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Abstract

In this paper we provide a characterization of strictly positive N X< Nmatrices of operators and a factorization of their
inverses. Consequently, we provide a test of strict positivity of matrices in M, (C). We give equivalent conditions for the
inequality I >T*T +TT *. We prove a theorem involving inflated Schur products [4, P. 153] of positive matrices of
operators with invertible elements in the main diagonal which extends the results [3, P. 479, Theorem 7.5.3 (b), (c)]. We
also discuss strictly completely positive linear maps in the paper.
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1. Introduction

Let M,(C) be the algebra of all complex N X< Nmatricesand B(H) be the algebra of all bounded linear operators on a
Hilbert space H . For two self-adjoint operators S and T in B(H), the order relation S>T means that
{((S-=T)h,hy=0 for all h in H.If T>0 and invertible, then T is called a strictly positive operator denoted by
T>0.Let A and B be C*-algebrasand let L: A— B be a bounded linear map. The map L is strictly positive if
L(a) >Owhenever a >0 in A.Themap L is strictly completely positive if L& :A®M —>B®M, defined by
L®I1,(a®b)=L(a)®b is strictly positive for all n. Applying operator determinant of a positive 2 x 2 matrix [2,
Problem 71], we give a characterization of a strictly positive 2 x 2 operator matrix [6, Lemma 2.1]. In Section 2, we
extend 2 x 2 positive matrices to n X n positive matrices, give an equivalent condition for strictly positive Nxn
matrices of operators, and prove properties of strictly positive operators. In Section 3, we provide characterizations of the
inequality | >T'T +TT~ where T € B(H)and have the famous estimate by Kittaneh 2005 [Studia Math 168]. In Section
4, applying the property that an inflated Schur product of a positive matrix of operators is positive [4], we provide
properties of a Schur product of positive matrix of operators which extend the results [3, P. 479, Theorem 7.5.3 (b) (c)].
Finally, we prove that the inflated Schur product of a positive matrix of operators with invertible elements in the main
diagonal is strictly completely positive.

2. Strictly Positive Operators
Applying [6, Lemma 2.1] we have a characterization of strictly positive N<X N operator matrices as follows:

Proposition 2.1. Suppose that X;€ B(H;,H;) where H;(i=12,..,n) is a Hilbert space. If X is self-adjoint
(i=12,..,n)and X, is invertible, then the NX N operator matrix

Xpio Xp o Xy
X .o X

X = X1 22 1 H,®H,®.®H, > H,®H,®..®H,
S ORI

is strictly positive if and only if X, and

X22 X23 ' X2n
X3 X33 - . * 1

Qn—lz : _(X12X13""X1n) (X11 )(X12X13""X1n)
X2n X3n Xnn
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are strictly positive. Moreover,

1 - X11_1X12 D Xll_lxln 1 - Xnilxiz L X1171X1n
w 1|0 1 0 0 (xlll 0 J 0 1 0 0
" 0 : 0 0o Q.,° 0 : 0
0 . 0 1 0 . 0 1
X22* X23 X2n
23 X33

Proof. From [6, Lemma 2.1] with A=X,,, B = (X X3 %) and C = we know that

n n-1n Xnn
X 0 ' 0 1 X1171X12 ' X1171X1n
X = X, Xy = Xip X11_1X12 o Xon = Xp X11_1X1n 0 1 0 0
! 0 0
Xln* XZ"*_Xin*Xu_lez o X T Xin*xll_lxln 0 . 0 1
1 X11_1X12 ' X11_1X1n X q ' 0* 1 X11_1X12 ' X11_1X1n Since
_ 0 1 0 0 0 Xy =X X1171X12 - Xon T Xpp X1171X1n 0 1 0 0
0 . 0 . . . . . 0 . 0
0 0 1 0 in* - Xln*Xll_lxlz Xpn — Xln*xn_lxm 0 0 1
-1 -1 -1 -1 -1
1 X X o Xy X, 1 - Xy X o Xy X,
0 1 0 0 = 0 1 0 0 , we can see that X is strictly positive if and only
. . 0 . 0 . 0
0 . 0 1 0 . 0 1

if X, and €, arestrictly positive.

Corollary 2.2. The operator matrix X , in the Proposition 2.1 is positive if and only if X, and Q) , are positive.

Corollary 2.3, Corollary 2.4, and Corollary 2.5 in the followings are known for the case of positive sub-matrices, but for
the case of strictly positive sub-matrices, we need to discuss more.

Corollary 2.3. Suppose that the main diagonal elements X;; (i =1,2,...,n) of the NXNoperator matrix X, are

self-adjoint and invertible . If X s strictly positive, then the matrices X;(i=212,..n) (Xﬂ* ))?ZJ
2 22

X X - Xin1

Xll X12 X13 *

* X12 X22 ' X2n—1 - .-

Xo  Xpo  Xog |y e are strictly positive.

X13* X23* X33 * . . * .
Xln—l ' Xn—2n—1 Xn—ln—l

Proof. Since
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0 01 0 . 01 Xon Xn-1n Xin
010 01 0| |x : C Xpa
X, =| "t |> 0, applying Proposition 2.1, we have that
0 0 . 0 . D
1 0 0 1 O O Xln XlZ Xll
Xn—ln—l Xn—Zn—l Xln—l
X,, and « | arestrictly positive.
X2n—l X22 X12
Xln—l XlZ Xll
Hence
X1 Xp : Xin-1
X12 X22 . . .
is strictly positive. Follow the same procedures, we have the Corollary.
Xn—Zn—l
Xln—l : Xn—Zn—l Xn—ln—l
i‘u a; &,
12 a . a )
Corollary 2.4. If 2 2" | is strictly positivein M _(C), then a,(i=12,...,n), E‘il %2 e
B S . iz ay
din dn-1n 4,
ay A, . Ay,
iz Ay : A . ..
are strictly positive.
aln—l . an—Zn—l an—ln—l

Proof. From [3, p.432, 7.1.10] we know that &; is nonzero and self-adjoint (i =1,2,...,n).

Corollary 2.5. Suppose that the main diagonal elements X;, (i =1,2,...,n) of the NXN operator matrix X, are

X X
self-adjoint and invertible. If X, s strictly positive, then the matrices ( " 12)7 {Xu* Xlsj,
X12 X22 X13 X33

( XM* Xan ] are strictly positive.

Xln Xnn
Il . K h Xll X12 O * -1 f
Proof. From Corollary 2.3 and Proposition 2.1, we know that X, "y >0 and X,, — X, X; X,>0.1
2 22
X1 X X3
* 0 Xpo  Xp3 * -1 0
X, Xy Xp3 | > U, then * — (Xi2%3) (%13 )(X%55) > 0.
* * 23 33

X13 X23 X33
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Or Xgg — X13*X11_1X13 > (X23*—X13*X11_1X12)(X22 - X12*X11_1X12)_1(X23 - X12*X11_1X13) 20.

Hence ( Xll* Xlgj >0.

X13 X33
Applying the mathematical Induction, if n =Kk is true. That is,
X1 X : Xik
X . X
£ | 2 2 1> 0, then (X“* Xikj>0.
. . . Xpo o X
Xik X X
Xll XlZ ' X1k+l
X X . X
. k . s
Now, if 12 2 G PN , Applying Proposition 2.1, we have
Xik+1 Kot Xiqakn
X,, X X % X X,
22 23 ' 2k+1 X12 Xll X12 X12 Xll XlS : X12 Xll X1k+l
* * -1 * -1
Xz Xg3 : Xkt | | Xz X X Xz Xpg X : >0
* 71 .
Xlk Xil Xlk+l
* * * -1 * -1 * -1
X2k+l ' ka+l Xk+1k+1 Xlk+1 Xll X12 . X1k+l Xll Xlk X1k+l Xll X1k+1

By induction we obtain

* -1 * -1
Xoo = X5 X1 X5 Kok — X2 X1 Xyyeiq >0
* * -1 * -1 .
Xosr ~ Xuerr X1 X2 X — Xaer Xi1 Xieaa

Or

Kkl — X1k+1*X11_1X1k+1 > (X2k+l* - X1k+1*x11_1x12)(xzz - X12*X11_1X12)_1(X2k+1 - X12*X11_1X1k+1) >0.

Hence

( X Y }0_
X1k+1 Xk+lk+1

We prove an inequality of strictly positive operators without equal sign as follows:
Proposition 2.6. Let A,B € B(H), where H is a Hilbert space. Then

A>B>0 ifandonlyif B*> A?'>0.

Proof. Applying Proposition 2.1, we know that the following five inequalities are equivalent:

1 1

101 | B2 0 1 | B2 o 1 A B2 1 1
A>B>0 , 21R2 , >0, = >0, and PR
A>B2IB2>0 B; A (. o) : A (| 0 : | >B2A"'B?2
Hence

B'>A'>0.
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Xpo X o X

X12 XZZ . X2i

Theorem 2.7. Let X, = be strictly positive, X, =X, ,and X; beinvertible (i =12,.....n), then

Xli* Xzi* - X
A where A isinvertible and Aifl isthe (i,1) -entry of Xifl

a1 =A%, (AT 0 1 0
Proof. If =2 , then X21= 1 % ! _1( ! j where Al_1=xll_l ,
0 1 0 A, — X, A 1

Azil = (X — )(12*)(1171)(12)_1 = the (2,2) -entry of Xzi1

1 —A7%, —A %1 0 0 AT 0 0
If i=3, then X, =0 1 0 0 1 —A,  (Xp—Xo%; Xa)| O A7 0
0 0 1 0 1 0 0 A"
1 0 0 1 00
0 1 0 —x,A, " 1 0] where

0 _(Xza*_xis*XuilXu)Azil 1 _)(13*A171 01

A3_1 = [X33 - X13*X11_1X13 - (X23* - X13*X11_1X12)A2_1(X23 - X12*X11_1X13)] =the (3’3) -entry of Xs_l
and the inverse of

1

1 —A %, —-A %1 0 0
0o 1 0 [0 1 —A, (Xy- xlz*xll‘le) is
0 0 0 0
10 1 A '1x12 A X
O l A2_1()(23 XlZ X11X13) { 0
0 0 1
In general, applying Proposition 2.1, we have
1 - X11_1X12 - X11_1X1n 1 - X11_1X12 - X11_1X1n
v |0 1 0 0 xS’ 0]0 1 0 0
" 0 . 0 0 Q" 0 . 0
0 0 1 0 0 1
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1 - X1171X12 . - Xllilxln
-1
X 0 0
=B| ™ . |B. where B, = :
O Qn—l In—l
0
and
-1 * -1 -1 * -1
1_A2 (Xzs - X12 X11 X13) : . 1_A2 (XZn - X12 X11 Xln)
3 A0
Q - 0 2 _1
' In—2 0 Qn—z
0
1- Az_l(xza - XlZ*Xll_lxls) : . 1- A2_1()(2n - X12*X11_1X1n)
0
In—2
0
1 0 . 0
Let Bz _ 0 1- Azil(xzs - X12X1171X13) : 1- A271()(2n - X12*X1171X1n) , then
0 In—z
A0
-1
X, " =B,B, 0 4 0 L, |B,B/
0 Q. ,
Repeating the same steps by applying Proposition 2.1, we have
-1
I, o 14 9 0 I, o T
_ _ 0 . 0 . _ . .
X, =BB,..B,, 1 —A 1 N 1 —A,_,t|B,,...B ,
0 0 1 ' n-1 . 0 1
0 0 A

where t=the (1,2)-entry of Q,.Nowlet A =BB,..B , we have the theorem.

Xll XlZ . Xln
X X . X

Theorem 2.8. X, = 1 2 s strictly positive if and only if Al_l,Az_l, ..... An_l are strictly
Xln X2n * Xnn

positive where A" isthe (i,i)-entryof X" (i=12,....n).

Proof. From Corollary 2.3, we know that X;, X,,....... , X, are strictly positive. By Proposition 2.7, we have the
Theorem.
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We give an example of Theorem 2.8 as follows:

Example 2.9. Let T € B(H) for some Hilbert space H, E;; be the NXN matrix with 1 in the (i, j) -entry

and 0 elsewhere, and |, be the identity in M (B(H)) .

I T 0 O I T 0 0" AT 0 .0
1 .0 "1 . 0 1o A?
>0 = 2
If o T , then ' T A, . A, where
00T 1) o 0T 1) 0 . 0 4°
A=, A= -TT)Y AT =(1-T'A, T)* are strictly positive (k=34,..,n) and

Ah* = (In -T® E1,2)(|n _AzilT ® Ez.s)----(ln _An—lilT ® En—l,n) .

Xll ' ) Xln

XlZ X22

Corollary 2.10. let X, = be strictly positive in M (C) and X; (i=123,.....,n) are

X1n X2n ' Xnn

nonzero real numbers, then the determinantof X, =AA,...A, .

A, 0 .0
N A 0 A, . 4 . _—
Proof. From proposition 2.7, we know that X, = A, 0 A, . It is not difficult to see that the
0 0 A

determinant of A, and A: are equal to 1.

We have a test for strictly positive matrices in M, (C) asfollows:

X1 . - X,

X, X, . X
Corollary 2.11. Let X, =| % % *1eM_(C).Then

Xin X9+ X

nn

X, > 0 isstrictly positive if and only if the determinantof X, >0. (i=12,.....n).
Proof. By Theorem 2.8 and Corollary 2.10, we have the Corollary.

X1 . - X

X X . X
Corollary 2.12. Let X, =| 2 % leM, (C).

X1n X2n * Xnn
_ detX,
' odetX,,

If X,>0,then A, =x, and A for i1=23,...,n,
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Proof. Applying Corollary 2.10, we have the Corollary.

Xll . : Xln yll ' ' yln
X, X, . X Vo Y .Y

Proposition 2.13. Let X, = 1 2 | and Y, = 12 2 M| be strictly positive. If
Xln X2n ' Xnn yln y2n ' ynn

X,>Y,, then A (X) <A (Y) where A '(X) and A, (Y) are the (i,i) -entry of X, ™ and Y,

respectively (i =1,2,...,n) .

Proof. From Corollary 2.3, Proposition 2.6, and Theorem 2.7,we have the proposition.

ﬁ ) ' Xln yll . ) yln
X X . X

Corollary 2.14. Let X =| 7 "% 1and Y, = Yiz Va2 be strictly positive in M (C).
Xln X2n ' Xnn yln y2n ' ynn

If X,>Y,, thendet X 6 >det Y,.

Proof. Applying Corollary 2.10 and Proposition 2.13, we have the Corollary.
3. Operator Inequalities
Proposition 3.1. Suppose that X;;, X,,, X35 are self-adjoint and invertible. Then

Xy X%, 0
Xo Xy X |>0 ifandonly if X,, > X, Xy Xy + XpsXes Xos -
0 X23 X33
Xy X w7t 0
Proof. Applying Proposition 2.1 we have | = - > X2 X %o _
Xz a3 0 0
Or

(O 1}()(22 - X12*X1171X12 Xsz(O 1) _ (X33 Xzs* J > 0.
1 O X23 X33 1 O X23 X22 - X12 Xll_lxlz

* 71 71 *
Hence Xop = Xpp Xig Xpp > XpaXa3 Xpg -
We give a characterization of the inequality | > | +T " +T as follows:
Corollary 3.2. Let T € B(H) for some Hilbert space H . Then the following three inequalities are equivalent:

I T O
T 1 T[>0 I>TTH+TT, and [TT+TT|<L.
0 T 1
Proof. Applying Proposition 3.1 with X, =X,,= X33 =1 and X, = X,; =T , we obtain the Corollary.
Corollary 3.3. Let T € B(H).If T isnormal (T'T =TT"), then
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I T O

« 1
T° 1 T[>0 ifandonlyif |T||<—=.
o T | V2

. k T
We know that min{ k : [T* k) is positive } = ||T|| . We can find

k T O
min{k:[T" k T ispositive} as follows:
0 T k
k T O
. 1
Corollary3.4.let T € B(H),then min{k:| T Kk T | ispositive} :”T*T _,_TT*HE.
0 T k
k T O
Proof. If | T~ Kk T | is positive, from Corollary 3.2, we have
0 T k
[TT +TT7| <Kk*. conversely, since [TT+TT I =TT +TT",
1 *. *
. 5 TT+TT
we have ”TT"'TT 1z . L where T #0.
T +71T7?
1
[TT+7T721 T 0
1
Applying Proposition 3.1, we have T ”T T+ TT*H3Z | T to be positive.
1
0 T [TT+7T721
Hence
. k T O
‘T*T +TT*HE >min{k:|T" k T/ ispositive}.
0 T k

The following Corollary is the famous estimate by Kittaneh 2005 [Studia Math 168].

Corollary 35. Let T € B(H), then 2wW(T) > ”T*T +TT*H;.

Proof. By [5, Proposition 2.2], we have the Corollary.

4. Inflated Schur Product

In [4] the authors discuss the positivity of inflated Schur product. In this Section we mainly discuss the strict positivity
of inflated Schur product. Moreover, we extend the results [3, P.479, Theorem 7.5.3 (b), (c)] to the case of inflated
Schur product.
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V. Paulsen, S. Power, and R. Smith [4] introduced the following definition;

Definition 4.1. Suppose that X; € B(H;,H;), where H;(i=12,...,n) is a Hilbert space. Let X, = (Xij). A

linear map Sy M (C) > B(H, ®H, ®..®H,) defined by Sy ((a;)) =X, o (a;)=(;%;) is called
an inflated Schur product.

Theorem 4.2. Suppose that X; € B(H,H;) where H,;(i=12,...,n) is a Hilbert space. If X;(i=212,...,n) is

Xu  Xp o X,
X . X
invertible and X, = % 2 PH,OH,®..@H, > H, ®H,®..®H, is positive, then the
Xt Xy . X

inflated Schur product
Sx ‘M, (C) >B(H, ®H, ®...®H,)is strictly positive.

Proof. (i) Suppose that n=2.

Since ( Xll* Xlzj >0 and (?ﬂ aﬁj >0, applying Corollary 2.3, Proposition 2.1, and corollary 2.2, we have
Xp Xy a2 a,,

|2

Bl [

1 1

* -1
X, >0,%, >0, and a,x,, > X2 %1 Xz

Hence

( Ay X,

* J is strictly positive.
QuaX, Xy

(ii) Suppose that n =Kk is true.

X4 Xp o Xy a, A, - Ayn
X Xy . Xy a2 8y . Ay

Since 12 2 21 1>0 and 2 21150, from Corollary 2.2, Proposition
Xpa X+ Kgawn Aik+1 A2kl . Qg

2.1, and Corollary 2.3, we have

X22 X23 ' X2k+1
. X X . X
X, >00=12,..k+1),| % % ¥ 1> 0, and
X2k+l X3k+l . Xk+lk+l
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2 J— J—
|a12| A1283 A28y 4y
a,, dys . Ay Q) 3112 a;;
az3 83, . Ay 138y, |a13| Q138 4y 0
' >V,
A A, a,
A1 Asket a - — )
krlkrl dik+1d;,  Aik+1d;4 |a1k+1|
&y A, a,
By induction, we have
) _
|a12| A128,3 A12dy
X5 Xo3 Kok
4 4 Q
azzxzz Ay3Xy3 A1 X041 ! 12 !
a. * a a
a23x23 A33X53 Ay 1 X3k 13, - | 13| X33 15841 Xay o1
ay a, A,
5-2k 1X . aBk 1X . a X - '
+1 ok 41 +1 A3k 41 K+1k+17% +1k+1 k18, .+ Akl R |a1k+1|
2k +1 X3k+1 Xk+1k+l
a, a a,
Since
2 —_— —_—
|a12| a1285 Q128 4
a, a, a,
J— 2 J—
Qu3d,, |313| Ai13dy, 4 1 ( )*( )20
a,  a, By | g, Gl B) (Bodie-2t) 20,
B I . -
Auk+18y, Ak+1a, |aik+1|
a, a, a,
we have
2 — —
|a12| X Q1285 X A128y, 4 X
22 23 . 2k+1
& a, Ay
2 —
813812 |a13| X 13y g X
X53 33 . 3k+1
a;; a;; a;;
B . . '
aik+18,, *  Qik+13 * |a'lk+1|
2k +1 X3k+l ' Xk+1k+l
a;; a;; 1
|aiZ| gl126‘13 *y 1 gl1281k 1y %y 1
X12 Xy X12 I PRATRRAT = Xip X1 Xk
1 1 1
5.13812 * - |313|2 * -1 é_llsaikﬂ * -1
> Xz X1 X X3 X1 Xig Xig X1 Xyjpq
a, 1 a;
a1k+1a12 a1k+16113 |a1k+1|
ai X1k+1 Xll X12 X1k+l ll 13 lk+l Xll X1k+l
1 1 1
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Hence
Xy Ay Xpp o A Xy
a12Xy, Ay, X5, . A1 X041 S0
Ak+1Xpy g A2kaXpy - A Xon

This proves the Theorem.
Example 4.3. Applying Corollary 2.11, we know that

2 10
[1 2 1] is strictly positive. If I > T*T + TT*, from Corollary 3.2, we have
01 1
I T O 2 T O
T* I T| =0.ByTheorem4.2, the matrix |T* 2 T| isstrictly positive.
0 T 1 0 T8 1

Corollary 4.4. 1f X, is strictly positive in Theorem 4.2, then the inflated Schur product an is strictly positive.

Corollary 4.5. 1f X, > X, >0 in B(H,®H,®..®H) and the main diagonal elements of X, — X,

are strictly positive, then X, ©(&;) > X, ©(&;) forevery (a;)>0 in M (C).
Corollary 4.6. Let X, be strictly positive in B(H, ®H,®..®H) and (8;)>0eM_ (C).if X, is

invertible, then Xn_l o (aij)‘l > (X, o (aij))‘l_

Proof. From[3, Theorem 7.7.17(a)] we know

X, | (aij) I _ Xno(aij) |
(I anJo | (aij)‘l B | Xn‘lo(aij)‘l '

Corollary 4.7. Let X, be positive in B(H,®H, ®...®H,) and the main diagonal elements of X, are invertible, then
the inflated Schur product an is strictly completely positive.

Proof. From Theorem 4.2 the inflated Schur product is strictly positive. Let

Au A - A
Ae Ay o Py be strictly positivein M (M (C)) , then
Ain* Azn* ' Ahn

Ail Aiz ' Ain xnoAil XnOAlz ' XnoAin

*

A, Ay Al [ X0A XioA, L X oA,

(Sx, ®1,)

*

Aﬁ Azn* ) Am XnoAin XnOAZn ' XHOAH’]
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Xn Xn ' Xn Ail A12 : Aln

X X XA A A
Xn . Xn Xn Aln* AZn* . Am
Hence

Sy, is strictly completely positive.
5. Conclusion

We provide a test of strictly positive matrices in M, (C) and equivalent conditions for [ > T*T + TT*. Also, we prove
that a Schur product of a positive matrix of operators with invertible elements in the main diagonal is strictly completely
positive.
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