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Abstract

In this paper, the SBA method is used to construct the solution of the nonlinear partial differential equations.
Keywords: SBA method, wave-like equation, partial differential equation.

1. Introduction

The nonlinear problem play a significant role in many diverse areas of science and technology. Many problem are gou-
verned by partial differential equations, or by systems of partial differential equations. It is difficult to find their exact
solutions. In this paper, we use the Some Blaise Abbo (SBA) method (Abbaoui. K and Cherruault. Y (1999); Abbaout. K
and Cherruault. Y .(1995); Abbo Bakari (2007); Bonazebi Yindoula J., Pare Youssouf, Bissanga Gabriel, Bassono Francis
and Some Blaise, (2014); Pare Youssouf, (2010); Pare Youssouf, Yaro Rasmane, Elysee Gouba and Blaise Some,(2012))to
find the exact solution of some wave-like equations with variable coefficients ( Ghoreishi, M., Ismail, A. I. B. and Ali, N.
H. M. (2010); V.G.Gupta, Sumit Gupta (2013)) and a system of partial differential equations (Ghoreishi, M., Ismail, A. I.
B. and Ali, N. H. M. (2010); Wazwaz, A.M.,(2002)). These equation have been studied in ( Ghoreishi, M., Ismail, A. I. B.
and Ali, N. H. M. (2010)) is (V.G.Gupta, Sumit Gupta (2013)), one used the homotopy perturbation to get the approached
solution for the wave-like equations and the exact solution for the system of partial differntial equations.

2. About the SBA Method

Let’s consider the following fonctional equation

Where A : H — H, is a linear or nonlinear operator and H is a Hilbert space.

Let’s suppose that we can decompose the nonlinear in following form :
A=L-R-N )

Where L + R is linear ,N nonlinear, L is an inversible in the Adomian sense.

Equation (1) therefore becomes :
Lu—Ru—-Nu=feu=0+L"(f)+L " (Ru)+ L ' (Nu) 3)

Where 6 is such that L6 = 0. Equation (3) is the Adomian canonical form (ABBAOUI. K and CHERRUAULT. Y .(1995)).
Using the successive approximations (ABBO BAKARI (2007)), we get

W=+ LN+ LR + LN, k> 1 4)
This vields the following Adomian algorithm:
uf =6+ L+ LN k> 1

®)

ut = L‘l(Ruﬁ_l); n>1
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If the series

+00
A
n=0
converges, then
+00
= b (6)
n=0
, therefore
u = lim uﬁ @)
k—+c0

is the solution of the equation (1).
3. Numerical Applications
Example 1

Consider the following nonlinear wave-like equation with variable coefficients(Ghoreishi, M., Ismail, A. I. B. and Ali, N.
H. M. (2010))

822(;26’ D - NuG) —uxn. 0<x<l, 1>0
u(x,0) =0 -
u(x,0) = x*
With
NGux,0) = 2 2 a) = 2,) N

From (8) we obtain the following canonical Adomian form :

u(x,t) = x21+f (fY N(u(x,z))dz) ds—f (fY u(x,z)dz) ds (10)
0 0 0 0

Let us applay to (10) the method of the successive approximations, one obtains

u(x,t) = x2t+N(uk’1)—f (fx u(x,z)dz)ds (11D
o \Jo

Nty = f t ( f NG z))dz) ds (12)
0 0

From (11), we have the following algorithm of Adomian:

Where

u/(‘) =x2t+NW ", k>1
(13)
! S
uk = —fo (fo u’;_l(x,z)dz)ds; n>1

First step
For k = 1, we take u®(x, f) = 0 and we obtain N(u°) = 0.
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From(13), we have

u, =xt
t

1 _ 1yl 2

u, =D 3!x
t

1 _ 12l 2

u, =(-1) S!X

ul = (—1)3Tx2

2n+1

Thus the exact solution to the first step is

Second step

For k = 2, we have

From (13), we obtain

and

From wich, we obtain

1 _ n__~ 2
= D T
R t2n+1
ul(x, 1) = Z =x (Z(— Y ] = xX’sint
n=0 n=0

N(ul(x,t>)=f(f(f(f( Zou) - 2(ui»z)dz)ds

= fot (fox(4xzsinzz - 4xzsin2z)dz) ds =0

us =x-t

t
2 _ b 2
u; =(-1) 3!x
2 __12b 2
u; =(-1) S!X

2 N
u; =(-1) ﬁx

5 t2n+l 2
— 1 n_______
= T
) © ) t2n+l
— — n
u“(x,t) = ;un X Z( ' — ) = sint

uk(x, fH= X2 sint
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5)

(16)

a7

(18)

19)
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From wich, we obtain
uk(x,1) = lim uk = x*sint (20)

k—+0c0

Example 2 Consider the following two dimensional nonlinear wave-like equation with variable coefficients ( Ghoreishi,
M., Ismail, A. I. B. and Ali, N. H. M. (2010))

Fu(x,y,1
% = N(u(x,y, 1) —u(x,y,t), O0<x<l1, >0
w0 = e @)

u(x,y,0) =e®
With
0? 32
N(u(x,y, 1) = dxdy ———— (Uxx }y) (quxm) (22)

From(21) we obtain the following canonical Adomian form

t S i3 S
u(x,y,r) = e? + te® + f (f N(u(x,y, z))dz) ds — f (f u(x,y, z)dz) ds 23)
0o \Jo 0 \Jo

From(23), the successive approximations give us

! S
uk(x,y,0) = eV + te™ + Nk (x,y,2)) - f ( f uk(x,y, z)dz) ds (24)
o \Jo
Where ) )
N (x,3,2)) = f (f N (x,y, z))dz) ds (25)
o \Jo
From (24) we have the following algorithm of Adomian:
=¥ +1e” + N (ny,2), k=1
(26)
W, = —fot (fOS uﬁ(x,y,z)dz)ds ,n=0
Let us apply to (26), the principle of picardy, we remark that u°(x, y, 1) = 0 is a root of the N(u’(x, y,z)) = 0
And for k = 1, we obtain :
u(l) =eV +te?
2 B
u} = e”(——' - —)
P
1 Xy -
h =G tsy
7 @7
ul = ez - o)
. 2n 2n+1
=Y |(=1)" Qe
U =€ [( Vo T Y @
let’s put
m—1 2n+1
m(X,y,1) = ) = 1" + (=1)" 28
on(x.3.) ;)u(xy) e([( )(2), ( )Qnﬂ),) (28)
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From (28), we obtain the exact solution to the first step :

' (x,y,0) = lim @, (x,y,1) = e (cost + sint) (29)
m—+oo

Second step

For k = 2, we have:

o O [[3He™))[0He™) o & a(e™)) (9(e™)
1 _ 2 _ 2
N(u'(x,y,1) = (cost + sint) oxdy [( e )( o )] (cost + sint) axdy [(XY)( ox )( ay )]

= 2(cost + sint)>xye™ (2x*y* + 5xy + 2) — 2(cost + sint)*xye* (2x*y* + 5xy +2) = 0 30)

= N (. y,2) = f ( f X N(ul(x,y,z»dz) ds=0
0 0

From(24), we obtain :

ué =eV +te?
2 P
2 _ Xy _
up =53y
# P
2 oyl 4 I
wh =gty
© 7 (D
2 _ o L1
u; =g T

) 2n 2n+1
= eV |(=1)" —1)"
U =€ [( Vo T Y @
then
m=1 ) m-1 £2n 20+l
m\As 9t = s ,t =ev _ln + _1 e 32
(X, ;1) ;unuy) e ZO[< Y G+ )(2ﬂ+1)!] (32)
And the solution to the second step is
W(x,y,f) = lim @u(x,y,1) = e”(cost + sint) (33)
m—+oo

While using the same procedure for k > 3, the solution to the k step is

eyt = lim @u(x,y, 1) = e”(cost + sint) (34)

So the exact solution of example 2 is:

u(x,y,t) = kEer uk(x,y,1) = e (cost + sint) (35)

Example 3

Consider the following nonlinear system of partial differential equation (wazwaz, A.M., (2002)):
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let’s put

From (36), we have

u (X, y, 1) + v, y, Owy(x, 3, 1) — vy(x, ¥, Owr(x, y, 1) = —u(x, y, 1)
vi(x, 3, 1) + wi(x, y, Duy(x, y, ) + wy(x, y, Dux(x, y, 1) = v(x,y,1)

wi(X, y, 8) + (X, y, Ovy(x, y, 1) + uy(x, ¥, Dvo(x, ¥, 1) = 2(x,y,1)

u(x,y,0) =e
v(x,y,0) =e7
w(x,y,0) =e

Ni(v(x,y, 80, w(x,9,1)) = —vx(x, 3, OWy(X, 3, 1) + (X, y, Owi(x, ¥, 1)
No(u(x,y, 1), w(x, y, 1) = —wx(x,y, Duy (X, y, 1) — wy(x,y, Du(x,y, 1)

N3(u(x,y,1),v(x,y,0) = —ux(x,y, Ovy(x, ¥, 1) — uy (X, y, vi(x, ¥, 1)

u(x,y, 1) = u(x,y,0) - fot u(x,y, s)ds + fot Ni(v(x,y, 8), w(x,y, s))ds
v(x,y, 1) = v(x,y,0) - fot v(x,y, s)ds + fot No(u(x,y, s), w(x,y, s))ds

w(x,y, 1) = w(x,y,0) - fot w(x,y, s)ds + fot N3(u(x,y, s), v(x,y, s))ds

For every k > 1 we get u],‘,(x, v, 1) for n > 0, through the following SBA algorithm

With

u’(‘) = e + Nj (AT whh
!

ut = — fo uﬁ_l(x, v, 8)ds

vg = e + Ny(uk=!, wk 1)
1

ko= - fo vﬁ_l(x,y, s)ds

w’é =V + N3(uk‘1,vk‘1)
1
w’,‘l = - fo uﬁ_l(x, v, s)ds
AL wk ) = TN 047 ey, ), w T (x, y, 9)ds

Ny=! WAty = [F Nk (x,y, ), w1 (2, y, 9)ds

Ny! 41y = [ N3k (x, y, ), V71, y, $))ds
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Fork =1,
Choosing u” = 0,1° = 0, w’ = 0, we have N;(v°, w®) = N,(u°, w®) = N3(u°,°) = 0,

From (39,40,41),we obtain

Ltl — ex+y
u} = —te*
2
t
1 _ X+y
u —e
2 2!
3
1 — _x+y
u, = 3!6‘
(_1)1111’[
ul = — ety
n!
1 _ x-y
v, =e
v} = te*™
2
t
1 S
v, = 23e
£
vl = ——e"Y
3 312
tn
vl = —eY
n!
1 e
w, =e
w} = te™"
2
t
1 _ 2 —x+y
w, = 23@
1 ! tz —x+y
w, =——e
3 312
tn
who= —em
n!

Thus

_ INE TAN
=i e = (21 S e

tn
-1 -1 _
ol = i) = (52 £ e

tn
_1 —1 .
0= Si e = (22 e
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either

u'(x, ) = limy_, 100 @), = &7

vi(x, 1) = limy_ 1o ¢,1n = ¥ (47)

wl(x, 1) = limy oo ), = ¥

For k = 2, We have :

ot owl vt ow!

Nyt wh = fot Ni(v'(x,y, s), w(x,y, $))ds = f(; (—a X 6_y + E X E)ds = fol(_ezs +e*)ds =0

- ow'  ou' ow'  ou! ,
NQ(MI, Wl) = Jg NZ(ul(xa Y, S), Wl(x,y, S))ds = j(‘)l (—E X E - a—y X E)ds = J(;t(e2} - ezy)ds =0 (48)
_ oul ot oul !
Nau!, vy = [ Na(u! (x,y, $),v' (x, 3, 9))ds = [} (—a—b; X a_vy - % x a_vx)ds = [ (e = e*)ds =0
From (39,40,41),we obtain
u% = ety
u% = —te™
Lt2 _ ﬁex+y
2 2
A
u% — _gex+y (49)
2 L CUT
" n!
vy, =e?
v% =te*™”
2
v% - t_ex—y
> P o (50)
EEET A
"
V%l = aexiy
W(2) = Xty
w2 = te
! 2
2 — t —x+y
W2 = ze
2
W2 — t_ t_e—x+y (51)
3 312
w2 o= ﬁe‘“"
" n!
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then
_ (=D
O = Ty ul(x, y,1) = (2;;0‘ e
2 _ oyl 2 me1 P\ oy
G = 2ipo Un(X, 2, 0) = | 2050 e (52)
) 1, » "
= S i = (5 o)
either

2 : 2 )—t
u (-x’ t) = hmk—>+oo Pm = ex+}

V2(x, 1) = limy_ oo @2, = €570 (53)

W2(x, 1) = limy oo Y2, = 70

While using the same procedure for & > 3, the solution to the & step is

Uk (x, 1) = limyyso0 o = €9

VE(x, 1) = limy_yo0 )y = €570 (54)

wh(x, 1) = My, oo Y = €59

from which,we obtain

u(x, 1) = limg_ oo k(x, 1) = €9

V(x, 1) =l V(1) = 57 (55)

w(x, 1) = limg_, 00 Wh(x, 1) = e

4.Conclusion

Through these example,we showed again the usefulness of the SBA method,in the research of an approximate solution of
an equation and this method give us the exact solution.
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