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Abstract 

The key purpose of this study was how we taught the use of benchmark strategy when comparing fraction for 
fifth-graders in Taiwan. 26 fifth graders from a public elementary in south Taiwan were selected to join this study. 
Results of this case study showed that students had a much progress on the use of benchmark strategy when 
comparing fraction after the experiment. This indicated that an experienced teacher played a key role and knew 
how to help their children lean the use of benchmark appropriately when comparing fraction. 
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1. Introduction 

Fractions play an important role in the mathematics curriculum, but the learning of fractions is often the most 

difficult part for children (Cramer, Post, & delMas, 2002; National Council of Teachers of Mathematics [NCTM], 

2000; National Mathematics Advisory Panel, 2008; Yang, Reys, & Wu, 2010). The earlier studies (Empson, 2003; 

Yang, & Reys, 2002) showed that many students often hold some misconceptions on fractions. Most students 

suffer when learning fractions: one 5th grader in our study said, “I am not good at fractions because I can only do 

addition and subtraction of fractions.”; while another commented, “I am always confused with fractions.” As a 

result of this, many teachers have difficulties teaching fractions, as indicated by one participating teacher, “It is 

so hard to teach fractions!” Previous studies (Cramer et al., 2002; Reys & Yang, 1998; Yang, 2005; Yang, Li, & 

Lin, 2008) found while they can mechanically compute fractions (e.g., 
5

3>
9

4 ) using the common denominator 

strategy, children often cannot justify their answer. The benchmark strategy (i.e., 
2

1
 is considered a key 

benchmark when comparing 
5

3
 and 

9

4
 because the former is larger and the latter is less than 

2

1
); however, 

might empower children to develop conceptual understanding on fraction (Crammer et al.). To solve this 

problem, this article reports how the benchmark strategy was introduced at a 5th grade class in Taiwan to help 

children develop a better fractional sense. In fact, this case study show that how teacher translating big ideas into 

practice to support the requirement for implementation of Common Core State Standards for Mathematics 

[CCSSM] (Phillips & Wong, 2012). 

2. Background 

The ability to use benchmarks to solve numerical problems has been considered to be a key characteristic of 

number sense (NCTM, 2000; Reys & Yang, 1998; Yang, 2005; Verschaffel, et al., 2007; Yang & Wu, 2010). 

However, the findings of several studies showed that it is difficult for the elementary and middle grades students 

to develop and use a benchmark to solve arithmetic problems (Cramer et al., 2002; Markovits & Sowder, 1994; 
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Reys & Yang, 1998; Yang, 2005). For example, the study of Reys & Yang (1998) found that there were nearly 

two-thirds of 6th-grade students in Taiwan correctly computed the complex written computation 
13

12
 + 

8

7
; 

however, over three-quarters of these students failed to use benchmark (e.g., use 1 as a benchmark to decide 
13

12
 

is near 1 and 
8

7
 is also near 1) to estimate the answer as being close to the number 2. Obviously, these students 

do not make sense what they are doing or what 
13

12
 and 

8

7
 really mean. While these students mechanically 

applied the written method they had learned in school mathematics class, their efforts did not reflect number 

sense. This situation happens frequently in traditional mathematics teaching. Our pilot study in a fifth grade class 

in Taiwan also found the similar problem. The finding is described as foillows: 

2.1 Misconceptions on Comparing Fractions 

To begin with, children were asked to sort the fractions 
2

1
, 

9

4
, and 

5

3
 from the largest to the smallest. 

Among these 5th graders, 7 out of 26 respondents correctly answered this problem by adopting the common 

denominator strategy though they could not justify their answer. Three children could not solve this question at 

all. The other children’s responses were categorized into four types as follows: 

1) 5 out of 26 respondents believed that the smaller the denominator is, the larger the fraction is, and thus 

2

1
>

5

3
>

9

4
. One of them even “proved” his idea using the following example: 

4

1
>

9

2
>

17

3
, because 4<9<17. 

These participants only considered the sizes of denominators when comparing fractions, which implies that they 
did not truly understand the fraction. 

2) 3 out of 26 repondents believed that 
2

1
>

9

4
>

5

3
 , and showed this by using the pictorial representation in the 

context of the continuous quantity, such as with a pizza (see figure 1). The following example showed that these 

students lacked the important concept of unit (same unit) when comparing fractions. 

 

Figure 1. Children’s drawings to campare fractions using the continuous quantity 

 

3) 5 out of 26 respondents represented the problem using discrete quantities as the figure 2 below shows, and 

believed that
2

1
<

5

3
<

9

4
. Obviously, they simply decided the magnitude of these fractions by comparing the 

sizes of the numerators. 
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Figure 2. Children’s drawings to campare fractions using the discrete quantity 

 

Apparently, these students’ understanding of the fraction was influenced by the whole number concept and they 

did not define the role of unit before comparing fractions with different denominators. 

4) 3 out of 26 respondents answered 
9

4
>

5

3
>

2

1
 by simply comparing the magnitude of numerators and 

denominators because 4 >3>1 and 9>5>2. These students treated fractions as whole numbers and thus responded 

based on their knowledge of whole numbers. 

Based on the findings above, obviously, a majority of participants had misconceptions of fractions because of an 

incomplete understanding of fraction. Surprisingly, none of the students applied 
2

1
 as a “benchmark” to solve 

the problem. 

In response to children’s poor performance on comparing fractions, the benchmark strategy was explicitly taught 
and the following strategies were designed to enhance children’s understanding of the fraction in general and to 
foster their competence of flexibly comparing fractions in specific. 

3. Results 

3.1 Enhancing Children’s Understanding of the Fraction by Adopting Pictorial Representations 

Cramer et al. (2002) suggested that children’s mental image of the fraction concept, specifically the concept of 

unit, could be reinforced by pictorial representation. To begin, the teacher encourages students to draw pictures 

representing 
9

4
 on the blackboard (see Figure 3, each work is numbered), followed by a teacher-student 

discussion. 

 

Figure 3. Students’ drawings of 4/9 
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T: Very good, you came up with several ways of representation the fraction. Do you think all of the examples of 

9

4
 on the blackboard are correct? 

S: Yes, they are all correct! 

T: Does anyone have any questions? 

S7：Why are there two circles in each piece? (Pointing at the eighth figure) 

S4: Here are eighteen, and if they are divided equally by nine, each cell will have two. 

T: Can you understand? (S7 says “Yes”.) Then, would you please explain ninth figure? 

S7: Here are 27. They are divided by nine equally, and four pieces equals twelve. 

T: How many are there in each piece? 

S7: Three. 

T: Well, Please tell me: if I want four in each piece, how many are there in total? 

S7: (Thinks for a while.) Thirty-six. 

Through discussion with students, it is obvious that they made great progress in understanding fractions. For 
example, fractions can be represented in various ways depending on the unit used in each situation; as graphs 7, 
8 and 9 show in Figure 4, we can see that they are drawn using the discrete quantity method. By means of the 
drawing experience, students get to understand the importance of the units—if the numbers of units among 
fractions are different, the number in each piece will be different though they are all the representations of 

9

4
. 

Through the discussion of the pictorial representations such as drawings, 3~5 in Figure 4, the students appeared 
to have a clear concept about what the unit quantity means in the fraction. The teacher then moved on to the next 
stage and asked students to compare fractions using pictorial representations. 

3.2 Leading Children to Compare Fractions Using Pictorial Representations 

The teacher then asked the students to think about how to represent the fraction 
5

3
 in a similar way as the 

previous fraction, 
9

4
. 

T: Now, how can we compare 
5

3
 and 

9

4
?  

S: We could use the common denominator strategy and simply compare the numerators. 

T: Can you tell me why? [suddenly, the students become speechless] 

The common denominator strategy is certainly a correct procedure, yet most students do not understand the 
rationale of this solution. We hoped that the students could think from the concept of fractions. This strategy 
might be able to confirm and clarify their concepts. 

T: Besides using the common denominator strategy, are there other solutions? For example, can we compare 
them as Figure 3 above shows?  

S19: There are 3 shaded circles in 
5

3
 and 4 shaded circles in 

9

4
, thus 

9

4
 > 

5

3
 . 

S6: No, because the denominators on both fractions are not the same. 

T: Why can we not compare them when the denominators are not the same? 

S6: Because it is not fair. 

T: Okay. So, what condition do we have to take into account when comparing fractions? 

S: They should have the same unit quantity, i.e., the same denominator. 

T: Great! How about this one? (see Figure1) 

S: It is not correct either, because they are not the same size. 
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The discussions above showed that students understood the importance of unit quantity and they knew that the 

unit quantity must be the same when comparing fractions. In order to make sure that they could apply the 

pictorial representations to compare 
9

4
 and 

5

3
, the teacher continued and extended the discussions as below: 

T: Can anyone tell me 
9

4
 or 

5

3
 is larger by using pictorial representations? 

S12: As the Figure 4 shows, 
5

3
 is larger because the indicated length is longer. 

S (some students show their pictures): Yes!(Examples of students’ solution are shown below). 

 

Figure 4. Students’ drawings of 
9

4
 and 

5

3
 

 

From the responses of the students, the observations and queries, the teacher confirmed that most of her students 

understood how to compare fractions using pictorial representations. She thought it is a good time to introduce 

the idea of the benchmark strategy (e.g., using 
2

1
 as the benchmark), which is listed next. 

3.3 Trying to Apply Initial Symbolic Representations from Pictorial Representations 

The teacher asked students whether or not 
5

3
 or 

9

4
 was greater than 

2

1
. The purpose was to guide students 

into using symbolic rather than pictorial representation. Students seemed to be confused about this problem. 

Thus, the teacher asked the students to draw a picture of 
2

1
 as a reference. Then, three students were inspired 

by the strategy and became able to respond to teacher’s question. The discussions were observed as follows: 

S5: Check if the numerator is greater than half of the denominator. 

S3: Draw a line in your mind and then mark where the fraction is on the line. 

S2: You can double the numerator and see whether or not the number is greater than the denominator, or divide 
the denominator by two to compare it with the numerator. 

The solutions of the three students above showed that they truly understood the question posed by their teacher. 
Unfortunately, it seemed very difficult for most of the students. 
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3.4 Connecting Pictorial Representations to Symbolic Representations by Oral Communication 

To better develop the students’ understanding and to improve student’ abilities to represent fractions symbolically, 

the teacher invited S5 to explain how she applied 
2

1
 as the benchmark to her classmates. Theoretically, 

children can use their own language to help others understand abstract concepts: 

S5: The numerator of 
5

3
 is greater than half of the denominator, so the fraction is greater than

2

1
; the 

numerator of 
9

4
 is less than half of the denominator, so the fraction is less than

2

1
. 

S5’s explanations imply that she can use the symbolic representation, which impressed the teacher. However, 
many students were still confused so the teacher continued: 

T: Some students do not seem to understand this. Can someone help me explain this in more detail or does 
anyone have any different solutions? 

S3: First, imagine the figure of a fraction in your mind and see if the numerator is greater than half of the 
denominator. 

T: How can we imagine a figure of the fraction where the numerator is greater than half of the denominator? 

S3: That means when you draw the figure to represent
5

3
, the parts to represent the numerator are greater than 

half of the denominator. However, in the figure of 
9

4
, its numerator is less than half of the denominator 9. 

T: Very good! Now you can think and compare your thoughts with what S3 said. That is, when you imagine the 

drawing of 
5

3
 in your mind, the parts to represent the numerator are greater than half of the denominator. 

However, when drawing a figure to represent
9

4
, the parts to represent the numerator are less than half of the 

denominator. As S5 said, the numerator of 
5

3
 is greater than half of the denominator, so the fraction is greater 

than
2

1
. Besides, since the numerator of 

9

4
 is less than half of the denominator, that fraction is less than

2

1
. Do 

you agree?  

S: Yes! 
5

3
 is greater than

2

1
; 

9

4
 is less than

2

1
. 

Many students understood S3’s explanations, which is probably because S3’s explanations transformed the 
pictorial representation to a psychological operation. Although many students had not yet applied S5’s 
explanation, they made good progress in understanding and applying symbolic representations if they accepted 
and used S3’s explanation. 

3.5 Post-Instruction Evaluation 

To evaluate the benefit of benchmark strategy, children were asked to determine whether 
8

5
 or 

5

2
 is larger, 

and why? Surprisingly, except for two students, 24 out of 26 students successfully solved it. Among them, 

eleven adopted the pictorial representations shown below (see Figure 5). 
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Figure 5. Students’ drawings of 
8

5
 and 

5

2
 

 

Surprisingly, 13 out of 26 students adopted the benchmark heuristics shown below (see Figure 6) to solve this 

problem. Compared with their performance before the introduction of the benchmark strategy, the difference was 

statistically significant (p <.001, Sign Test). 

 

Figure 6. Students’ solutions using the benchmark heuristics 

 

The teacher continued by asking an advanced question, described below, to further examine whether or not 

students could compare fractions mentally without using pictorial representations or paper-and-pencil methods. 

Which one, 
11

5
 or 

7

4
, is larger and why? 
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S (many students answered): 
7

4
 is larger. 

T: Why? (most of the students raised their hands). S3 please tell us your reasons. 

S3: 
7

4
 is larger, because 

7

4
 > 

2

1
 and 

2

1
 >

11

5
. 

T: Why 
7

4
 is greater than 

2

1
 and 

2

1
 is greater than

11

5
? 

S12: Because 4 is more than a half of 7 and 5 is less than a half of 11. 

From the students’ responses, it was obvious that the students did understand better how to compare fractions, 
even though some of them still had difficulties using the benchmark strategy. Under the guidance of the teacher 
and communicating with their classmates, our participants had a chance to learn how to use pictorial 
representations to enhance their understanding and to translate their pictorial representations into symbolic ones. 
It seems reasonable to believe that under the guidance and help of more capable people, children can learn better. 

4. Discussion and Conclusion 

The findings derived from the study are threefold: 

First, the benchmark strategy greatly enhances children’s understanding of fraction. The major finding of this 
study is that most children, 24 out of 26, are able to adopt the benchmark strategy successfully carrying out 
fraction comparison and thus children’s understanding of fraction is greatly improved via this explicitly-taught 
heuristic. The mathematics textbooks used in Taiwan and Singapore unfortunately do not include this useful 
heuristic. Therefore, what most children could do to compare fraction probably simply adopting the 
energy-consuming and effortful common denominator strategy, which greatly limits their conceptual 
understanding on fractions (Reys & Yang, 1998). Overall, this study suggests that the benchmark strategy should 
be taught explicitly and by doing so, not only can children make sense fractions but also flexibly and efficiently 
solve problem. 

Seoncd, flexible use of multiple representations is a good way to develop a better understanding of mathematical 
concepts.The process of bridging the road from pictorial to symbolic representations, as was evident in this study, 
indicates that students can develop a better understanding of fractions and, more specifically, of the use of 
benchmark strategies. Flexible use of multiple representations is an important process in learning mathematics. 
The findings of this study show that students’ understanding of the fraction became more robust and solid by 
means of such multiple representations. This is consistent with the findings of earlier study (Cramer, et al., 2002) 
that profound understanding of mathematical concepts and high-level mathematical thinking relies on the 
flexible use of multiple representations. 

Third, teacher-children interactions cultivate children’s positive disposition. Through discussions and 
communication, children have a better understanding and learn how to share their opinions with others. Teachers 
should respect what children think, accept their mistakes, and inspire them with learning opportunities. Under 
the atmosphere of interaction and cooperation, it produces some learning momentum that enlightens students and 
initiates their motivation. Through the discussions and conversations, students can clarify their thinking. These 
results are consistent with the suggestion of earlier studies (Empson, 2003; Yang, 2006) that if teachers can 
encourage students timely, have more interactions among students and teachers, and then those students who 
have lower achievements can develop their mathematical ability also. 

Children may make various mistakes and may have misconceptions when they learn about fractions. This is 
because students do not properly understand the meaning of fractions. When comparing fractions, for example, 
many students do not have clear concepts about fractions and ignore the role of unit quantity. From this case 
study, it is obvious that the most important goal for a teacher is to check if the students understand, and to know 
whether or not they have any misconceptions. We also realized that a teacher should be on the same side as his or 
her students, and should listen to what they think. If teachers do not pay sttention to students’ responses, they 
usually think that their teaching is effective. Therefore, we should try our best to let students express their 
thoughts in class, and to try to solve misconceptions as they arise. The findings of this study support the 
statement of Phillips & Wong (2012) that teachers should “focus and spend more time on fewer, more important 
things so students can build conceptual understanding, achieve procedural skill and fluency, and learn how to 
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transfer what they know to solve problems in and out of the math classrooms (p. 31).  

5. Educational Implications 

The educational implications are described as follows: 

First, children can develop and use the benchmark flexibly under appropriate teaching approach and leading. 
This supports the idea that providing children with more learning opportunities and multiple learning 
environments promotes the development of number sense.  

Second, Children can learn better through appropriate learning environments which encourage students to 
discuss, collaborate, share, and clarify their ideas.  
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