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Abstract 

In this paper we provide a characterization of strictly positive nn matrices of operators and a factorization of their 

inverses. Consequently, we provide a test of strict positivity of matrices in )(CMn . We give equivalent conditions for the 

inequality ** TTTTI  . We prove a theorem involving inflated Schur products [4, P. 153] of positive matrices of 

operators with invertible elements in the main diagonal which extends the results [3, P. 479, Theorem 7.5.3 (b), (c)]. We 

also discuss strictly completely positive linear maps in the paper. 
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1. Introduction 

Let )(CMn  be the algebra of all complex nn matrices and )(HB  be the algebra of all bounded linear operators on a 

Hilbert space H . For two self-adjoint operators S  and T  in )(HB , the order relation TS   means that 
0,)(  hhTS  for all h  in H . If 0T  and invertible, then T  is called a strictly positive operator denoted by 

0T . Let A  and B  be *C -algebras and let BAL :  be a bounded linear map. The map L  is strictly positive if 
0)( aL whenever 0a  in A . The map L  is strictly completely positive if nnn MBMAIL  :  defined by 

baLbaIL n  )()(  is strictly positive for all n. Applying operator determinant of a positive 2 × 2 matrix [2, 

Problem 71], we give a characterization of a strictly positive 2 × 2 operator matrix [6, Lemma 2.1]. In Section 2, we 

extend 2 × 2  positive matrices to 𝑛 × 𝑛 positive matrices, give an equivalent condition for strictly positive nn  

matrices of operators, and prove properties of strictly positive operators. In Section 3, we provide characterizations of the 

inequality ** TTTTI   where )(HBT  and have the famous estimate by Kittaneh 2005 [Studia Math 168]. In Section 

4, applying the property that an inflated Schur product of a positive matrix of operators is positive [4], we provide 

properties of a Schur product of positive matrix of operators which extend the results [3, P. 479, Theorem 7.5.3 (b) (c)].  

Finally, we prove that the inflated Schur product of a positive matrix of operators with invertible elements in the main 

diagonal is strictly completely positive. 

2. Strictly Positive Operators 

Applying [6, Lemma 2.1] we have a characterization of strictly positive nn  operator matrices as follows: 

Proposition 2.1. Suppose that ),( ijij HHBx  where ),...,2,1( niHi   is a Hilbert space. If iix  is self-adjoint 
),...,2,1( ni  and 

11x  is invertible, then the nn  operator matrix  
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, we can see that nX  is strictly positive if and only 

if 
11x  and 1n  are strictly positive. 

Corollary 2.2. The operator matrix nX  in the Proposition 2.1 is positive if and only if 
11x  and 1n  are positive. 

Corollary 2.3, Corollary 2.4, and Corollary 2.5 in the followings are known for the case of positive sub-matrices, but for 

the case of strictly positive sub-matrices, we need to discuss more. 

Corollary 2.3. Suppose that the main diagonal elements iix ),...,2,1( ni   of the nn operator matrix nX  are 
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Proof. From [3, p.432, 7.1.10] we know that iia is nonzero and self-adjoint ).,...,2,1( ni   
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Theorem 2.7. Let 
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*

12

1

212

1

11

*

13

*

23 x

x

xxxx

 where  

)]()([ 13

1

11

*

1223

1

212

1

11

*

13

*

2313

1

11

*

1333

1

3 xxxxxxxxxxxx


  the )3,3( -entry of 
1

3


X , 

and the inverse of 

































 




100

)(10

001

100

010

1

13

1

11

*

1223

1

2

13

1

112

1

1

xxxx

xx

 is  















 























100

010

1

100

)(10

001 13

1

112

1

1

1311

*

1223

1

2

xx

xxxx . 

In general, applying Proposition 2.1, we have  

*

1

1

1112

1

11

1

1

1

11

1

1

1112

1

11

1

10.0

0.0.

0010

.1

0

0

10.0

0.0.

0010

.1



















 


































 















n

n

n

n

xxxx

x

xxxx

X
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11

1

1

11
1

0

0
B

x
B

n























 where 



















 






0

.

0

.1

1

1

1

1112

1

11

1

n

n

I

xxxx

B , 

and 
































 














 1

2

1

2

2

1

1

11

*

122

1

213

1

11

*

1223

1

2

1

1
0

0

0

.

0

)(1..)(1

nn

nn

n
I

xxxxxxxx

 

*

2

1

1

11

*

122

1

213

1

11

*

1223

1

2

0

.

0

)(1..)(1



















 





n

nn

I

xxxxxxxx

. 

Let


























2

1

1

11

*

122

1

213

1

111223

1

2

2

0

.

)(1.)(10

0.01

n

nn

I

xxxxxxxx
B , then 

*

1

*

21

2

1

2

1

1

21

1

0.

00

.0

BBBBX
n

n





































. 

Repeating the same steps by applying Proposition 2.1, we have  

*

1

*

2

*

1

1

2

1

1

1

1

1

1

1

2

221

1
.....

10

1

0

0.0

0..

.0.0

0.0

100

1

0

... BBt

I

t

I

BBBX nn

n

n

n

n

n

nn 





















































































 , 

where t the )2,1( -entry of 
2 . Now let 121 ...  nn BBBA , we have the theorem. 

Theorem 2.8. 























nnnn

n

n

n

xxx

xxx

xxx

X

.

....

.

.

*

2

*

1

222

*

12

11211

 is strictly positive if and only if 
11

2

1

1 ,.....,


 n
 are strictly 

positive where 
1 i  is the ),( ii -entry of 

1

iX  ),.....2,1( ni  . 

Proof. From Corollary 2.3, we know that nXXX ,.......,, 21  are strictly positive. By Proposition 2.7, we have the 

Theorem. 
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We give an example of Theorem 2.8 as follows: 

Example 2.9. Let )(HBT   for some Hilbert space H , jiE ,  be the nn  matrix with 1 in the ),( ji -entry 

and 0 elsewhere, and nI  be the identity in ))(( HBMn . 

If 0

00

..0

0.

00

*

*























nn
IT

T

IT

TI

, then n

n

n

nn

AA

IT

T

IT

TI

























































1

1

2

1

1

*

1

*

*

0.0

0...

..0

0.0

00

..0

0.

00

 where 

I
1

1
, 1*1

2 )( 
 TTI , 

11

1

*1
)( 




 TTI kk

 are strictly positive ),...,4,3( nk   and 

))....()(( ,1

1

13.2

1

22,1

*

nnnnnnn ETIETIETIA 






 . 

Corollary 2.10. let 























nnnn

n

n

n

xxx

xxx

xx

X

.

....

.

..

21

22212

111

 be strictly positive in )(CM n  and iix ),.....,3,2,1( ni  are 

nonzero real numbers, then the determinant of nnX  ....21 . 

Proof. From proposition 2.7, we know that 
1

0.0

0...

..0

0.0

2

1

1* 






























n

n

nn AAX . It is not difficult to see that the 

determinant of nA  and 
*

nA  are equal to 1. 

We have a test for strictly positive matrices in )(CMn  as follows: 

Corollary 2.11. Let 























nnnn

n

n

n

xxx

xxx

xx

X

.

....

.

..

21

22212

111

)(CMn . Then 

0nX  is strictly positive if and only if the determinant of 0iX . ),.....2,1( ni  . 

Proof. By Theorem 2.8 and Corollary 2.10, we have the Corollary. 

Corollary 2.12. Let 























nnnn

n

n

n

xxx

xxx

xx

X

.

....

.

..

21

22212

111

)(CMn . 

If 0nX , then 
111 x  and 

1det

det




i

i
i

X

X
 for ni ,....,3,2 . 
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Proof. Applying Corollary 2.10, we have the Corollary. 

Proposition 2.13. Let 





















nnnn

n

n

n

xxx

xxx

xx

X

.

....

.

..

*

2

*

1

222

*

12

111

 and 





















nnnn

n

n

n

yyy

yyy

yy

Y

.

....

.

..

*

2

*

1

222

*

12

111

 be strictly positive. If 

nn YX  , then )()(
11

YX ii


  where )(

1
Xi


  and )(

1
Yi


  are the ),( ii -entry of 

1

iX  and 
1

iY

respectively ),...,2,1( ni  . 

Proof. From Corollary 2.3, Proposition 2.6, and Theorem 2.7,we have the proposition. 

Corollary 2.14. Let 























nnnn

n

n

n

xxx

xxx

xx

X

.

....

.

..

21

22212

111

 and 























nnnn

n

n

n

yyy

yyy

yy

Y

.

....

.

..

21

22212

111

 be strictly positive in )(CMn . 

If nn YX  , then det nX det nY . 

Proof. Applying Corollary 2.10 and Proposition 2.13, we have the Corollary. 

3. Operator Inequalities 

Proposition 3.1. Suppose that 332211 ,, xxx  are self-adjoint and invertible. Then 

0

0

0

33

*

23

2322

*

12

1211


















xx

xxx

xx

 if and only if 
*

23

1

332312

1

11

*

1222 xxxxxxx


 . 

Proof. Applying Proposition 2.1 we have .
00

012

1

11

*

12

33

*

23

2322

























xxx

xx

xx
 

Or  

.0
01

10

01

10

12

1

11

*

122223

*

2333

33

*

23

2312

1

11

*

1222 





































 












xxxxx

xx

xx

xxxxx
 

Hence 
*

23

1

332312

1

11

*

1222 xxxxxxx


 . 

We give a characterization of the inequality TTII  *  as follows: 

Corollary 3.2. Let )(HBT   for some Hilbert space H . Then the following three inequalities are equivalent: 

,0

0

0

*

* 
















IT

TIT

TI

 ,** TTTTI   and 1** TTTT . 

Proof. Applying Proposition 3.1 with 1332211  xxx  and Txx  2312 , we obtain the Corollary. 

Corollary 3.3. Let )(HBT  . If T is normal )( ** TTTT  , then 
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0

0

0

*

* 
















IT

TIT

TI

 if and only if 
2

1
T . 

We know that 








kT

Tk
k

*
:min{  is positive T} . We can find  

















kT

TkT

Tk

k
*

*

0

0

:min{  is positive}  as follows: 

Corollary 3.4. let )(HBT  , then 

















kT

TkT

Tk

k
*

*

0

0

:min{  is positive}  2

1
** TTTT  . 

Proof. If 

















kT

TkT

Tk

*

*

0

0

 is positive, from Corollary 3.2, we have 

2** kTTTT  . Conversely, since 
**** TTTTITTTT  , 

we have 
2

1
**

**

2

1
**

TTTT

TTTT
ITTTT






 where 0T . 

Applying Proposition 3.1, we have 





























ITTTTT

TITTTTT

TITTTT

2

1
***

2

1
***

2

1
**

0

0

 to be positive. 

Hence 



















kT

TkT

Tk

kTTTT
*

*2

1
**

0

0

:min{  is positive} . 

The following Corollary is the famous estimate by Kittaneh 2005 [Studia Math 168]. 

Corollary 3.5. Let )(HBT  , then 2

1
**)(2 TTTTTw  . 

Proof. By [5, Proposition 2.2], we have the Corollary. 

4. Inflated Schur Product 

In [4] the authors discuss the positivity of inflated Schur product. In this Section we mainly discuss the strict positivity 

of inflated Schur product. Moreover, we extend the results [3, P.479, Theorem 7.5.3 (b), (c)] to the case of inflated 

Schur product. 
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V. Paulsen, S. Power, and R. Smith [4] introduced the following definition: 

Definition 4.1. Suppose that ),( ijij HHBx  , where ),...,2,1( niHi   is a Hilbert space. Let  ijn xX  . A 

linear map )...()(: 21 nnX HHHBCMS
n

  defined by )()())(( ijijijnijX xaaXaS
n

   is called 

an inflated Schur product. 

Theorem 4.2. Suppose that ),( ijij HHBx   where ),...,2,1( niHi   is a Hilbert space. If ),...,2,1( nixii   is 

invertible and nn

nnnn

n

n

n HHHHHH

xxx

xxx

xxx

X 





















 ......:

.

....

.

.

2121

*

2

*
1

222

*

12

11211

 is positive, then the 

inflated Schur product 

)...()(: 21 nnX HHHBCMS
n

 is strictly positive. 

Proof. (i) Suppose that 2n . 

 Since 0
22

*

12

1211










xx

xx
 and ,0

2212

1211










aa

aa
 applying Corollary 2.3, Proposition 2.1, and corollary 2.2, we have 

,0,0 2211  xx  and 
12

1

11

*

12

11

2

12

22

11

2

12

2222 xxx
a

a
x

a

a
xa


 . 

Hence  










2222

*

1212

12121111

xaxa

xaxa
 is strictly positive. 

(ii) Suppose that kn   is true. 

Since 0

.
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.

.
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*
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*
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*

12

111211


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



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




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


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k
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 and 0

.
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.

.
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111211




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






















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k

k
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aaa

, from Corollary 2.2, Proposition 

2.1, and Corollary 2.3, we have  

,0

.
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.

.
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*

13

*
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*
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












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








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This proves the Theorem. 

Example 4.3. Applying Corollary 2.11, we know that  

[
2 1 0
1 2 1
0 1 1

] is strictly positive. If 𝐼 ≥ 𝑇∗𝑇 + 𝑇𝑇∗, from Corollary 3.2, we have 

 [
𝐼 𝑇 0

𝑇∗ 𝐼 𝑇
0 𝑇∗ 𝐼

] ≥ 0. By Theorem 4.2, the matrix [
2 𝑇 0

𝑇∗ 2 𝑇
0 𝑇8 𝐼

] is strictly positive. 

Corollary 4.4. If nX  is strictly positive in Theorem 4.2, then the inflated Schur product 
nXS  is strictly positive. 

Corollary 4.5. If 0
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Corollary 4.7. Let nX be positive in )...( 21 nHHHB   and the main diagonal elements of nX  are invertible, then 

the inflated Schur product 
nXS  is strictly completely positive. 

Proof. From Theorem 4.2 the inflated Schur product is strictly positive. Let  
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Hence 

nXS  is strictly completely positive. 

5. Conclusion 

We provide a test of strictly positive matrices in 𝑀𝑛(𝐶) and equivalent conditions for 𝐼 > 𝑇∗𝑇 + 𝑇𝑇∗. Also, we prove 

that a Schur product of a positive matrix of operators with invertible elements in the main diagonal is strictly completely 

positive. 
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