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Abstract

The article investigates how the two divisors of a RSA modulus distribute in the T3 tree. It proves that, the two divisors
of a RSA modulus lie on the same level or on two adjacent levels and at least one of them is clamped on the same level
where the square root of the RSA modulus lies. Then the paper proposes three interval-subdivisions that can indicate
which subinterval the two divisors lie in. Mathematical deductions are showed in detail, which can be a reference to
design algorithm of RSA factorization.
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1. Introduction

The RSA modulus, which is also called a RSA number, is a big semiprime composed of two distinct prime divisors, say
pand g with 3 < p < gsuch that 1 < ¢/p < V2, according to the American Digital Signature Standard (DSS)(NIST,
2009). As stated in WANG’s paper(WANG, 2017: Strategy RSA), the RSA numbers have been essentially important
in cryptography ever since the RSA public cryptosystem was established. It is believed that, a systematic theory or
method that can factorize the RSA numbers means the failure of the RSA public cryptosystem. Thus factorization of
the RSA numbers has been a dream filled with fantasies of researchers and engineers working on information security.
Nevertheless, the list of unfactroized RSA numbers gets longer and longer on the bulletin.

In August 2016, WANG introduced a new approach, called T3 tree, to study integers in article (WANG, 2016: Valuated
Binary Tree). Through the approach, many new properties of integers were disclosed, as introduced in papers list in the
references of WANG’s papers (WANG, 2016, 2017, 2018) and CHEN’s paper (CHEN, 2018), and even new approaches
to factorize integers were found, as claimed in FU’s paper (FU, 2017) and LI’s paper (LI, 2018).

Due to the importance of RSA numbers, it is necessary to investigate them on the T tree. Accordingly, this article makes
a brief investigation on the trait of the RSA modulus on the 73 tree. The research in this article may provide certain
foundation for knowing the RSA modulus.

2. Preliminaries
2.1 Definitions and Notations

Let S be a set of finite positive integers with sy and s, being the smallest and the biggest terms respectively; an integer x
is said to be clamped in S if 5o < x < 5,. Symbol x £ S indicates that x is clamped in . Symbol | x] is the floor function,
an integer function of real number x that satisfies inequality x— 1 < [x] < x, or equivalently | x] < x < |x]+ 1. Let N = pq
be an odd integer with 1 < p < g; then k = > is called the divisor-ratio of N.

In this whole paper, symbol T3 is the T3 tree that was introduced in WANG’s papers (WANG, 2016 & 2018: T3 Tree)
and symbol N ;) is by default the node at position j on level k of T3, where k > 0 and 0 < j < 2k — 1. By using
the asterisk wildcard *, symbol N ., means a node lying on level k of T5. An integer X is said to be clamped on level
k of T5 if 28! < X < 22 — 1 and symbol X 2 k indicates X is clamped on level k. An odd integer O satisfying
2Kl 11 < 0 < 22 — 1 is said to be on level k of T3, and use symbol O Lkto express it. Symbol (p = ¢) = k means
integers p and g are on the same level k or clamped on the same level k. Symbol A ® B means A holds and simultaneously
B holds, symbol A@® B means A or B holds. Symbol A = B means conclusion B can be derived from condition A. Symbol
(a = b) > ¢ means a takes the value of ¢ and a > c. The union symbol U of the set operation is also used in this paper.
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2.2 Lemmas

Lemma 1(See in (WANG, 2016 & 2018: T; Tree)). The Ts tree has the following fundamental properties.
(P1). Every node is an odd integer and every odd integer bigger than I must be on the T tree. Odd integer N with N > 1
lies on level |log,N] — 1.
(P2). N j is calculated by
Nojy=2M"+1+2j,j=0,1,..,2° -1 (1)

and thus
24 1 < Ny jy <22 -1 )

(P3). The biggest node on level k of left branch is 2! + 2K — 1 whose position is j = 25! — 1, and the smallest node on
level k of right branch is 2" + 2% + 1 whose position is j = 271 . On the same level, there is not a node that is a multiple
of another one.

(P4). Multiplication of arbitrary two nodes of T3, say Nnq) and N, p), is a third node of Ts. Let J = 2"(1 + 28) + 2"(1 +
2a) + 2af + a + B; the multiplication N, q) X N p) is given by

Nonay X Nougy = 2" + 1427 3)

IfJ < 2™ then Nonay XNy = Nonans1.0 lies on level m+n+1 of Ts; whereas, if J > 2™ Ny oy XNiwg) = Nonsns2.p)
with y = J — 2" lies on level m + n + 2 of T.

Lemma 2(See in (WANG, 2018: Square root)). Let N > 3 be an odd integer and k = |log,N] = 1 ; then (| VN| <
LZL%J \/EJ) 4 {%J when k is odd whereas ([ZL%J \/§J < [\/NJ) 2 {%J when k is even.

Lemma 3(See in (WANG, 2017: Summary floor function)). For real numbers x and y, it holds
(P2). |x] - )= 1 < x—y) < L) = y) < L) = Ly) + 1

(P6). | xy] = |x]Ly] with x,y > 0.

(P7). || < & with x> 1 and y > 0.

X

(P13). x <y = |x] <yl

(PI5). [Lm—ifz | £] withm 1.

(P28). N — L\/NJZ > 0 with N being a positive integer.

(P31).i—-1<2 BJ < iwith i being a positive integer.

Lemma 4(See in (WANG, 2018: Inequalities)). Lef @ and x be a positive real numbers; then it holds

alx]-1<lax] <a(x]+1)
Particularly, if a is a positive integer, say a = n, then it yields
nlx] <|ax] <n(x]+1)-1
Lemma 5. Let n be a positive odd integer; then n = [\/ﬁJz orn= [\/;lJ (L \/ZJ +2) lf{ \/ZJ |n.

Proof. Since [\/EJ |n, it knows that there is a positive integer k such that n = k I_ \/ﬁJ By definition of the floor function,

{\/ﬁJ < \/ﬁ<[\/ﬁJ+l;hence

[\/ﬁr$n<([\/ﬁJ+1)2:[\/ﬁJ2+2l\/ﬁJ+l
Sk{\/ﬁj<{\/ﬁf+2{\/ﬁj+l
sk<{\/ﬁJ+2+ﬁ
\/ﬁJSkS{\/ﬁJ+2

which means k takes one of [ \/ﬁJ ,{ \/ﬁJ + 1 and {\/EJ +2.

Obviously the case k = [\/EJ + 1 is impossible because 7 is odd. Hence k = {\/EJ ork = [\/EJ +2. m]
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3. Main Results
Proposition 1. Let N = pq be an odd integer with 1 < p < gand 1 < ;—i < k; then

3-k k+1
225N <p <[ WJe [ W] <q < | SV
where k is real, | x] = 0if x < 0.
Particularly, when k = 2, it yields
N 3
[g <p<| VW] W|<q<| W]

when k = % it yields

when k = 2, it yields

[u_ ﬁz_l)ﬁ}ﬂns[\ﬁﬂ@[\/ﬂg]s

Proof. By 1 < p < g, it knows

p<VYN®g> VN
Then the conditions 1 < p < gand 1 < % < k directly yield

g+p>2ypg®p<q<kp
=-—qg-p<-2YN®0<g-p<(k-Dp<k-1VYN
= 2p<(k-3)VN®2g < (k+1)VN

=Sk YN<p<VWNe VN<g< VN

= |5 VN|<p<| VN|e| VN| < g < |4 VN|

Proposition 2. Let N = pq be an odd integer with 1 < p < gand 1 < % < k; then

pS[‘/IT/J<kp®%<[\/NJSq

“4)

(&)

(6)

)

Proof. Use proof by contradiction. Assume kp < \_\/NJ, then by 1 < % < kityields p < ¢ < kp < VN which is
contradictory to g > VN. Likewise, by 1 < % < k, assuming % > {\/NJ results in a contradiction of { \/NJ <i<p. o

Proposition 3. Let N and k be positive integers with k > 2; then it holds

-

1
;J_z

|2

k+1
2

—1:(EWJQVLIJ—1)@(
and
k+1

| :

In general, for arbitrary positive integer M and k > 0 it holds

Mékz{t%ék-l
IMEk+1
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Proof. k > 2 is mandatory because k < 2 yields [k” J 2 < 0 losses its meaning. By definition,
V]2 |55 - 1= 2l [V <ol cal e ®)

Then simple deduction with the help of the inequality (8) yields

[\/NJQL’%‘Jq:zL%J<W_J<2L%‘J+l
|_k+IJ1<L‘FJ<2|_MJ=>2|_k+IJ1< |_\/>J‘| ZLI%IJ

Mék:>2k+lSM<2k+2=>2kS%<2k+lﬁsz[%J<2k+l

and
M E k=2 < M o< 2F2 = 2K 2 < opp < 2k o ok 2 <o < okH3

ML
By Lemma 2(P15), V‘FJJ:{TWJ andthus[\/_Jé[HTlJ—l:[VTNJQV%IJ—z,Mék:{ [ijJé]’:Hl :

By Lemma 4, it knows

Em <3 VN]+ )= [ V] L[V
and
EWJ>§WJ_1-%WJ+§WJ_1
Thus | VN| > 3 yields | 2 VN| < | VN|. and | VN| > 4 yields ﬁx/ﬁj>%[\/ﬁjz[@J.Notethat,theconditionsk>2

and [\/_J 2 L J — 1 indicate L\/_J > 4, accordingly

Similarly, it can show

Since | VV] 2[4 ] - 1 = [ | £ |452] - 2, it surely holds

w2 [t -1:><EWJ2V%1J-1>@<EWJ2VL; ~2)
" [«/ﬁjéﬂq:({ \52"1 ]%1—1)69((1—\/_ j V‘”J—z)

Proposition 4. Let N = pq be a node of Tz with 1 < p < gand 1 < % < 2; then
(1) p and q lie on the same level or on two adjacent levels.
(2) At least one of p and q lies on the same level as where [ \/NJ is clamped.
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Proof. Without loss of generality, let p = N,y and ¢ = N, ) with n > m > 0. Use proof by contradiction.

To prove the assertion (1), assume 7 —m > 2. Then p and ¢ satisfy p <22 -1 < 2" -1 and g > 2! + 1. Consequently

n+l1 n+l _
2>2 +1:2 2+3:2+ 3 >
p -1 -1 -1

This is contradictory to the condition 1 < % < 2. Hence it must hold 0 < n —m < 2, which says the assertion (1) holds.

To prove the assertion (2), let k = |[log,N| — 1. By Lemma 2, {\/NJ 2 L%J = L%J — 1. Assume the neither of p and ¢
is clamped on level l%J —1;then p < 2l5 1@ g < 2L - holds or p > 2L5 I+ @ ¢ > 2L5'J#! holds. By Lemma
3P31), 2|4 | -2 <k - Tand 2| %] +2 > k + 2, it knows

p <2l g g <ol o N = pg < 221512 < ok

and
p> L5 I+ ®q > T S N = pq > 22552 5 k2

Either case is contradictory to 2¢*! < N < 2+2, o

Corollary 1. Let N = pq be a node of T and (k = |log,N| — 1) > 2, where | < p < gand 1 < % < 2. Then

(WNJ<2L’%‘J+1)@((W_J=2L%J+1>®<[«/NJ+N»

ipé\;kiz-lJ 2®gq [k+lJ 1 9)
([«/_J—ztki‘nl)@q«/_pzv) w0
s =251 ne@g=25+ne@=251+3) 2 || -1
(VN| = 2% - e VN|IN) o
= (=2 -_n2 |8 |-De(g=2"I"-Deg=2l1 1) 2|4
LI -1 <| VN e (| VN|=2lF 1" - e | VN|t M)
Akt k+ (12)
=q2 |5 ep |41

Proof. Since p < [\/NJ < VN < g, it knows [\/_J <251 p< 2L ], Considering that p is odd and L5 4 1s
the smallest node on level \_k”J 1,p < 2L | means that p is on level [k”J 2 or higher. By Lemma 2, \_\/_J 2 [’%lj—l.
This fact and Proposition 4 indicate that ¢ and [\/_ J are clamped on level ["“J — 1, and it must fit p = [k”J 2.

Now consider the case (L \/NJ =25+ He ([ VN J 1 N). Obviously, the following deduction (13) is surely valid.

(PN @ (p <| VN & (| VN|{N)

= p<| V] = p &[] -2 (1

For the case [\/NJ =251 4+ H® (L \/NJ |N), it immediately knows by Lemma 4

(g=2l%1+1n2 {k; IJ_ Dae(g=251+3)2 k+1)_ 1
Likewise, by Lemma 4 , the case ([ \/NJ =l 1 - He ([ \/NJ |N) yields
(p=2l511_12 ka 1) De(g=2l71112 k+l )
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For the case [\/NJ > 2L 11— 1 it knows q=> {\/NJ > 2L 1 that means q is clamped on level [%J or lower. This
time, by Proposition 4 it knows that p and L\/_ J are clamped on level V‘” J —1,and thus g = V‘” J

For the case ([ \/NJ =ol5H 1 H® (I_ N/J_VJ 1 N), the following deduction (14) is surely valid.

@M (p=| VW) (VN|tN)=g> | W|=q2|—— (14)

k+1J

]

Example 1. Let N = 4331; then k = |log,N|—1 = |_log2(4331)J—1 =11,| VN|=| V433T| =65and 2l 5141 =20+1 =

65. Since | VN| = 2L J+1and | VN| 1 (N = 4331), it yields p = [k“J 2 = 4. Actually, p = 61 = 25+2x14+1 = Ny 14
is a divisor of N = 4331.

Example 2. Let N = 4087; then k = |log,N|—1 = |10og,(4087)|-1 = 10, | VN| = | V4087| = 63 and 2L+ ) +1 =261 =

63. Since | VN| =2l ) + 1 and | VN| { (W = 4087), it yields ¢ 2 |41] =5. Actually, p = 67 =20 +2x 1 + 1 = Ngs )
is a divisor of N = 4087.

Example 3. Let N = 16637; then k = [log,N] — 1 = [log,(16637)] — 1 = 13, | J | VI6637| = 128 and
+1
T

L5141 =27 +1 =129, Since | VN| = 2L + T and | VN| t (V = 16637), it yields p = { |-2 =5 Actually,
p=127=204+2x31+1= N531y 18 a divisor of N = 16637.

Example 4. Let N = 66049; then k = [log,N| - I = |log,(66049)| — 1 = 15, | VN| = | V66049| = 257 and
o5+ 1=2% 4+ 1 =257 Since | VN| = 2L + 1 and | VN|I(V = 66049), it yields p = 257 and ¢ = 257.
Example 5. Let N = 66563; then k = [log,N| - 1 = |log,(66563)] - 1 = 15, | VN| = | V66563] = 257 and

L5 ] 41228+ 1=257. Since | VN| = 2L + 1 and | VN|I(V = 66563), it yields p = 257 and ¢ = 259.

Corollary 2. Let N = pq be an odd integer and k = |log,N | — 1, where divisors p and q satisfy | < p < g and 1 <5< 2;
then there are 3 possible cases in term of the levels on which p and q lie, which are given by (15)

2|4 ]-ve@s|%]-n
rE|¥]-new@=|4t] -1 (15)
r=[5]-De@=|4)

1> Il

Proof. (omit) ]

Proposition 5. Let N = pq be an odd integer and k = |log,N| — 1, where divisors p and q satisfy 1 < p < q and
1 <4 < V2 then p and q lie on at most 2 levels of Ts, as shown in (15). Subdivide the interval [ZL%J‘1 +1, LSt 2 1]

into 6 subintervals by
L =l +1[2L“'J1«/'J+1)
L =[|2l% - x/'J+12L”'J—1]
=2l 4 |2l J\/'J+1)
L =[2l%1v2 +12L J+1—1] (16)
ol
=

then p 2 L ® (g 2 L ®q 2 1) in the case (p 2 L%J -2)®(q = I_ﬂJ -1, (p <q = V”J — 1 in the case
A A
(p:l%J—l)@(qzl%J—1)andpéI4®(qél5$q=16)mthecase(p=[%J—l)@(q

11>
—
-~
wofF
—
—
—

Proof. Since 1 < % < V2 < 2, the first conclusion is directly derived from Corollary 2 . Next is to prove the second

conclusion. By Lemma 1(P3), it is sure that (p < g) 2 Lk’glj 1 in the case (p = [k”J (g 2 L%J — 1), thus next is
for the other two conditions.
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(1). If (p V“J 2)®(q—V“J—1),itpossib1yyie1dSpeIleepelzandqe@@qeu.ThecaseSpe1,®qe13,
pelh®gely,peh,b®qezand p € I, ® g € I, are to be checked.

Forthecase pe I, ® g € I, ) el p< lZLHTIJ’l \/EJ and 2L5] < q < [ZL%IJ \/EJ lead to

g ol ol

p” PG| T NG v

which is contradictory to 1 < % < V2.

For the case p € I, ® g € L4, p) il S p < {ZL%]J‘l \/EJ and [2'-%] \/EJ < g < 2L +1 Jead to a contradiction to
< % < V2by

g 21512 >l I j
= > > = —
P [zL%J—l \/ZJ SRRV

Forthecase pe L ® g € I, [ZL%J‘I \/EJ <p< 2l5 and 2L < q < [ZL%J \/EJ + 1 lead to

L]

L]

\®]

> =1

SRS
)

and

2l Iv2]+ 1 2l V2] + 1)
g < < =
p [2L%J—' x/EJ ) WEJ

Forthecase pe b ® q € 14, [ZL%IJ \/EJ <p< 2l +1 and PL’%J \/EJ <g< ol I+ yield

7. PL%J \/EJ g 2% [\/EJ _,
p 2l%] ol

and k+1 k+1
q ol 5t [+ g5 J+1

p "R S E R V]

Q). If(p= [’”'J -D® (g 2 V”J) it possibly yields p e i ®@p e lyandg € Is®q € Is. Thecases p e 5 ®q € Is,
pelhqel,pely®qgelsand p € I, ® g € I are to be checked.
For the case p € L®g € I5,2L5'] < p < PL%IJ \/EJ and2l'F 1 < g < [ZL%J“ \/EJ yield a contradiction to 1 < % < V2
by

g 2l ol ]+

NG T AN V2

For the case p € 3 ® g € I, ol < p < L2|-’%]J \/EJ and [ZL%J” \/EJ <q< oL 142 also yield a contradiction to
<4< V2by

[2L% 11 vz lzvz'w V2 }

RN > =
p [2L%J \/EJ A% V2

Forthecase pe 4 ®q € I, lZL%IJ \/EJ <p< 2L +1 and 2L I+ < q< [ZL“T]J” \/EJ yield

g ol

and

q \_2|_%1J+1 \/EJ Lk+1J+1\/— 5
P< I_I-MJ\/_J S5 I_\/_J
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For the case p € 14 ® q € I, [ZL%J \/EJ +1<p< ol +1 and [ZL%J” \/EJ <g< p) Rl e yield

. 2

and
q ol J+2 2l 5HJ+2
1 < =2V2
p "IV 1 AT

Consequently, p = 1, ® (g € I; ® q € L) fits the condition (p = | 5! |-2)@ (¢ = | |- Dand p 2 L@ (g 2 s®q = I)
fits the condition (p = I_k”J el lkHJ)'

Example 7. Let N = 4331, then k = [log,N| — 1 = |log,(4331)] — 1 = 11. Subdivision (16) is instanced by

11 = [33,45], I, = [46,63],
I; = [65,90], 14 = [91, 127],
Is =[129,181], Is = [182,255]
By Example 1 itknows p =6l € , and g =71 € Is.
Example 8. Let N = 16637, then k = [log,N| — 1 = |log,(16637)| — 1 = 13. Subdivision (16) is instanced by
=1[65,90], I, = [91,127],

Iy =[129,181], 14 = [182,255],
Is = [257,362], I, = [363,511]

By Example 3 it knows p = 127 € I, and ¢ = 131 € I5.

Remark 1. With the help of Mathematica, the subdivision is easily implemented by the following program. When running
in Mathematica, changing the parameter kK immediately obtains the expected subdivision.

Tk ] o= 2Floort 5111 4 1.
Ir[k_] := Floor[ V2 x 2Fleorl51-17;

12r[k ] := Floor[ V2 x 2Fleorl'51-1] 4 1
2r(k_] := 2Flool51 —

Brlk_] := 2Flort5H 4 1

13r(k_] := Floor[ V2 x 2Fleorl5'1];
I4r[k_] := Floor[ V2 x 2Fleot5) 4 1
14r[k ] := 2Floor["”]+l —1;

I50[k_] := 2Fleort 51 4
I5r[k_] := Floor[ V2 x 2Fleorl 5141,
16r[k_] := Floor[ V2 x 2Fleort 51+ 4 1
I6r[k,] = 2Floor[%]+2 _ 1;
| * the — number — 13 — in — bracket — [| —is — the —k % |
ll = {I11[13],11r[13]};
= {12I[13], I2r[13]};
l3 = {I31[13], I3r[13]};
14 = {141[13], I4r[13]};
15 = {I51[13], I5r[13]};
16 = {I61[13], I6r[13]};
T ={I1,12,13,14,15,16}/ /MatrixForm

Proposition 6. Let (N = pg) > 64 be an odd integer and k = |log,N | — 1, where divisors p and q satisfy 1 < p < q and
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1< % < % Subdivide the interval [ZL%J‘I +1, LSt 1] into 6 subintervals by

=S 4 ol8 ) 3 x ol 53 4
L=1l5]—3xol5 13 10l -1
L=l 125 3 xol% 24
I = LS 3 xalSH2 4 ol 5 e o
Is =5 o5 2 _3al5 4
I = L5 18 3 ol 51 ol 5 2

a7

e

1

i

thenp—12®(q 3®q—I4)tnthecase(pA V”J—Z)@(gél_%J D, (p <q

(p= lkTJ—l)@(q [%J l)andp—l4®(q 1569q—16)mthecase(pé[%J—l)@(q

V J — 1 in the case
54D

Proof. N > 64 yields k > 5 and V‘—J — 3 > 0, which is meaningful. Like the proof of Proposition 5 , here merely prove
the case (p = | 41| - 2) @ (¢ = |41 | - D and case (p £ |4 |- D@ (g = [ 4.

11>
-
o[ F Nl

D). If (p V”J 2)®(q = V”J — 1), it possibly yields pe [y ® pe handg € 3 ® g € I;. Thecases p € I, ® q € I5,
peli®qely,pelhb®qgeclzand p € I, ® g € 14 are to be checked.

Forthecase pe Iy ® g € I3, 2L 517 < p < 2l5 ] -3 % 2l 13 and 2L 5] < g < 2L5 1+ -3 % 2l 12 Jead 10

8 3
—- > — = - > —
po2l5l3xol¥ls 1-3 502

which is contradictory to 1 < £ < 3.
p
Forthecase pe Iy ® g € Iy, 2L 5 171 < p < 2l ] =3 x 2l 13 and 2Ll 5 I+ -3 x 2L 12 < g < 2L5 1 Jead to

g 251 _3xol5 2
- > k+1 k+1
p 25 3«83

which is contradictory to 1 < £ < %, either.
p
Forthecase pe L ®qge Iy, 251 =3 x2l5 153 <« p < 2l5 L and 2L5' ] < g < 2L 1+ 3 % 2L 12 Jead 1o
L5 ]
L]

T

[\®]

N‘

> =1

~
T

T IR
]

N‘

and

g 25 _3xol%]2
=< k+1 k+1 =
p 25 3«83

Forthecase pe L ®q e Iy, 251 =3 x 2l 123 < p < 2l and 2l 5 1 — 3 x 2L ]2 < g < 2L 11 Jead 10

ol 5+ 3ol ]2 1
4,227 —3X Sooax iy
p 2l ] 4 4
and
q o5t [+ 2 16

=< = =— =32
p o AFI3xolFS 122 5

Q). If (p lk“J 1)®(qA V‘”J) it possibly yields pe @ pe lyandge Is®qg € Is. Thecasespe [ ®q € Is,
peElh®qgels,pely®qelsand p € 14 ® g € Ig are to be checked.

Forthecase pe I3 ® g € Is, ol < p< ol 3 w2l 2 ang 2l 5+ < q< L5 12 _ 3% 2l -1 fead to
q ol 5t I+ 2
LS 3ol ]2 22—
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which is contradictory to 1 < 4 < 3.
p
Forthecase pe L ®q € Ig, 2L'7 1 < p < 2l5 11 — 3 % 2l 2 and 2l 5192 — 3 x 2L -1 < g < 2l 2 Jead to

g 252 _3xol5
L5t _ 3ol

contradictory to 1 < £ < 3.
P
Forthe case p € L ® g € Is, 2L 171 =3 % 2l 122 < p <2l I and 2l 1 < g < 2l5 12 — 3 % 2l5 11 Jead to

g ols
poolB

and k+1 k+1
g 2512 _3xol%l

oS+ g xolit]2

Forthecase p € L ®q € Ig, 2L T 171 =3 x 2L 12 < p <2l I+l and 2l 5 192 3 % 2L -1 < g < 2l 2 Jead to

g 252 _3xolslt 2-3 5

- > = = —

p ol 4t |+1 2 8
and

q 2l 12 48

p ool _gxol¥l 43S

]

Proposition 7. Let (N = pg) > 64 be an odd integer and k = |log,N | — 1, where divisors p and q satisfy 1 < p < q and
1 < £ < 2; Subdivide the interval [2L5 171 + 1,2L%5° %2 — 1] into 6 subintervals by

=S o8 s xalB 3 4
L =Rl —5xal5 13 41,205 - 1
L= 1 2l5 1 o5l 2 1)

L= L sl g ol (18)
Is =[RS 1ol 12 _ 5ol 5 4
Is = 2L 12 — 5 x olSH -1 4 q ol +2 —

then p = 12 ® (q D q 2 14) in the case (p 2 \_Iﬂj 2)® (g 2 ["TJ p <9 2 \_%J — 1 in the case

I
(p= [%J—l)@(q [%J l)andp I, ®(q= Is@q—lﬁ)mthecase(pélTJ—l)@)(qéL’%‘J).

Proof. Like the proof of Proposition 6, here merely prove the case (p = \_%J 2)® (g = \_%J — 1) and case (p =

Lk+1J _ 1)®(q [k+lJ).

(D). If(p = \_k”J 2)®(q = \_k”J — 1), it possibly yields pe I @ pe L andge i ®q € I;. Thecases pe I} ® g € Is,
pelh®gely,pe,®qe 3 and p € I, ® g € I, are to be checked.

Forthecase pe I, ® g € I, )l p< L5~ 5% 2l5 13 and 2L < q< L5 — 5% 2l 2 Jead to

q 7l %] 1

ol —5xol®3 13

8
3
which is contradictory to 1 < % <2.
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Forthecase pel, ® q € 14, ) el p< ol -5 ol 3 and 2l I — 5 ¢ ol 2 < q< 25 1+1 fead to

g 25 _s5xol5 2
- >
p 25— 5xol%s

which is contradictory to 1 < % < 2, either.

Forthe case p e L ®g € I3, 2L 51— 5x2L5 153 < p < 2lF Jand 25 ] < g <2l 5141 - 5% 2L 5 12 ead 1o
L]

L]

=~

[\®]

N‘

> =1

=
T

T IR
]

and DL 5 5 ol ]2
z < k+1 k+1 = 2
p 28— 5xolB-s

Forthecase pe L ®qe Iy, 251 = 5x2l5 173 < p < 2l T and 2L5' 1 — 5 x 2L 172 < g < 2L 1+ Jead 1o

LS 41 _ 550l ]2 1
g> : ilx :2_5X_:§
p ol %] 4 4
and "
q ol 5 J+1 2 16

- < = =
p oSl osxol5 1-5x§ 3

@. I (p = |5 ] - De(g = |, it possibly yields p € 5@ p € Iyand g € Is ® q € I. The cases p € L®q € Is,
pelh®qgels,pely®qelsand p € 14 ® g € g are to be checked.

Forthecase pe 3 ®q € Is, 2l < p< oL e — 5 ol 2 ang 2L I < q< 2L %2 — 5% 2L 1 Jead to

q ol ]+ 2 8

—_ > =
p ool 5ol 2

which is contradictory to 1 < % <2.
For the case p € 5 ® g € I, 2l < p< oL _ 5 ol 2 and 2L 5T 12 — 5 ol < q< 2L 1#2 Jead to

52 5ol -t
z > k+1 k+1 = 2
p a8+ 5 0l8 ]2

contradictory to 1 < [—‘i < 2.
Forthecase pe L ® g Is, 2L 5 1+ = 5 x 2l 122 < p < ol5 [+l and 2l 5 1+ < g < 2L 092 — 5 % 2L 5 1 Jead to

ol 5t |+
L NI
p ol

and k+1 k+1
g 2lF 12 _s5xol%]

- < =
p 2SI _ 5ol

For the case p € 14 ® g € I, ol _ 5 %ol )2 < p< ol I gnd 2l )#2 — 5ol - < q< 2L 142 lead to

g 2512 _s5xol5

» N =2

3
4

EEN Y]

and
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q_ 2l ]2 416
p o2l _sxol¥l22-3 3

O
Remark 2. It can prove that the following subdivision (19) is also subordinate to the Proposition 7.
I = LS o8] — oS 2 ol 3 4y
L =L5 ] —ol5 2 ol5 -3 41 2l5 ) - 1y
I = L5 4 1ol e ol S ol 2 4 19)

I, = LS oS - ol S 2 4 ol I g
Is = LS g g ol 2 ol 5] ol -1 4y
Ig = 2L 12 oS ] ol -1 g ol 2 — g

Proposition 8. Lerk > 6, eL,? = |25 11 V2| +1, en}? = 2l ] -3x2l 817 41, o} = 2l 5 101 - 550l 15 1,01 =
[2L5 V2] + 1, en}s = 2l =3 x ol B2 v L and el = 25 1 = 55 2L5 02 4 1 then

V2ol 4ol 4 g =

612 >2L% + 2L +1 N(L%IJ—2,2|-A%]J74) 0)

V2 bl Ea ) _
el > 25 42l FI=N Ll

and

V2 1.5 2
{ e12 >el2 >eI2 @1

V2 1.5 2
eI4 > eI4 > el

Proof. Direct calculations yields

el? = 2511 v2) +1
=25 - 4 ol 5H - v2 - 1)J +1
=25 S B xav2 - 1)
> ol % ol B i av2 - 1)
=S oS B 1 =

+1
+1

N aal )

and
el,? = [2l21v2| +1
=25 4 [ol5 (V2 - 1)J +1
=25 ) 4 a5 2 av2 - 1)
> ol ol 52 xa(v2 - 1)
=25 yolS 241 =

+1
+1

Nl )

1312‘ﬁ > 6121‘5
V2 15
6‘14 > eI4

15 2
Hence (20) holds. It is obvious that { Zzlj Z Z% holds. So the next proof is merely for {
4 4

. Direct
calculations yield

612‘/5 —el}S = [2lF ] \/QJ +1-2l5 ] +3x2l513 -

= PL%J—I V2| -2l% ) 43 x2l5 -3

S oSN -1 -2l 4 32l 3

_ &L N2 3

= ZLk;J(T —1+3-1

=25 18uv2-5)-1
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Since \/§>1+%—}1+ it holds

1
8’

. . 11 .
el? —ell? > 2T 1@V - 5) - 1> 2l @ + 5oty 1= L5t g

Similarly, when k > 6 it yields

el 2 - en)® = |2l IN2 |+ 1 -2l I 4 30l 52
= PL%J \/EJ T ol S R Sl el

>2olS V2 - 1 — a5 3 %2l )2

_ okt 1 A2

= 2Lk;J+l(7 —1+3H-1

=25 124v2 -5 -1>1

The relationships described in Proposition 8 can be intuitionally illustrated with figure 1. In the figure, 1 ‘FZ,IZL5 and I% are
lengths of the second subintervals subdivided with (16), (17) and (18), respectively.

er’

15
el

5 Level {EJ—Z

Figure 1. 612\5 > e} > el vs. 12\6 < I}% < I3 on level [’%‘J -2

Theorem 1. Let (N = pg) > 128 be an odd integer and k = |log,N| — 1, where divisors p and g satisfy 1 < p < g

and 1 < % = @ < 2; then there always exists a subdivision of the interval [ZL%J’I +1, ol - 1] into 6 subintervals

9, I, I3, I, Is and I that satisfy
RLE I o5 2 = UL UL UL UL U I (22)

by means of which holds one of the three cases, p 2 L®(g 2 L3®q 2 1), (p<q) = L%J—l and p 2 11®(q 2 Is®q 2 Is).

Proof. The subdivision (16) is applicable if 1 < @ < V2, the subdivision (17) is applicable if V2 < a < %, and the
subdivision (18) or (19) is applicable if % <a<?2. m]

The three cases mentioned in Theorem 1 can be intuitionally depicted with figure ??. In the figure, (a) is for the case
p 2 LR (g 2 L®qg 2 1), (b) is for the case (p < VN < q) = {%J — 1 and (c) is for the case p 2 141 ® (g 2 Is®q 2 Iy).
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peh
Level | (k+1)/2]|-2 | ]

o
qe(LOLy)

Level |(k+1)/2 J—1i I B

Level | (k+1)/2] @

@
Level |(k+D)/2]-2 4 !
_ps q=h
Level |(k+1)/2]-1 l l 0
JN
Level |(k+D)/2] ° -
®)
Leve |(k+D/2]-2 ;
pely
Level | (k+1)/2|-1 } ] ]
. 4l L) .
Level |(k+1)/2] & 1 l
(©)

Figure 2. () p2 L® (@2 Log2 L) (b)) (ps W< 2[4 -1 @ (p< W< = |4 -1

4. Conclusion

Factorization of the RSA numbers has been a challenge for researchers working in the field of cryptography as well as the
field of number theory. Investigation shows, the two divisors of a RSA number may lie on at most two adjacent levels,
and the smaller their divisor-ratio is the closer they are. This trait indicates a direction for researcher to design algorithm
to factorize the RSA numbers. The Theorem 1 shows that, for a divisor-ratio 1 < g/p < 2 of odd interger N = pgq, there
is always a subdivision around level [’%IJ — 1 with which p and ¢ are located. Readers can see that, the subdivisions
presented in this paper are not so refinery, hence a refinery subdivision is still worthy of seeking in the future work. Hope
it is obtained soon.
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