤ |λ − λ0|
τ2∫
τ1

e−(Re{λ}−Re{λ0})s ∥G0(s)∥k ds

≤ |λ − λ0|C3

τ2∫
τ1

e−(Re{λ}−Re{λ0})s ds→ 0 for τ→ +∞, ∀k ∈ N,

if Re {λ} > Re {λ0} and we have

F − lim
τ→+∞

τ∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds =

+∞∫
0

(λ − λ0) e−(λ−λ0)sG0 (s) ds.

if Re {λ} > Re {λ0}. Let
τ∫

0
e−λ0 s f (s) ds; integration by parts gives

f̂ (λ) − qh (λ) =
+∞∫
h

e−(λ−λ0)te−λ0t f (t) dt

= −e−(λ−λ0)hG0 (h) + (λ − λ0)
+∞∫
h

e−(λ−λ0)tG0 (t) dt.

It follows that qh converges to f̂ uniformly on compact subset of {λ : Re {λ} > abs ( f )}. By the Weiestrass convergence
theorem, f̂ is holomorphic and q(m)

h (λ)→ f̂ (m) (λ) as h→ +∞, for Re {λ} > abs ( f ). �
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Proposition 5. Let f ∈ L1
loc ([0,+∞) ,F), µ ∈ C and s ∈ [0,+∞). Let

g (t) = e−µt f (t) for t ≥ 0,
fs (t) = f (s + t) for t ≥ 0,

hs (t) =
{

f (t − s) for t ≥ s,
0 for o ≤ t < s.

Let λ ∈ C; then

ĝ (λ) exists⇔ f̂ (λ + µ) exists; if ĝ (λ) exists then ĝ (λ) = f̂ (λ + µ).

f̂s (λ) exists⇔ f̂ (λ) exists; if f̂s (λ) exists then f̂s (λ) = eλs

 f̂ (λ) −
s∫

0
e−λt f (t) dt

.
ĥs (λ) exists⇔ f̂ (λ) exists; if ĥs (λ) exists then ĥs (λ) = e−λs f̂ (λ).

Proof. Results follow from the formulae:
τ∫

0
e−λtg (t) dt =

τ∫
0

e−(λ+µ)t f (t) dt,

τ∫
0

e−λt fs (t) dt = eλs

 s+τ∫
0

e−λt f (t) dt −
s∫

0
e−λt f (t) dt

,
τ∫

0
e−λths (t) dt = e−λs

τ−s∫
0

e−λt f (t) dt (τ > s).

�

Proposition 6. Let f ∈ L1
loc ([0,+∞) ,F) and T ∈ L (F); then T ◦ f ∈ L1

loc ([0,+∞) ,F). If f̂ (λ) exists; then T̂ ◦ f (λ)
exists and T̂ ◦ f (λ) = T

(
f̂ (λ)

)
.

Proof. By proposition (2), T ◦ f ∈ L1
loc ([0,+∞) ,F) and

τ∫
0

e−λt (T ◦ f ) (t) dt = T

τ∫
0

e−λt f (t) dt. (4.19)

The second statement follows from (4.19) letting τ→ +∞. �

Proposition 7. Let f ∈ L1
loc ([0,+∞) ,F) and A a closed operator on F; suppose that f (t) ∈ D(A) for a.e. t ∈ [0,+∞) and

A ◦ f ∈ L1
loc ([0,+∞) ,F). If f̂ (λ) and Â ◦ f (λ) exist, then f̂ (λ) ∈ D(A) and Â ◦ f (λ) = A( f̂ (λ)).

Proof. By proposition (3),

τ∫
0

e−λt (A ◦ f ) (t) dt = A

τ∫
0

e−λt f (t) dt. (4.20)

Since A is closed the second statement follows from (4.20) letting τ→ +∞. �

Lemma 2. Let a, b > 0, define λn = a + nb and e−λn (t) = e−λnt; then
{
e−λn : n ∈ N\ {0}} is total in L1 ([0,+∞)).

Lemma 3. Let f ∈ L1
loc ([0,+∞) ,F) and abs ( f ) < +∞. Let a > abs ( f ), b > 0 and Let f ∈ L1

loc ([0,+∞) ,F), if f̂ (λn) = 0
for all n ∈ N; then f (t) = 0 for a.e. t ∈ [0,+∞).

Proof. We can assume that a > max {abs ( f ) , 0}. Define F (t) =
t∫

0
f (s) ds, for t ≥ 0; then 0 = f̂ (λn) = λnF̂ (λn) for all

n ∈ N. By remark (14) we have a > ω (F), thus G (t) = e−atF (t) is continuous and ∥G (t)∥k < Mk for t > 0, moreover we
have Ĝ (nb) = F̂ (a + nb) = 0. Let x∗ ∈ F∗ we define gx∗ (t) = ⟨G (t) |x∗⟩, then we have gx∗ ∈ L∞ ([0,+∞)) =

(
L1 ([0,+∞))

)∗
and ⟨

e−nb|gx∗
⟩
=

⟨
Ĝ (nb) |x∗

⟩
= 0.

Since
{
e−nb : n ∈ N

}
is a total subset of L1 ([0,+∞)) then by lemma (2) gx∗ (t) = 0 for all t ≥ 0 and x∗ ∈ F∗; this implies

that F (t) = 0 for all t ≥ 0 and thus f (t) = 0 a.e.. �
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Theorem 6. Let f , g ∈ L1
loc ([0,+∞) ,F) and abs ( f ) , abs (g) < +∞. Let λ0 > max {abs ( f ) , abs (g)}, and suppose that

f̂ (λ) = ĝ (λ) for λ ≥ λ0 then f (t) = g (t) for a.e. t ∈ [0,+∞).

Proof. The proof follows from lemma (3). �

Theorem 7. Let f ∈ L1
loc ([0,+∞) ,F), suppose that abs ( f ) < +∞ and that t > 0 is a Lebesgue point of f ; then

f (t) = F − lim
k→∞

(−1)k 1
k!

(
k
t

)k+1

f̂ (k)
(

k
t

)
(4.21)

Proof. Let f ∈ L1
loc ([0,+∞) ,F) and max {abs ( f ) , 0} < w < +∞. By remark (14) w > ϖ (F), where F (t) =

t∫
0

f (s) ds.

Let t > 0 be a Lebesgue point of f , n ∈ N such that n > wt; let

G (s) =

s∫
t

f (r) − f (t) dr = F (s) − F (t) − f (t) (s − t) s ≥ t ≥ 0.

Since w > ϖ (F), then the set {e−wsG (s) : s ≥ 0} is bounded in F and there exists a sequence of positive real numbers,
{Mk}k∈N, such that ∥e−wsG (s)∥k ≤ Mk for all s ≥ 0. Since

+∞∫
0

e−tt dt =
[
−e−tt

]+∞
0
+

+∞∫
0

e−t dt =
[
−e−t

]+∞
0
= 1

and
+∞∫
0

e−tt2 dt =
[
−e−tt2

]+∞
0
+ 2

+∞∫
0

e−tt dt = 2

moreover
+∞∫
0

e−tt3 dt =
[
−e−tt3

]+∞
0
+ 3

+∞∫
0

e−tt2 dt = 3!

by induction,
+∞∫
0

e−ttn dt = n!

if we put t = λs, where λ > 0, we have

λn+1

+∞∫
0

e−λssn ds = n!

then
λn+1

n!

+∞∫
0

e−λssn ds = 1

for all λ > 0. By theorem (5) we have

f̂ (n) (λ) =

+∞∫
0

e−λs (−s)n f (s) ds

then

(−1)n 1
n!

(n
t

)n+1
f̂ (n)

(n
t

)
=

1
n!

(n
t

)n+1
+∞∫
0

e−
n
t ssn f (s) ds;

moreover

f (t) =
λn+1

n!

+∞∫
0

e−λssn f (t) ds,
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put λ = n
t we have

f (t) =
1
n!

(n
t

)n+1
+∞∫
0

e−
n
t ssn f (t) ds.

Let

Jn = (−1)n 1
n!

(n
t

)n+1
f̂ (n)

(n
t

)
− f (t)

then

Jn =
1
n!

(n
t

)n+1
+∞∫
0

e−
n
t ssn ( f (s) − f (t)) ds, (4.22)

let

G (s) =

s∫
t

f (r) − f (t) dr = F (s) − F (t) − f (t) (s − t) s ≥ t ≥ 0;

thus by (4.22) we get

Jn =
1
n!

(n
t

)n+1
[(e− n

t ssn
)
G (s)

]+∞
0
+ n

+∞∫
0

e−
n
t ssn−1

( s
t
− 1

)
G (s) ds

 .

Let’s take
[(

e−
n
t ssn

)
G (s)

]+∞
0

; then

(
e−

n
t ssn

)
G (s) =

(
e−

n
t ssn

) s∫
t

f (r) − f (t) dr =
(
e−

n
t ssn

)
(F (s) − F (t) − f (t) (s − t))

moreover, since n > wt, we have
F − lim

s→+∞

(
e−

n
t ssn

)
G (s) = 0

and

Jn =
1
n!

(n
t

)n+1
n

+∞∫
0

e−
n
t ssn−1

( s
t
− 1

)
G (s) ds.

If s
t = u; then

Jn = 1
n!

(
n
t

)n+1
n
+∞∫
0

e−
n
t ssn−1

(
s
t − 1

)
G (s) ds

= nn+2

n!t

+∞∫
0

e−
n
t s 1

tn−1 sn−1
(

s
t − 1

)
G (s) 1

t ds

= nn+2

n!t

+∞∫
0

e−nuun−1 (u − 1) G (tu) du.

Let ε > 0; since t is a Lebesgue point of f , there exists 0 < δ < 1 such that

1
t
∥G (ut)∥k =

∥∥∥∥∥∥∥∥1
t

ut∫
t

f (r) − f (t) dr

∥∥∥∥∥∥∥∥
r

≤ ε
3
|u − 1|

if |u − 1| ≤ δ.
Let’s define

J1,n =
nn+2

n!t

1+δ∫
1−δ

e−nuun−1 (u − 1) G (tu) du
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then ∥∥∥J1,n
∥∥∥

k ≤ ε3
nn+2

n!

1+δ∫
1−δ

e−nuun−1 (u − 1)2 du

≤ ε3
nn+2

n!

+∞∫
0

e−nu
(
un+1 − 2un + un−1

)
du

= ε3
nn+2

n!

(
(n+1)!
nn+2 − 2 n!

nn+1 +
(n−1)!

nn

)
= ε3 (n + 1 − 2n + n) = ε3

for all n ∈ N and n > tw.

Let

J2,n =
nn+2

n!t

1−δ∫
0

e−nuun−1 (u − 1) G(ut) du;

and ρ1 (u) = e−nuun−1, then ρ
′

1 (u) = e−nuun−2 ((n − 1) − nu), therefore if nδ > 1, i. e. n > 1
δ
, ρ

′

1 (u) > 0 in (0, 1 − δ) and

∥∥∥J2,n
∥∥∥

k ≤ nn+2

n!t

1−δ∫
0

e−nuun−1 (u − 1) ∥G (tu)∥k du

≤ nn+2

n!t e−n(1−δ) (1 − δ)n−1
1−δ∫
0

(u − 1) ∥G (tu)∥k du.

Let’s take ak =
1−δ∫
0

(u − 1) ∥G (tu)∥k du and bn =
nn+2

n!t e−n(1−δ) (1 − δ)n−1, then

bn+1
bn

=
(n+1)n+3

n!(n+1)
e−(n+1)(1−δ)(1−δ)nn!
nn+2e−n(1−δ)(1−δ)n−1

= n
n+1

(
1 + 1

n

)n+3 1−δ
e(1−δ)

and, since bn+1
bn
→ (1 − δ) e−δ < 1, then

∑
n>n0

bn, where n0 >
1
δ
, converges; therefore bn → 0 for n→ +∞ and we get

∥∥∥J2,n
∥∥∥

k <
ε

3
.

Let’s define

J3,n =
nn+2

n!t

+∞∫
1+δ

e−nuun−1 (u − 1) G (tu) du;

if ρ2 (u) = e−muum, then ρ
′

2 (u) = −me−muum−1 (u − 1); since u > 1 + δ we have ρ
′

2 (u) < 0 in (1 + δ,+∞), therefore ρ2 (u)
is decreasing on (1 + δ,+∞) for all m ∈ N, m > 1. Let’s take n0 > wt, n > n0, then

∥∥∥J3,n
∥∥∥

k =

∥∥∥∥∥∥ nn+2

n!t

+∞∫
1+δ

e−(n−n0)uun−n0 e−n0uun0−1 (u − 1) G (tu) du

∥∥∥∥∥∥
k

≤ nn+2

n!t e−(n−n0)(1+δ) (1 + δ)n−n0

+∞∫
1+δ

e−n0uun0−1 (u − 1) ∥G (tu)∥k du

≤ nn+2

n!t e−(n−n0)(1+δ) (1 + δ)n−n0

+∞∫
1+δ

e−n0uun0−1 (u − 1) Mkewtu du.

Let’s define dn =
nn+2

n!t e−(n−n0)(1+δ) (1 + δ)n−n0 and cn0,k =
+∞∫

1+δ
e−n0uun0−1 (u − 1) Mkewtu du, we get

∥∥∥J3,n
∥∥∥

k ≤ cn0,kdn.

Since
dn+1

dn
=

(
1 +

1
n

)n+2

e−1−δ (1 + δ)
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then dn+1
dn
→ e−δ (1 + δ) < 1, moreover

∑
n>n0

dn converges and we obtain dn → 0 for n→ +∞ and

∥∥∥J3,n
∥∥∥

k ≤
ε

3
.

Since
Jn = J1,n + J2,n + J3,n

we get
∥Jn∥k → 0

for n→ +∞, for all k ∈ N; then
F − lim

n→+∞
Jn = 0

and

F − lim
n→+∞

(−1)n 1
n!

(n
t

)n+1
f̂ (n)

(n
t

)
= f (t) .

�

5. The FsLip0 ([0,+∞) ,F) Space and the LB (X,F) Space

Let F a Fréchet space and f : [0,+∞)→ F, we define

[
f
]
0,1,F = sup

t>s≥0

{ | f (t) − f (s)|F
|t − s|

}
(5.1)

then
Lip0 ([0,+∞) ,F) =

{
f : [0,+∞)→ F : f (0) = 0,

[
f
]
0,1,F < +∞

}
(5.2)

Proposition 8. [·]0,1,F is a quasi-norm.

Proposition 9.
(
Lip0 ([0,+∞) ,F) , [·]0,1,F

)
is a quasi-normed metric space.

We define [
f
]
0,1,k = sup

t>s≥0

{∥ f (t) − f (s)∥k
|t − s|

}
(5.3)

and
FsLip0 ([0,+∞) ,F) =

{
f : [0,+∞)→ F : f (0) = 0,

[
f
]
0,1,k < +∞ ∀k ∈ N

}
. (5.4)

Proposition 10. [·]0,1,k are semi-norms.

Proposition 11. The function define by

| f |FsLip0([0,+∞),F) =

+∞∑
k=0

[
f
]
0,1,k

2k
(
1 +

[
f
]
0,1,k

) ∀ f ∈ FsLip0 ([0,+∞) ,F) (5.5)

is a qusi-norm.

Proposition 12.
(
FsLip0 ([0,+∞) ,F) , |·|FsLip0([0,+∞),F)

)
is a quasi-normed metric space.

Let F a Fréchet space, X a Banach space and f : X → F a linear continuous operator; then for all k ∈ N there exists
Ck > 0 such that

∥ f (x)∥F,k ≤ Ck ∥x∥X ∀x ∈ X. (5.6)

Definition 28. Let F a Fréchet space, X a Banach space and f ∈ L(X,F) we define

∥ f ∥L(X,F),k = sup
x∈X
∥x∥X≤1

{
∥ f (x)∥F,k

}
(5.7)

and

| f |L(X,F) =

+∞∑
k=0

∥ f ∥L(X,F),k

2k
(
1 + ∥ f ∥L(X,F),k

) . (5.8)
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Proposition 13. ∥·∥L(X,F),k are semi-norms and |·|L(X,F) is a quasi-norm.

Proposition 14.
(
L(X,F), |·|L(X,F)

)
is a quasi-normed complete metric space.

Proof. Let {Tn}n∈N ⊂ L(X,F) be a Cauchy sequence.

Fix η > 0 and ε < η
2k(1+η) then there exists nε ∈ N such that for all n,m > nε

|Tn − Tm|L(X,F) < ε (5.9)

and
∥Tn − Tm∥L(X,F),k < η. (5.10){

∥Tn∥L(X,F),k

}
n∈N
⊂ R is a Cauchy sequence, then is bounded; moreover

∥Tnx − Tmx∥k ≤ ∥Tn − Tm∥L(X,F),k ∥x∥X (5.11)

then {Tnx}n∈N ⊂ F is a Cauchy sequence in F and there exists ỹ ∈ F such that Tnx→ ỹ for n→ +∞. Let’s define

T : X → F (5.12)

by
T x = ỹ. (5.13)

Since
∥Tnx∥k ≤ ∥Tn∥L(X,F),k ∥x∥X ≤ Ck ∥x∥X (5.14)

by theorem (2.1) and corollary (2.1) of [19], we have T ∈ L(X,F).

Let’s consider
∥Tnx − Tmx∥k ≤ η ∥x∥X ∀n,m > nη (5.15)

then, since Tmx→ T x,
∥Tnx − T x∥k ≤ η ∥x∥X ∀n > nη (5.16)

and we have
∥Tn − T∥L(X,F),k ≤ η (5.17)

then Tn → T in
(
L(X,F), |·|L(X,F)

)
for n→ +∞. �

Definition 29. Let F a Fréchet space, X a Banach space and f : X → F a linear operator; f is bounded if exists a real
costant K such that

| f (x)|F ≤ K ∥x∥X ∀x ∈ X. (5.18)

Lemma 4. Let F a Fréchet space, X a Banach space and f : X → F a linear operator; if it is bounded then it is
continuous.

Proposition 15. Let F a Fréchet space and X a Banach space; then

1. LB (X,F) = { f : X → F : f is linear and bounded} ⊂ L(X,F);

2. | f |LB(X,F) = sup
x∈X
∥x∥X≤1

{
| f (x)|F

}
is a quasi-norm;

3.
(
LB (X,F) , |·|LB(X,F)

)
is a quasi-normed, complete metric space.

Proof. Let {Tn}n∈N ⊂ LB(X,F) be a Cauchy sequence.

Let’s fix ε > 0 and x ∈ X; then
|Tnx − Tmx|F ≤ |Tn − Tm|LB(X,F) ∥x∥X ≤ ε ∥x∥X (5.19)

for all n,m > nε ∈ N.
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By (5.19) we have that {Tnx}n∈N ⊂ F is a Cauchy sequence and there exists ỹ ∈ F such that Tnx → ỹ for n → +∞. Let’s
define

T : X → F (5.20)

by

T x = ỹ. (5.21)

We see that T is linear and that |Tn|LB(X,F) < C for all n ∈ N because
{
|Tn|LB(X,F)

}
n∈N
⊂ R is a Cauchy sequence; by theorem

(2.1) and corollary (2.1) of [19] we obtain that T ∈ L(X,F). Let’s consider |T x|F then

|T x|F ≤ |Tnx − T x|F + |Tnx|F
≤ ε + |Tnx|F
≤ ε + |Tn|LB(X,F) ∥x∥X
≤ ε +C ∥x∥X

(5.22)

and for ε ↓ 0 we have |T x|F ≤ C ∥x∥X . By (5.22) we obtain

|Tnx − T x|F ≤ ε ∥x∥X (5.23)

for all n > nε; then Tn → T in
(
LB (X,F) , |·|LB(X,F)

)
. �

6. A Real Representation Theorem (I)

Theorem 8. There exists a unique isomorphism ΦS : F 7→ TF from Lip0 ([0,+∞) ,F) onto LB

(
L1 ([0,+∞) ,C) ,F

)
such

that

TFχ[0,t] = F (t) (6.1)

for all t ≥ 0 and F ∈ Lip0 ([0,+∞) ,F). Moreover,

TFg = lim
t→+∞

t∫
0

g (s) dF (s) =

+∞∫
0

g (s) dF (s) (6.2)

for all continuous functions g ∈ L1 ([0,+∞) ,C).

Proof. (Step 1). Let D = span
{
χ[0,t] : t > 0

}
; it is dense in L1 ([0,+∞) ,C), moreover ∀ f ∈ D exists a unique representa-

tion,

f =
n∑

i=1

αiχ[ti−1,ti) (6.3)

where 0 = t0 ≤ t1 ≤ ... ≤ tn = t and αi ∈ C.

Let F ∈ Lip (R,F) ∩C∞ (R,F); we define TF : D→ F by

TF ( f ) = TF

 n∑
i=1

αiχ[ti−1,ti)

 = n∑
i=1

αi (F (ti) − F (ti−1)) ; (6.4)
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then

|TF ( f )|F =

∣∣∣∣∣∣ n∑
i=1
αi (F (ti) − F (ti−1))

∣∣∣∣∣∣
F

≤
n∑

i=1
|αi (F (ti) − F (ti−1))|F

=
n∑

i=1

∣∣∣∣∣∣∣αi

ti∫
ti−1

F
′
(s) ds

∣∣∣∣∣∣∣
F

=
n∑

i=1

∣∣∣∣∣∣∣ αi
|αi |

ti∫
ti−1

|αi| F
′
(s) ds

∣∣∣∣∣∣∣
F

=
n∑

i=1

∣∣∣∣∣∣∣
ti∫

ti−1

|αi| F
′
(s) ds

∣∣∣∣∣∣∣
F

=
n∑

i=1

∣∣∣∣∣∣∣
|αi |ti∫
|αi |ti−1

F
′ ( s
|αi |

)
ds

∣∣∣∣∣∣∣
F

≤
n∑

i=1

|αi |ti∫
|αi |ti−1

∣∣∣∣F ′ ( s
|αi |

)∣∣∣∣
F

ds

≤
n∑

i=1
|αi| (ti − ti−1) ∥F∥Lip(R,F)

= ∥ f ∥L1([0,+∞),C) ∥F∥Lip(R,F)

(6.5)

Let F ∈ Lip0 ([0,+∞) ,F) then we define

F(t) =
{

F(t) if t ≥ 0
0 if t < 0 (6.6)

and we haveF ∈ Lip (R,F) and ∥∥∥F
∥∥∥

Lip(R,F) ≤ ∥F∥Lip0([0,+∞),F) . (6.7)

Let ϱn ∗ F ∈ C∞ (R,F) then

∣∣∣∣(ϱn ∗ F) (x) −
(
ϱn ∗ F

)
(y)

∣∣∣∣
F
=

∣∣∣∣∣∣∫R ϱn (x − s) F (s) ds −
∫
R
ϱn (y − s) F (s) ds

∣∣∣∣∣∣
F

=

∣∣∣∣∣∣∣∣
∫

B 1
n

(0)
ϱn (s)

[
F (x − s) − F (y − s)

]
ds

∣∣∣∣∣∣∣∣
F

≤ n
∫

B 1
n

(0)

∣∣∣∣[F (x − s) − F (y − s)
]∣∣∣∣

F
ds

= |x − y| n
∫

B 1
n

(0)

∣∣∣∣[F(x−s)−F(y−s)
]∣∣∣∣

F
|x−y| ds

≤ 2 |x − y|
∥∥∥F

∥∥∥
Lip(R,F)

≤ 2 |x − y| ∥F∥Lip0([0,+∞),F) .

(6.8)

By (6.7) and (6.8) we have

ϱn ∗ F ∈ Lip (R,F) ∩C∞ (R,F) (6.9)

and ∣∣∣∣Tϱn∗F ( f )
∣∣∣∣
F
≤ ∥ f ∥L1([0,+∞),C)

∥∥∥ϱn ∗ F
∥∥∥

Lip(R,F)

≤ 2 ∥ f ∥L1([0,+∞),C) ∥F∥Lip0([0,+∞),F) .
(6.10)

We proof that for every x ∈ R ∣∣∣ϱn ∗ F (x) − F (x)
∣∣∣
F
→ 0 for n→ +∞. (6.11)
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Let x ∈ R ∣∣∣ϱn ∗ F (x) − F (x)
∣∣∣
F
=

∣∣∣∣∣∣∫R ϱn (x − s)
[
F (s) − F (x)

]
ds

∣∣∣∣∣∣
F

≤
∫

B 1
n

(0)

∣∣∣∣ϱn (s)
[
F (x − s) − F (x)

]∣∣∣∣
F

ds

=
∫

B 1
n

(0)

∣∣∣∣∣∣∣n ϱ(ns)∫
R
ϱ(z) dz

[
F (x − s) − F (x)

]∣∣∣∣∣∣∣
F

ds

≤
∫

B1(0)

∣∣∣∣∣∣∣ ϱ(s)∫
R
ϱ(z) dz

[
F

(
x − s

n

)
− F (x)

]∣∣∣∣∣∣∣
F

ds

then by the scalar dominated convergenge theorem we have (6.11), moreover∣∣∣∣Tϱn∗F ( f ) − TF ( f )
∣∣∣∣
F
=

∣∣∣∣∣∣ n∑
i=1
αi

(
ϱn ∗ F (ti) − ϱn ∗ F (ti−1)

)
−

n∑
i=1
αi (F (ti) − F (ti−1))

∣∣∣∣∣∣
F

=

∣∣∣∣∣∣ n∑
i=1
αi

(
ϱn ∗ F (ti) − F (ti) − ϱn ∗ F (ti−1) + F (ti−1)

)∣∣∣∣∣∣
F

≤
n∑

i=1
max {1, |αi|}

[∣∣∣ϱn ∗ F (ti) − F (ti)
∣∣∣
F
+

∣∣∣ϱn ∗ F (ti−1) − F (ti−1)
∣∣∣
F

]
then

∣∣∣∣Tϱn∗F ( f ) − TF ( f )
∣∣∣∣
F
→ 0 for n→ +∞ and

lim
n→+∞

∣∣∣∣Tϱn∗F ( f )
∣∣∣∣
F
= |TF ( f )|F . (6.12)

By (6.11) and (6.12), if f ∈ D, we have

|TF ( f )|F = lim
n→+∞

∣∣∣∣Tϱn∗F ( f )
∣∣∣∣
F
≤ 2 ∥ f ∥L1([0,+∞),C) ∥F∥Lip0([0,+∞),F) . (6.13)

(Step 2). Conversely, if T ∈ LB

(
L1 ([0,+∞) ,C) ,F

)
we define

F(t) = Tχ[0,t) ∀t ≥ 0. (6.14)

We proof that F ∈ Lip0 ([0,+∞) ,F); by (6.14) we obtain F(0) = T (0) = 0; let t > s ≥ 0, then

|F(t) − F(s)|F ≤
∣∣∣Tχ[0,t) − Tχ[0,s)

∣∣∣
F

=
∣∣∣T (
χ[0,t) − χ[0,s)

)∣∣∣
F

=
∣∣∣T (
χ[s,t)

)∣∣∣
F

≤ ∥T∥LB(L1([0,+∞),C),F)
∥∥∥χ[s,t)

∥∥∥
L1([0,+∞),C)

= ∥T∥LB(L1([0,+∞),C),F) (t − s),

(6.15)

F ∈ Lip0 ([0,+∞) ,F) and
∥F∥Lip0([0,+∞),F) ≤ ∥T∥LB(L1([0,+∞),C),F) . (6.16)

We proof that TF = T ; let f ∈ D then

TF ( f ) = TF

(
n∑

i=1
αiχ[ti−1,ti)

)
=

n∑
i=1
αi (F (ti) − F (ti−1))

=
n∑

i=1
αi

(
Tχ[0,ti) − Tχ[0,ti−1)

)
=

n∑
i=1
αi

(
Tχ[ti,ti−1)

)
T

(
n∑

i=1
αiχ[ti,ti−1)

)
= T ( f ),

(6.17)
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then T = TF on D; but D is dende in L1 ([0,+∞) ;C) then T = TF . If T = TG we have G = F.

Let g ∈ L1 ([0,+∞) ;C) ∩ C ([0,+∞) ;C), F ∈ Lip0 ([0,+∞) ,F) and t > 0; if Π denote a finite partition 0 = t0 < t1 <
... < tn = t of [0, t] with partitioning points ti and with some intermediate points si ∈ [ti−1, ti], for i = 1, ..., n, we denote by
|Π| = max

i=1,..,n
{(ti − ti−1)} the norm of Π, then we have

fΠ =
n∑

i=1

g(si)χ[ti−1,ti) ∈ D (6.18)

and

TF ( fΠ) = TF

(
n∑

i=1
g(si)χ[ti−1,ti)

)
=

n∑
i=1

g(si) (F (ti) − F (ti−1))

= S (g, F,Π).

(6.19)

We proof that fΠ → gχ[0,t) in L1 ([0,+∞) ;C) for |Π| → 0∥∥∥∥∥∥ n∑
i=1

g(si)χ[ti−1,ti) − gχ[0,t)

∥∥∥∥∥∥
L1([0,+∞);C)

=
t∫

0

∣∣∣∣∣∣ n∑
i=1

g(si)χ[ti−1,ti) (s) − g (s) χ[0,t) (s)

∣∣∣∣∣∣ ds

=
t∫

0

∣∣∣∣∣∣ n∑
i=1

(g(si) − g (s)) χ[ti−1,ti) (s)

∣∣∣∣∣∣ ds

≤
t∫

0

n∑
i=1
|g(si) − g (s)| χ[ti−1,ti) (s) ds

(6.20)

then by the Cantor’s theorem we have ∥∥∥∥∥∥∥
n∑

i=1

g(si)χ[ti−1,ti) − gχ[0,t)

∥∥∥∥∥∥∥
L1([0,+∞);C)

→ 0 (6.21)

if |Π| → 0. By (6.19) and (6.21) we obtain

TF
(
gχ[0,t)

)
=

t∫
0

g (s) dF(s) (6.22)

then for t → +∞, since gχ[0,t) → g in L1 ([0,+∞) ;C),

TF (g) =

+∞∫
0

g (s) dF(s). (6.23)

�

Proposition 16.
(
Lip0 ([0,+∞) ,F) , |·|Lip0([0,+∞),F)

)
is a quasi-normed, complete metric space.

Proof. By theorem (8) and proposition (15). �

7. A Real Representation Theorem (II)

Theorem 9. There exists a unique isometric isomorphismΦS : F 7→ TF fromFsLip0 ([0,+∞) ,F) ontoL
(
L1 ([0,+∞) ,C) ,F

)
such that

TFχ[0,t] = F (t) (7.1)

for all t ≥ 0 and F ∈ FsLip0 ([0,+∞) ,F). Moreover,

TFg = lim
t→+∞

t∫
0

g (s) dF (s) =

+∞∫
0

g (s) dF (s) (7.2)

for all continuous functions g ∈ L1 ([0,+∞) ,C).
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Proof. (Step 1). Let D = span
{
χ[0,t] : t > 0

}
; it is dense in L1 ([0,+∞) ,C), moreover ∀ f ∈ D exists a unique representa-

tion,

f =
n∑

i=1

αiχ[ti−1,ti) (7.3)

where 0 = t0 ≤ t1 ≤ ... ≤ tn = t and αi ∈ C.

Let F ∈ FsLip0 ([0. +∞) ,F); we define TF : D→ F by

TF ( f ) = TF

 n∑
i=1

αiχ[ti−1,ti)

 = n∑
i=1

αi (F (ti) − F (ti−1)) ; (7.4)

then

∥TF ( f )∥k =

∥∥∥∥∥∥ n∑
i=1
αi (F (ti) − F (ti−1))

∥∥∥∥∥∥
k

≤
n∑

i=1
αi ∥F (ti) − F (ti−1)∥k

≤ Lip0,k (F)
n∑

i=1
αi (ti − ti−1)

= Lip0,k (F) ∥ f ∥L1([0,+∞),C).

(7.5)

Let f ∈ L1 ([0,+∞) ,C) and ε > 0 there exists gε,k ∈ D such that ∥ f − g∥L1([0,+∞),C) <
ε

Lipk(F) , by (4.5) for all k ∈ N we
have ∥TF ( f − g)∥k ≤ ε, TF has a unique extension and

∥TF ( f )∥k ≤ Lip0,k (F) . (7.6)

Let
ΦS : FsLip0 ([0,+∞) ,F)→ L

(
L1 ([0,+∞) ,C) ,F

)
(7.7)

defined by F 7→ TF ; then ΦS is linear and ∥ΦS (F)∥k ≤ Lip0,k (F) for all k ∈ N.

(Step 2). Conversely, if T ∈ L
(
L1 ([0,+∞) ,C) ,F

)
we define

F(t) = Tχ[0,t) ∀t ≥ 0. (7.8)

We proof that F ∈ FsLip0 ([0,+∞) ,F). By (7.8) F(0) = T (0) = 0 and if t > s ≥ 0 we have

∥F(t) − F(s)∥k =
∥∥∥Tχ[0,t) − Tχ[0,s)

∥∥∥
k

=
∥∥∥Tχ[s,t)

∥∥∥
k

≤ ∥T∥k
∥∥∥χ[s,t)

∥∥∥
L1([0,+∞),C)

≤ ∥T∥k (t − s)

(7.9)

and
Lip0,k (F) ≤ ∥T∥k . (7.10)

Let f ∈ D then

TF ( f ) = TF

(
n∑

i=1
αiχ[ti−1,ti)

)
=

n∑
i=1
αi (F (ti) − F (ti−1))

=
n∑

i=1
αi

(
Tχ[0,ti) − Tχ[0,ti−1)

)
=

n∑
i=1
αi

(
Tχ[ti,ti−1)

)
T

(
n∑

i=1
αiχ[ti,ti−1)

)
= T ( f ),

(7.11)

then T = TF on D; but D is dense in L1 ([0,+∞) ;C) then T = TF and if T = TG we have G = F.
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Let g ∈ L1 ([0,+∞) ;C) ∩ C ([0,+∞) ;C), F ∈ FsLip0 ([0,+∞) ,F) and t > 0; if Π denote a finite partition 0 = t0 < t1 <
... < tn = t of [0, t] with partitioning points ti and with some intermediate points si ∈ [ti−1, ti], for i = 1, ..., n, we denote by
|Π| = max

i=1,..,n
{(ti − ti−1)} the norm of Π, then we have

fΠ =
n∑

i=1

g(si)χ[ti−1,ti) ∈ D (7.12)

and

TF ( fΠ) = TF

(
n∑

i=1
g(si)χ[ti−1,ti)

)
=

n∑
i=1

g(si) (F (ti) − F (ti−1))

= S (g, F,Π).

(7.13)

We proof that fΠ → gχ[0,t) in L1 ([0,+∞) ;C) for |Π| → 0∥∥∥∥∥∥ n∑
i=1

g(si)χ[ti−1,ti) − gχ[0,t)

∥∥∥∥∥∥
L1([0,+∞);C)

=
t∫

0

∣∣∣∣∣∣ n∑
i=1

g(si)χ[ti−1,ti) (s) − g (s) χ[0,t) (s)

∣∣∣∣∣∣ ds

=
t∫

0

∣∣∣∣∣∣ n∑
i=1

(g(si) − g (s)) χ[ti−1,ti) (s)

∣∣∣∣∣∣ ds

≤
t∫

0

n∑
i=1
|g(si) − g (s)| χ[ti−1,ti) (s) ds

(7.14)

then by the Cantor’s theorem we have ∥∥∥∥∥∥∥
n∑

i=1

g(si)χ[ti−1,ti) − gχ[0,t)

∥∥∥∥∥∥∥
L1([0,+∞);C)

→ 0 (7.15)

if |Π| → 0. By (7.15)

TF
(
gχ[0,t)

)
=

t∫
0

g (s) dF(s) (7.16)

then for t → +∞, since gχ[0,t) → g in L1 ([0,+∞) ;C),

TF (g) =

+∞∫
0

g (s) dF(s). (7.17)

�

Proposition 17.
(
FsLip0 ([0,+∞) ,F) , |·|FsLip0([0,+∞),F)

)
is a quasi-normed, complete metric space and Lip0 ([0,+∞) ,F) ⊂

FsLip0 ([0,+∞) ,F).

Proof. By theorem (9) and proposition (14). �
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