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Abstract 
Many times, the thermal properties of a product are determined but their uncertainties (and, mainly, the 
covariance matrix) are not provided. Thus, in the simulations, it is not possible to establish a confidence band for 
a transient state described through the values obtained for these properties. In this article, a model was proposed 
to determine thermal diffusivity and convective heat transfer coefficient, providing the above-mentioned lack of 
information, for a product with spherical geometry during its cooling. The proposed model involved: 1) an 
experimental data set of the cooling kinetics in a point within the product; 2) a one-dimensional numerical 
solution of the heat conduction equation; 3) an optimizer based on the Levenberg-Marquardt algorithm to 
determine the thermal properties, their uncertainties, and the covariance between the parameters. Model was 
applied for determining thermal properties of strawberries, using an equivalent sphere to represent the geometry 
of the product, and the obtained results were compatible with the literature results. 
Keywords: direct problem, inverse problem, finite volume, thermal diffusivity, convective heat transfer 
coefficient 

1. Introduction 
In the literature, several methods are found to determine the thermal properties of agricultural products during 
their cooling. One of these methods is based on the cooling kinetics of a point within the product, usually the 
central point (Dincer, 1995; Silva et al., 2011, 2012; Erdogdu et al., 2014; Da Silva et al., 2018). In this method, 
a solution of the heat conduction equation is used to describe the experimental data set of the cooling kinetics, 
and the thermal properties are determined using some type optimization. As example, Dincer (1995) has used an 
analytical solution of the heat conduction equation, in which the series that represents the solution was truncated 
and only its first term was used in the calculation of the thermal parameters, using non-linear regression. In 
another example, Erdogdu et al. (2014) have also used with success a single term of the series for representing 
the analytical solution of one-dimensional heat conduction equation. The authors disregarded, by graphical 
observation of the logarithm applied on the dimensionless temperature versus time, the first experimental points 
through the identification of the linear portion of the graph. In this case in which logarithm is applied on the 
dimensionless temperatures, a simple linear regression enables to determine the thermal properties. Silva et al. 
(2012) have also used only the first term of the series for the non-linear regression, but these authors have 
repeated the procedure several times, eliminating the first experimental point; after that the authors eliminate two 
experimental points, etc. and, in each case, they determined the thermal properties by curve fitting. After that, the 
parameters determined in each case were used to calculate the corresponding chi-square, involving all the 
experimental points, in which more than 100 terms of the series were used. Finally, the authors compared all of 
the chi-squares, considering as optimal values for the parameters those corresponding to the lowest chi-square. 
To this algorithm the authors gave the name OREP (Optimal Removal of Experimental Points). 

Recently, the LS Optimizer program, based on the Levenberg-Marquardt algorithm (Levenberg, 1944; 
Marquardt, 1963), was made available free on the Internet by the first two authors of the present article. The 
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purpose of this program was to determine parameters of differential equations and complex functions, including 
average values, their uncertainties and the covariance matrix (http://zeus.df.ufcg.edu.br/labfit/LS.htm). Da Silva 
et al. (2018) used this optimizer and an analytical solution of the diffusion equation (first 200 terms) for 
determining the thermal properties of banana with peel, their uncertainties and the covariance matrix. The 
authors have reported good results for the calculated parameters using this model involving LS Optimizer. 

An observation in the literature (Sweat, 1986; ASHRAE, 1993; Fricke & Becker, 2001; Da Silva et al., 2010, 
2011; Silva et al., 2011, 2012) makes it possible to realize that it is not so common to determine thermal 
properties of agricultural products, including their uncertainties and the covariance matrix, when only one 
experimental data set is available. However, LS Optimizer enables these calculations and, in this sense, the 
objectives of this article are defined in the following. 

The main objective of this article was to propose a model to determine thermal properties of agricultural 
products, which may be considered as a sphere, during their cooling. The model have involved the following 
characteristics: 1) a solver to describe the direct problem, in order to simulate the kinetics cooling of a point 
within the sphere equivalent to the real geometry of the product; 2) an experimental data set of the cooling 
kinetics of a point within the equivalent sphere; 3) an optimization program for the inverse problem, which 
consists in determining of the thermal properties (their uncertainties and the covariance matrix) for the product. 
The model was used to study strawberry cooling, determining not only its thermal properties, but also simulating 
the process. 

2. Material and Methods 
2.1 Diffusion Equation 

In spherical coordinates, the one-dimensional heat conduction equation is written in the following way: 

2
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where, T is the temperature, t is the cooling time, ρ is the density of the product, cp is the specific heat, r defines 
a position within the equivalent sphere (with respect to the center) and k is the thermal conductivity. On the other 
hand, in a cooling process, the temperature variation is usually equal or less than 25 °C and, in this case, ρ and cp 
can be assumed as constant properties. Thus, dividing Equation (1a) by the product ρcp, it is obtained: 

2
2

1T T
r

t r r r


  


  
 
 
 

                                (1b) 

where, α = k/(ρcp) is the thermal diffusivity. For the cooling process, the boundary condition is, usually, of the 
third kind, and it can be expressed by the following equations: 
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or, dividing by ρcp, 
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where, h = hH/(ρcp) is the convective heat transfer coefficient, Tb is the temperature at the boundary, T∞ is the 
value of temperature of the air in which the strawberry fruit is cooled, and hH is the heat transfer coefficient. 

2.2 Direct Problem: Numerical Solution to Create a Solver 

Equation (1b), subjected to the boundary condition defined by Equation (2b), was solved by using the finite 
volume method, with a fully implicit formulation (Patankar, 1980). Figure 1 presents a sphere and its uniform 
one-dimensional mesh, in which the control volumes have a common thickness given by ∆r; and the control 
volume number “i” has a nodal point “P”.  
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2.3 Inverse Problem: Optimization 

In order to determine α and h, including their uncertainties, LS Optimizer Software was used. As 
above-mentioned, this software uses Levenberg-Marquardt algorithm (Levenberg, 1944; Marquardt, 1963) and 
executes the solver provided by the user for the direct problem, with the objective of determining the parameters 
α and h that make it possible a simulation as close as possible to the experimental data set (minimum chi-square). 
According to the information available in the LS Optimizer manual, as long as the solver for the direct problem 
and the experimental data set are provided, this optimization software executes the solver in order to obtain the 
necessary information for the determination of parameters, using the statistical indicator chi-square as objective 
function: χ2 = Σ(Texp – Tsim)2/σ2. If the uncertainties of the experimental points (σ) are not known at first, LS 
Optimizer determines the standard deviation associated with the optimization process using the expression σ’ = 
[Σ(Texp – Tsim)2/(Np – n)]1/2 in which (Np – n) is the number of degrees of freedom for the optimization process. 
Hence, at the end of the iterative process, one can impose σ = σ’ and recalculate the covariance matrix, which 
provides the uncertainties of the parameters and the correlation between them. Thus, starting from initial values 
α0 and h0, the optimizer corrects these parameters iteratively up to the convergence and, in the end, it delivers the 
optimal values for α and h, their uncertainties, and the covariance matrix.  

2.4 Experimental Data 

Silva et al. (2011) performed cooling of strawberry (X = 90%, wet basis) under natural convection, initially at 
24.8 °C, using a home refrigerator Brastemp with internal temperature set about 0.6 ºC and relative humidity 
between 87 and 92%. A thermocouple was inserted within the strawberry, for measuring the temperature at 
regular time interval during 140 min, but its exact position was not determined during the experiment; and the 
group was placed inside the refrigerator. In the present article, the experimental data set was obtained by 
digitization, using the program xyExtract (V 5.1, 2011, http://zeus.df.ufcg.edu.br/labfit/index_xyExtract.htm). 
The real geometry of the strawberry was considered as an equivalent sphere, with radius R = 0.0167 m, and this 
value was obtained by imposing same volume for the two geometries (real and sphere). For the equivalent sphere, 
the thermocouple position was estimated using optimization technique: r = 0.0091 m. 

Due to the robust method of optimization used by Silva et al. (2011) to determine thermal properties, the 
uncertainties of the obtained values were not calculated. In cooling processes, the calculation of only the average 
values of the parameters is a common procedure found in the literature (Sweat, 1986; ASHRAE, 1993; Fricke & 
Becker, 2001; Silva et al., 2010, 2011). In the present work, the data set obtained by Silva et al. (2011) in the 
cooling experiment was used to determine not only the thermal properties of strawberry, by optimization, but 
also the uncertainties and the covariance between these parameters. Although it can’t be assumed a priori that the 
error distribution to be obtained is a Gaussian distribution, as the experimental data set contains 61 points, in 
practical terms, the uncertainties to be obtained will define intervals with confidence at least close to 68.3% 
(Bevington & Robinson, 1992; Taylor, 1997). 

3. Results and Discussion 
In this study, a fully implicit formulation was used for the numerical solution, due to the fact that this 
formulation ensures that such solution is unconditionally stable (Patankar, 1980). A preliminary study has shown 
that, in the simulations of a diffusion process in a small product with spherical geometry, 200 control volumes 
and 2000 steps of time are enough in order to disregard possible convergence errors for the iterative process (Da 
Silva et al., 2012). Thus, these refinements for the grid and time were used in all the calculations of this article. 
In the optimization process, the initial values were: α0 = 1.5 × 10-7 and h0 = 1.5 × 10-6. The results obtained, as 
well as those obtained by Silva et al. (2011) are presented in Table 1.  

 

Table 1. Thermal diffusivity and convective heat transfer coefficient for strawberry. The intervals were obtained 
with a confidence of 68.3% 

Thermal property Present study Silva et al. (2011) 

α (m2s-1) (1.42±0.11) × 10-7 1.42 × 10-7 

h (ms-1) (3.196±0.039) × 10-6 3.256 × 10-6 

 

It should be remembered that the LS program minimizes the chi-square obtained by the deviations calculated by 
the differences between the simulated values and the values of the corresponding experimental points, and the 
minimum chi-square value is used to determine the uncertainties of each calculated parameter. This procedure is 



jas.ccsenet.

similar to 
through no

An interes
and in Sil
convective
models can
convective
experimen

 

Figur

 

The statist
determinat

For the res
the therma
Obviously
model, sin
informatio
enables to 
et al. (201
is between
negative, i
pairs α and
this study, 
s-1; h = 3.2
shown thro

 

org 

the determina
onlinear regres

sting fact to be
lva et al. (201
e heat transfer 
n be considere
e heat transfe
ntal data set. 

re 2. Cooling s

tical indicators
tion coefficien

sults obtained 
al diffusivity i
y, using just on
nce Silva et al
on is that refe

express this s
8) studying co

n -1 and 1, it i
if one of them
d h in order to
based on Tabl

235 × 10-6 m s
ough Figure 3.

ation of uncer
ssion (Levenbe

e highlighted i
11): according
coefficient is 

ed equivalent. 
er coefficient,

simulation usin

s for the optim
nt equal to 0.99

with the mod
is 7.7%, where
ne experiment
l. (2011) mod
erring to the c
statistical param
ooling of banan
is noted that α

m increases, ot
o determine a c
le 1 and also o
s-1 and α = 1.5
. 

Journal of A

rtainties of pa
erg, 1944; Mar

in the results i
g to Table 1, f

only 1.9%. In 
Using the valu
, Figure 2 c

ng the values p

mization proces
994.  

del proposed in
eas in the con
tal data set, th
el uses a robu
correlation coe
meter, equal to
na with peel, u
α and h are hig
ther diminishe
confidence ban
on this discuss
53 × 10-7 m2 s-

Agricultural Sci

118 

arameters in t
rquardt, 1963).

s the discrepan
for thermal di
this sense, a c

ues obtained in
an be presen

parameter prov

s, referring to 

n this article, t
nvective heat t
his informatio
ust method for
efficient betw
o -0.9206, whi
using LS Optim
ghly correlated

es. This inform
nd that contain
ion, were stipu
-1; h = 3.175 ×

ience

the fitting of 
. 

ncy between t
iffusivity the d
comparison of 
n the present a
nted, showing

 

vided in Table 

Figure 2, were

the percentage 
ransfer coeffic
n only can be
r the optimiza

ween the two p
ich is a similar
mizer program
d. In this case

mation is impo
n all possible r
ulated the follo
× 10-6 m s-1. Th

a function to 

the values obta
discrepancy is
f the results ind
article for ther
g the simulate

1 and experim

e: chi-square e

 uncertainty in
cient calculatio
e obtained thr
ation process. 
properties. Th
r result that ob

m. As the doma
e, as the correl
ortant in order 
results of the c
owing values: 
hus, the confid

Vol. 11, No. 5;

experimental 

ained in this a
s zero; and fo
dicates that the
rmal diffusivity
ed curve and

mental data set

equal to 2.4899

n the calculatio
on it is only 1
ough the prop
Another impo

he proposed m
btained by Da 
ain of this indi
lation coefficie

to select adeq
cooling kinetic
α = 1.31 × 10

dence band ma

2019 

data 

rticle 
r the 
e two 
y and 
d the 

9 and 

on of 
1.2%. 
posed 
ortant 
model 
Silva 
cator 
ent is 
quate 
cs. In 
0-7 m2 
ay be 



jas.ccsenet.

Figure 3. 

 

An observ
the experim
about the c

4. Conclus
The propo
obtained b
determine 
properties.
within the 
for strawb

Acknowle
The first a
for suppor

Reference
ASHRAE.

Cond

Bevington
ed.), W

Da Silva, W
transf
coord
1183-

Da Silva, 
diffus
Intern
2011.

Da Silva, 
Diffu
Agric

Da Silva, W
for de
Engin

Dincer, I. 
Mass

org 

Confidence ba

vation of Figur
mental data se
confidence ban

sion 

osed model pre
by other mod
the uncertaint

. This made it
product. An o

erry fruit can b

edgements 
author would l
rting this study

es 
. (1993). Ha

ditioning Engin

n, P. R., & Rob
WCB/McGraw

W. P., Silva, C
fer study in so
dinates for the 
-1194. https://d

W. P., Silva, C
sivity of cann
national Journ
.02552.x 

W. P., Silva, C
usion models f
cultural Scienc

W. P., Silva, C
etermining the
neering, 227, 1

(1995). Therm
 Transfer, 22(4

and for the coo

re 3 makes it p
et, as well as th
nd only it was 

esented results 
dels available 
ty of each stud
t possible to p
observation of 
be considered 

like to thank C
y and for his re

andbook of F
neers, Atlanta. 

binson, D. K. 
w-Hill, Boston

C. M. D. P. S., 
lids of revolut
Cauchy boun

doi.org/10.101

C. M. D. P. S.
ned foodstuffs 
nal of Food Sc

C. M. D. P. S
for the descrip
ces, 3(4), 545-5

C. M. D. P. S., S
ermal propertie
11-17. https://d

mal cooling da
4), 559-566. ht

Journal of A

oling simulatio
i

possible to rea
he results, can
possible due t

for the values
in the literatu

died thermal p
present a graph
f this graph allo
precise. 

CNPq (Consel
esearch grant (P

Fundamentals.

(1992). Data 
n.  

Silva, D. D. P
tion via numer
dary condition
6/j.ijheatmass

., & Lins, M.
by the inver

ience and Tech

., Precker, J. W
ption of seedl
556. https://do

Souto, L. M., M
es of whole ba
doi.org/10.101

ata for figs exp
ttps://doi.org/1

Agricultural Sci

119 

on using the co
in Table 1 

alize that the c
n be considered
to the proposed

s of strawberry
ure. In additio
property, as we
h for the conf
owed to concl

lho Nacional d
Processes Num

. American S

reduction and

P. S., Neves, G
rical simulation
n. Internationa
stransfer.2009.

A. A. (2011).
rse method an
hnology, 46(4)

W., Gomes, J.
less grape dry
i.org/10.4236/

Moreira, I. S.,
ananas with pe
6/j.jfoodeng.2

posed to air co
10.1016/0735-

ience

 
onfidence inter

confidence ban
d as good. It is
d model. 

y thermal prop
on, the propo
ell as the corre
fidence band o
lude that the si

de Desenvolvi
mber 302480/2

Society of H

d error analys

G. A., & Lima,
ns using finite

al Journal of H
10.028 

 Determinatio
nd numerical 
), 811-818. http

 P., Nascimen
ying using ana
/as.2012.34065

 & Silva, E. C
eel during the c
018.02.003 

ooling. Interna
1933(95)0004

rvals of the par

nd is very narr
s important to 

erties compati
osed model m
elation coeffic

of the cooling 
imulation of th

imento Científ
2015-3). 

Heating, Refri

is for the phys

, A. G. B. (20
e volume meth
Heat and Mass

on of expressio
simulations o
ps://doi.org/10

nto, P. L., & S
alytical and nu
5 

C. O. (2018). M
cooling proces

ational Comm
1-V 

Vol. 11, No. 5;

rameters provi

row, indicating
observe this r

ible with the v
made it possib
cient between 
kinetics of a 

his cooling kin

fico e Tecnoló

igerating and

sical sciences

10). Mass and
hod and genera
s Transfer, 53(

ons for the the
f heat penetra

0.1111/j.1365-2

Silva, L. D. (2
umerical solut

Mathematical m
ss. Journal of F

munications in 

2019 

ided 

g that 
result 

alues 
le to 
these 
point 

netics 

gico) 

Air 

(2nd 

d heat 
alized 
(5-6), 

ermal 
ation. 
2621. 

012). 
tions. 

model 
Food 

Heat 



jas.ccsenet.org Journal of Agricultural Science Vol. 11, No. 5; 2019 

120 

Erdogdu, F., Linke, M., Praeger, U., Geyer, M., & Schlüter, O. (2014). Experimental determination of thermal 
conductivity and thermal diffusivity of whole green (unripe) and yellow (ripe) Cavendish bananas under 
cooling conditions. J. Food Eng., 128, 46-52. https://doi.org/10.1016/j.jfoodeng.2013.12.010 

Fricke, B. A., & Becker, B. R. (2001). Evaluation of thermophysical property models for foods. HVAC R Res., 
7(4), 311-330. https://doi.org/10.1080/10789669.2001.10391278 

Levenberg, K. (1944). A method for the solution of certain problems in least squares. Q. Appl. Math, 2(2), 
164-168. https://doi.org/10.1090/qam/10666 

Marquardt, D. W. (1963). An algorithm for least-squares estimation of nonlinear parameters. J. Soc. Ind. Appl. 
Math., 11(2), 431-441. https://doi.org/10.1137/0111030 

Patankar, S. V. (1980). Numerical heat transfer and fluid flow. New York: Hemisphere Publishing Corporation. 

Press, W. H., Teukolsky, S. A., Vetterling, W. T., & Flannery, B. P. (1996). Numerical Recipes in Fortran 77. The 
Art of Scientific Computing. New York: Cambridge University Press. 

Silva, W. P., Silva, C. M. D. P. S., Farias, V. S. O., & Silva, D. D. P. S. (2010). Calculation of the convective heat 
transfer coefficient and cooling kinetics of an individual fig fruit. Heat Mass Transfer, 46(3), 371-380. 
https://doi.org/10.1007/s00231-010-0577-7 

Silva, W. P., Carmo, J. E. F., Silva, C. M. D. P. S., & Aragão, R. F. (2011). Determination of Convective Heat 
Transfer Coefficient during Cooling of an Individual Strawberry Fruit Using Different Methods. 
International Review of Chemical Engineering, 3(2), 233-240. 

Silva, W. P., Silva, C. M. D. P. S., & Gama, F. J. A. (2012). An improved technique for determining transport 
parameters in cooling processes. Journal of Food Engineering, 111, 394-402. https://doi.org/10.1016/ 
j.jfoodeng.2012.02.003 

Sweat, V. E. (1986). Thermal properties of foods. In M. A. Rao, & S. S. H. Rizvi (Eds.), Engineering properties 
of foods (pp. 49-87). Marcel Dekker, New York. 

Taylor, J. R. (1997). An introduction to error analysis (2nd ed.). University Science Books, Sausalito.  

 

Copyrights 
Copyright for this article is retained by the author(s), with first publication rights granted to the journal. 

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution 
license (http://creativecommons.org/licenses/by/4.0/). 


