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Abstract

We define a new term unreliable service and construct the corresponding embedded Markov Chain to an M/M/1 queue
with so defined protocol. Sufficient conditions for positive recurrence and closed form of stationary distribution are
provided. Furthermore, we compute the probability generating function of the stationary queue length and Laplace-
Stieltjes transform of the stationary waiting time. In the course of the analysis an interesting decomposition of both the
queue length and waiting time has emerged. A number of queueing models can be recovered from our work by taking
limits of certain parameters.
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1. Introduction

Queueing theory covers a large body of models including queues with interruptions, breakdowns, batch arrivals, batch
service, and the like. A typical assumption made for these models reads: at the moment of service time completion,
the customer is assumed to have been served. This, however, need not be the case! Imagine for example that a service
representative (server) has a message to communicate (in audible words) to an arriving client (customer) in a loud noisy
environment. The customer is expected to hear the message spoken by the server but due to the noisy environment, the
service may fail. That is, the person who was supposed to hear the message could not fully understand the message.
Under this scenario, it was not the servers fault but instead the external interference that caused the service to fail. This is
the prevailing idea which motivated our work in this paper.

Specifically, we seek to consider and analyze an M/M/1 queue with what we call "unreliable service.” In this model, the
term “unreliable service’ refers to the fact that the server may not always complete its service successfully. While service
failure has been studied extensively in the literature, our model is different in that the failure is not due to the server itself
by means of a breakdown,’ nor is it due to the customer leaving the queue during the service time. Rather, the success or
failure of a job is due to external forces and entirely random. Furthermore, neither the customer nor server know whether
a job has failed or was successful until after the job’s service time has been completed. The application of such a queue
can come from many different areas and fields — all that is necessary is for some sort of quality check to be performed
after service. This quality check would look at some set of measurements with certain thresholds and would conclude that
the service was either successful or not.

Another key aspect to our model is that it will preserve the FCFS (First Come First Serve) discipline structure of the queue.
Namely, when a customer’s service fails, the customer does not lose its place in the queue and the service is repeated until
it is successful. Our approach utilizes an embedded Markov chain methodology, similar to that done by Xu, Xiuli and
Tian, Naishuo (Xu & Tian, 2009). It should be noted that one can construct an M/PH/1 queue with similar properties.
However, such a model will impose an additional, undesirable restriction: @ > 3| + (3, (Latouche & Ramaswami, 1999)
See below for definitions of these parameters.

2. Definitions
We begin by defining our process, state space, and parameters.

Definition 2.1. Let {N(t) | t > 0} be the number of customers in the queue at time t, and

S(t) = 1 immediately after service is rendered
0 otherwise

Then {(N(t),S(t)) | t > 0} is a Markov process on the state space:
Q={(0,0}U{(k,s) | ke N,s e{0,1}}

Define the following parameters:
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A : the rate of the Poisson arrivals process.
u : the rate of service, successful or not.
[3; : the rate of a successful service.

[, : the rate of a failed service.

To visualize such a Markovian process, it is helpful to construct the state transition rate diagram.

Figure 1. Markovian state transition rate diagram.

Formally, we define a ’successful service’ to be a transition from (n, 1) — (

transition diagram as having rate (3.

Similarly, we define a ’failed service’ to be a transition from (n,1) —

n — 1,0), which is represented in the state
(n,0)

with transition rate (3,. Accordingly, we can compute the probabilities of a *successful’ or ’failed’ service explicitly by
considering the transition probabilities of the embedded Markov Chain.
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From here, we can list the countable state space in lexicographical order; formally defined below.

Definition 2.2. Lexicographical Ordering
We say (kq,s1) <

(kz, Sz) if and only if k; < kp or (k] =kyand s; < 82)

Using this re-ordering convention (see pg. 353 of Ibe, Oliver 2013), we can write Q as follows:

Q ={(0,0),(0,1),(1,0),(1,1),(2,0),(2,1),..
3. Infinitesimal Matrix Q

o T P

_ [+ n ]
—(B1 +B2+A)

= o
0o
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4. Positive Recurrence

Since the matrix Q has a block-tridiagonal structure, we have a QBD (Quasi Birth Death) Markovian process. Accordingly,
we apply Theorem 1.5.1 from Neuts (Neuts, 1981) to prove a lemma that will be used to show positive recurrence and

find the stationary distribution explicitly. To this end, we need the following lemma.

Lemma 4.1. The irreducible, block-tridiagonal Markov process with infinitesimal matrix Q is positive recurrent if and

only if:
e the minimal non-negative solution R of quadratic matrix equation:
RB+RA+C=0

has sp(R) < 1, and

e there exists a positive vector (Xy,Xy) such that (Xg, x1)B[R] = 0 where:

B[R] = [% A fRB] , and (Xo,X1) is normalized by xpe +x1(I —R)"le =1
if k=0
. SR oy Q=0 . . 0 lf
The stationary distribution satisfying: o is given by: mc = < xq if k=1
e =
xR i k=2

3)

Our lemma, unlike Theorem 1.5.1 (Neuts, 1981), is stated in terms of the infinitesimal matrix Q rather than a Markov

chain transition probability matrix.

Proof. Let P =1+ 1'Q, where T = — min{diag(A) U diag(A)} > 0. Then we have:

A ¢ 0 0 0 I+t 'A < IC 0
B A C 0 0 .. B I+t'A  t!C
P=10 B A" C' 0 = 0 B I+t 'A TIC

SincePe = (I+ 71 !Qle=Ie =e
= P is a stochastic probability matrix of a discrete time Markov chain.

Moreover, if TP == I+ 17 'Q) == n1Q =0
admQ=0=rn+1'MQ=nn=n(I+7'Q=n="nP=m
= Q=0 nP=1

Theorem 1.5.1 from (Neuts, 1981) states that P, and consequently Q, is positive recurrent
if and only if:

e the minimal non-negative solution R of quadratic matrix equation:
R’B'+RA'+C' =R
has sp(R) < 1, and

e there exists a positive vector (X, X1 ) such that (xg, x;)B’[R] = (x¢, X;) where:

A’ (ol . :
/ _ N —lg
B'[R] = [B’ A+ RB’} , and (Xg, X1 ) is normalized by xge + x;(I—R) ‘e =1
X if k=0
. o e nP=m . .
The stationary distribution satisfying: { 1 is given by: Bx = < xq if k=1
me =
xR if k=2

To finish our proof, we must restate the conditions on P in terms of conditions on Q:
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RB'+RA'+C'=R<—= 1 'RB+RI+7'A)+1t!C=R
— 1T RB+T'RA+T'C=0
~— RB+RA+C=0

and
A/ C/

(X0, x1)B'[R] = (x0,%1) < (x0,X1) {ﬁ, s RB/} _ (x0,%1)
I+t 'A —1C

< (x0,X1) {

B I+t A+ RB)} = (xo.x1)

< (x0.x1)(I+ 7t 'B[R]) = (x¢,x1)
<= (x9,x1)B[R] =0 O

5. The Quadratic Matrix Equation

Thanks to Lemma 4.1, we seek the minimal non-negative solution R to the quadratic matrix equation:

R°B+RA+C=0 (6)

There are many methods for solving such equations in the literature. Some are numerical in nature (Guo, 2014), (S. Seo, J.
Seo & H. Kim, 2014), others are analytical for particular cases (Adan, Wessels, & Zijm, 1993). However, pure analytical
methods are generally preferred to numerical ones when they are feasible. In our case, we employ the direct method
whereby we solve the system of equations generated by equating the matrices entry by entry.

LetR = {:“ :12} = (6) can be restated at the following system of equations:
21 T2

A—A+wrn+ (rurie +12m2) B +112B2=0
uriyp =12 A+ B +PB2) =0

(7
—(A 4 w21 + (rizrar +71%,) Br 4+ T2B2 =0
A+ pury =T (A+ B+ B2) =0
The analytical minimal non-negative solution to (7) is given by:
1y = AMATBI+Ba)
= wBi
T = A AA+BI+B2) A A A+Bit+Ba
S Riasea) =R=| \\F X =5 AMB ®)
21 = By [Ieh B1 1 =
_ A
T22 = 3,

6. The Spectral Radius of R

At this point, we can compute the spectral radius of R explicitly and construct a more readily verifiable sufficient condition
under which our model will be positive recurrent.

Corollary. By Lemma 4.1, the infinitesimal matrix Q given in equation (2) is positive recurrent if and only if:
Bk —A) = Alu+B2) >0.

Proof. We compute the spectral radius of R by solving the scalar quadratic equation generated by det(R — p;I) = 0,
yielding that p; satisfies the following quadratic equation:

uBipI —AA+p+Br+B2)pi +A2 =0 9)

A BBt (1) /Nt BB —4uB) )

- Pi = 1B , i=1,2

It is clear by inspection that the largest of these eigenvalues in (9) will contain the positive radical. Thus, by Lemma
4.1, Q is positive recurrent if and only if:

A(A+p+Bi+Ba+ /(A u+B1+B2)2—4up,
Po = ( Iy ) <1
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S A BB+ VN Br Ba) 2 —4upy < 2P

= VAt u+ B+ B2 —4up < BB — (A 4B+ B2)
= A+p+Bi+p2)%—4up < 411;7[3% 4B (it Bt o)
— —4pp, < 411)\22312 _ 4#’-(51(7\+L;:+f51+ﬁz)

= —AupiA? <4 —AuPIAA + L+ By + B2)

> 0 < 4puP A’ +4p2 BT — 4ApB (A + 4 1 + B2)

= 0< A2+ pufr —AA+p+ B1 + B2)

+ A+ p+ B+ B2)?

= 0 <P —A(u+B1+B2)
= Bl —A) = AL+ p2) >0 O
7. The Stationary Distribution
7.1 The Explicit form of R*
Proposition 7.1. Using the scalar-factored form of R in (8), we find:
(Bipo—A)pE+pF (A—Bip1) M
k _ Bi(po—pi1) Bilpo—p1)
R A(A+B2) (e —el) (A=BipU)pg el (Bipo—A) (10)
uB1(po—p1) Bilpo—p1)

Proof. By Mathematical Induction, we will show this is true for k = 1, assume it is true for arbitrary k, then show it is

true for k + 1.
k=1
[(Bipo—A)po+pi(A=PRip1) Alpo—p1)
R! = Bi(pg—p1) Bi(po—p1) ]
A(A+B2)(po—p1) (A=Bip1)pot+pi(Bipo—A)
L wB1(po—p1) Bilpo—p1)
[ B1pi—Apo+Api—Bip] A
— Bi(po—p1) Bi
AA+Bo) Apo—Bipipot+Bipipo—Ap)
L mB1 Bi(po—p1)
B1(p3—p})—Apo+Arp: A
= Bi(po—p1) B1
AA+B2) Apo—Ap;
L upB Bi(po—p1)
[Bi(po—p1)(Pot+p1)—A(Po—pi) A
— Bi(po—p1) B1
A(A+B2) A(po—p1) ]
L T uBr Bi(po—p1)
[Bil(po+pi)—A ?\‘|
— B1 B1
AA+B2) A
L wB B
AA+BI+B2) A A(AE 11t B14-B2)
= | adbhy  A|, wherepo+py = SR
L pBi B
k+1
(Bipo—A)pE+pF (A—Bip1) Ap—rpk) AA+Bi+B2) A
RKR = Bi(po—p1) Bi(po—p1) [ B
AA+B2) (pF—pk) (A—Bip)ps+ef(Bipo—A) AA+B2) A
L wP1(po—p1) Bilpo—p1) B B
AA+B1+B2) ((B1oo—A) o+ (A—B1p1)) +A2(A+B2) (ol —pF) A [ (Bipo—A)pk+pk (A—Bip1)+A(pf—pl)
1B (po—p1) Bi Bi(po—p1)
A B2) (AA+B1+B2) (o —pF)+ (A= Brip ol +1pk (Broo—N)) A [ AA+B2) (pk—pk)+(A—B 1o ) ol +1pk (Bipo—A)
w2 B3 (po—p1) B 1B (po—p1)
?\(7\+I31+f52)([51( s pkH)f?\(pﬁffp}‘)>+)\2()\+[52)(p(‘f—p}<) BipkH—pipkt! Blp
up?(po—p1) Bilpo—p1)
7\(?\+Bz)(?\(7\+u+(51+r52)(p(‘ffp}‘)fu(51p]p(’f+uﬁnp}‘po) 7\+u+f52)(p —pK)—uBipipE+uBipkpo
2R3 (po—p1) (3 uB1(po—p1)
AA+B1+B2) (P —pf+!) =A% (pk—p)) Alpg ' —pf*)
HB](PU_Pl) Bilpo—p1)
= 7\(7\+Bz)((po+m)(p(’f*plk)*plp('ﬁp}‘po) A [ AA+u+B1+B2) (pE—pk)—ABi (P —pK)—nBipipE+uBipf PO
wBi(po—p1) B uB1(po—pr)
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[uBi(potei) Pkt —pfF ) —Au(pf ' —pF ) —uBipopi (pf—pk) Alps ™ —pf*)
B w1 (po—p1) Bi(po—p1)
o AA+B2) (o5 ' —pF ") A [ mBi(pE ! —pf ) =AB I (pE—p))
11 (pPo—p1) Br wRi(po—p1)
—Bl(p(1]<+2701k+2)77\(p(1)<+17p}<+1) 7\(9(1;+17p}<+1)
— B1(po—p1) Bi(po—p1)
AA+B2) (Pt —pft1) At —pF ) —Bipopi (pE—pf)
L rBi(po—pr) Bilpo—p1)
(Bipo—A)ps 1 +pk M (A—Bip1) Alps ' —pf )
— Bi(po—p1) Bi(po—p1) — Rk+!
AA+B) (pg o) (A—Bip1)pk oK (B1po—A)
L wB1(po—pr) Bilpo—p1)

Remark. Two substitutions were needed in this derivation, namely: py + p; = ATt BitBa) gng pPop1 = :‘—é] These

i)
can easily be verified from (9). ]

m|
7.2 The Initial Terms of T
Next we turn our attention to computing B[R], and a positive vector (xg, Xy ), such that (xo, x;)B[R] = 0:
i & —A A 0
(x0,x1)B[R] = (x0,%1) B A+RB| = (x0,x1) | O - H =0 (11)
Bi A+B2 —(A+Bi+B2)
= (ao.xi) = (1, (MEEEEE 2
We now seek to normalize the solution in order to generate the first three terms of 7t
_ —A)—A(Ba+
K(xoe+xi(I—R)le) = 1 — k = BIHZNZABHW g vy o (12)

Biu

Tty — Bi(p—A)—A(Ba+n) —K
00 = Biu N
AB1+B24+A)(Bi(m—A)—A(Bat+p)) _ AK(Bi+PB2+A)

Bin? - Bip
ABi (A A(Brtu)) _ AK
ﬁ%H B1

= (7100, 710, 711 ) = K(x0,X1) == { o =

T =

Remark. We observe that the condition given by the Corollary to Lemma 4.1 for positive recurrence: (it —A) —A(n+
B2) > 0is equivalent to K > 0.

Proposition 7.2. The remaining elements {(Ttxo, k1) | K = 2} of our stationary distribution satisfying (Tteo, Tx1) =

(7010, 7011)R* " and 700 + Y (70 + 7tx1) = 1 are given by:

k=1
_ [ ek =kt Alef—pk)
o =K Po—pP1 Bi(po—p1) (13)
— )\K(p(')‘fplk)
kI = "Bi(po—p1)

Proof. To motivate the proof, we begin by noting that:

(700, k1) = (7010, 7011 )R¥ ™! <= (7110, 01 ) = (71100, 7111 )RF 2R
> (7o, k1) = (M—1,0, —1,1)R

and consider:

_ _ _ _ A+B1+B
(1001 )R = AK ((2E=pl  Aleb =i 1) Aler '—pi ) TR
k—1,0 k1,1 B Po—pP1 Bilpo—p1) ° Bilpo—p1) AtBa 1
n

A+py Mo '—of ")

— 2K ()“"[314'[32 pf el _ A+pirpy Med ol )

1 n Po—P1 n Bi(po—p1) u Bilpo—p1)
pk—pk  Ales '—pf ") i Ales '—pf ")
Po—P1 Bilpo—p1) Bilpo—p1)

Br mn Po—P1 w o Bilpo—p1) ’ po—pi

k—1 k—1
_ AK (7\+[3|+[52 ok—pk g Ales el ") pé‘ﬂi‘)
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AA+BI+B2) pE—pF  AN(ps ' —pf

[TeH po P R (po—pr)

) Ales—ek)
> Bi(po—p1)

N(eg '—ef ") Alef—el)

uBi pn P Bilpo—p1)

wB1(po—p1)

> Bilpo—p1)

(es—ef)  Ales—ef)  popi(es '—pf ") Ales—pl)

Po—P1

Bi(po—p1) (po—p1) > Bi(po—p1)

~ Ales—ef) Ales—rel)

=K
=K
—K (po+p1)
— k(e
Po— 91
We have:
o0
oo + Y (Mo + Ttk1)
k=1 0

M3

I
~ TMs

i
o

I
=
M3

=~

(x AtutBitBa) pf—of _ Alef—ek)

[=)

Bi(po—p1)> ﬁ1(90—91)> = (70, Tt )

(7o + 71 ), where (13) is valid for all k € N U {0}

ok —pk+  Alpf—pl) I Apg—pF)
Po—P1 Bilpo—p1) Bilpo—p1)
( )

8. Decomposition

8.1 Decomposition of N

K 1,

po(l—p1)—p1(1—po)

(1—po) (1—p1)
Po—P1

((lpo)(lpl ))

since K = (1 — po) (1 — p1).

)

)

Theorem 8.1. If K > 0, then the stationary number of customers in steady-state, N, can be decomposed into the sum of
two independent geometric random variables parameterized by 1 — pg and 1 — p;. Namely: N = Xy + X, where:

Xo ~ Geometric(1 — pg), and X; ~

Geometric(1 — py).

Proof. With our stationary distribution explicitly found, we compute the stationary queue-length probability generating

function (P.G.F.) defined by:

M8

= Gn(z) = P(N = k)z¥

i
(=]

:ip(N:

k=0

Il
Ms

P(N=kNS=0)U(N=knNS=1))z*

i
(=]

Il
~
gl

P(N=kNS=0)+P(N=knNS = 1))z~

I
M3

k
Tko + 7Tk1)Z

k=0
_x f pb —pf _ Alof—ef) | Alef—ef) ) i
= Po—p1 Bi(po—p1) Bilpo—p1)
o] kA1 k+1
=K Z (pu —Pi )Zk
K=o Po—pP1
K o+ KL gkl k
= Po—pP1 Z )Z
k=0
K o0 o0 k
= K—(po X (pox)“ —p1 3 (p12)
k=0 k=0
— K Po __ _P1
po—p1 \ 1—poz l—piz
_ _K Po(l—piz)—pi(1—poz)
Po—P1 (1=poz) (1—p12)
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— _K Po—P1
po—p1 \ (1—poz)(1—piz)

_ K
T (I—poz)(1—p12)

- 11 Dpooz 117912 = 9x,(2)9x, (z)
= N = Xp + X, where X, and X; are independent,
Xo ~ Geometric(1 — pg), and

Xi ~ Geometric(1 — py). O

8.2 Little’s Distributional Law

Since we have the P.G.F. of N, we may now employ Little’s Distributional Law, named after John Little for his work in
1961 (Little, 1961), proved in general by Keilson, J. & Servi, L.D. in 1988 (Keilson & Servi, 1988).

Theorem 8.2. Little’s Distributional Law
Let N be the stationary number of customers in a steady-state queue where the arrivals come according to a Poisson
stream with rate \. Let W be the stationary waiting time. Let W*(s) denote the L.S.T. (Laplace Stieltjes Transform) of W.
Then:

In(z) =W ((1 =z)A) (15)

Proof. While we will refer the reader to Keilson, J. & Servi, L.D. (Keilson & Servi, 1988) for details, we give an ele-
mentary direct proof in line with our notation. Given the definition of the P.G.F. of N, we rewrite P(N = k) via total
probability and obtain:

9N(Z):ZPN k ZZkJ‘PN k|w_t)de_ZZkJ‘e—?\t ] dFw
—® =0 —o0
0 [
— J‘ ef}\t Z ?\tz dF _ J‘ efAt ?\tZdFW_ J‘ 677\t1 z) dFW W*(U*Z))\) O

8.3 Decomposition of W
Theorem 8.3. If K > 0, then the stationary waiting time W for customers in the steady-state queue of length N can
be decomposed into the sum of two independent exponential random variables parameterized by Ml;op‘)) and A(I;p‘ ),
Namely: W =Yy + Y1, where: Yy ~ Exponential i , and Y| ~ Exponential Al—pu)y,
P1
Proof. Using Theorem 8.2, we can find the L.S.T. of W explicitly:
* _ A K
Wi(s) = Sn (1= %) = mmm ey
_ KA2
T (A=po(A=s))(A—pi(A—s))
_ KA2
— (A1—=po)+pos) (A(1—p1)+p1s)
KAZ
= AT e KT
(TOJFS)(TIJFS)
Al—pg) A1—p})
= S0 X
(T0+5)(7]I+5)
A(1—pg) 7\(1 P[)
= (7\(1 ‘;0)—0—5) (m pl)ﬂ)
PO
= W=Yy+Y|, where Yy and Y; are independent,
Yo ~ Exponentlal(T), and Y| ~ Exponentlal()‘“;p‘) ) O
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9. Results

Table 1. Analytical Results

Steady-State # of Customers: N Steady-State Waiting Time: W

| | Al—pg) All—py)
_ 1=p & * _ ) 0
SN(Z) - ]—pgoz l—pllz W (S) = ()\(]()701)%)+s) (?\(]p p])+s)
Po P1
E() o Ai—po] T Ai—p1)
\V/ () + P(Z) + et
art. To? T oy NM{—po) " A(1—pi)?

10. Special cases

We can now recover the stationary behavior of the following known queue types as particular cases from our model as
follows:

e 3 — oo with 0 < B, < oo results in the classical M/M/1 queue.

e 0 < P < oowith B, =0 and p = 3 results in an M/E,/1 queue, where E; refers to an "Erlang’ service time
distribution with shape 2 and rate .

o 0 < By <oowith 3, =0and p > 3, results in an M/HE/1 queue, where HE refers to a hypoexponential service

time distribution ~ f(t) = % (pg. 308 in Ross, 2006).

10.1 M/MJI

Proposition 10.1.
If0 < B2 < oo and 1 — oo, our model recovers the stationary behavior of the classical M/M/1.

Proof.
We begin by computing the eigenvalues of R under these conditions.
AAtutBr+Bot /it BB —4ubi) 5

lim lim = 2 = p < 1 = Positive Recurrent
B1—o0 Po = B1—o0 2uBy K P
X AMA+p+B1+B2— v/ (A+p+P1+B2)>—4up
lim 0 = lim ( K 1 2 \/2 H 1 K 1) —0
Bl—>00 B[-)OO H'Bl

We now consider our P.G.F. with the appropriate substitutions.
_ 1=po 1=py _ 1—p
9N(Z) T 1—poz l—pjz = 1—pz

Since the P.G.F. of N matches that of the classical M/M/1 queue given on page 32 of Adan, I., & Resing, J. (Adan &
Resing, 2001), we conclude that the stationary queue lengths are equivalent in distribution. O

10.2 MfE5/1

Proposition 10.2.
If0 < By < 00, Br = 0and w = By, our model recovers the stationary behavior of an M /E, /1 queue, where E, refers
to an ’Erlang’ service time distribution with shape 2 and rate .

Proof.

We begin, again, by computing the eigenvalues of R under these conditions and obtain:
AA+utBi+Bat / rur BB —aupr)  A(Ar2ut /O27—a02)  A(A+2u+ /AW

Po = 21B, - 212 - 22

AAF2u+ /A (A+4p)
We also note that ( " e " ) <le= 2 <]
Therefore, let p = u A and we have py < 1 <= p < 1 = Positive Recurrent

We must now consider our L.S.T. W*(s):

* s K
Wi(s) = Sn(1 = %) = oo e D))
KA2
oA s A oA sT)
K2
(A(1—=po)+pos) (A(1—p1)+p1s)
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_ KA2

T A2(1—po) (I1—p1)+Ap; (1*90)§+}\90“pr)5+poplsz

_ KA

T A2(1—po) (1—p1)+AP1S—APoP1S+APoS—APoP1S+PoP1S>
KA2

= N(—po)(I—p1)+As(Po+p1)+Pop1 (s*—2As)
We now need some substitutions: namely:
—A)—A —A)—A 22A
K=(1—po)(1—p;) = Bi(p élu(ﬁzﬂt) _ u(p ll)2 (W) _w 2 I

_A N
PopP1 = wpr 2
A BBt /R BB 4B ) | A(A+ B Ba— /(AR BB B oA (At Bt By) | Ai2An
Po+p1 = 2uB; + 2uB; - 2uB, T

Proceeding where we left off, we have:
)\2 u2 72>\3 n

*(s) = —35) = u? — W —2Ap _ 2 —2Ap
w (S) - 9N(1 ?\) Y uzngqu)\s )‘ztg)‘“Jrﬁ—i(stZ?\s) T2 2Ap+s(A2p)+(s2—2As) T p2—2Ap+As+2us+s2—2As

_ wWs(1—p)

T op?s—2Aps+2us?+s3—As?

_ ws(1—p)

T A2 2Aus AP HA R 282483+ puls

_ ws(1—p)

—A(s+p)?2+s3+2pus?+pu2s+Ap?

u?s(1—p)

—A(s+p)?+s(s+p)>+Ap?
2

= S(l_p)gs‘“;z which matches what is given on page 85 of Ibe, Oliver (Ibe, 2011).
s—A+A(
Therefore, we conclude that the stationary queue length is equivalent in distribution to an M/E;/1. O

10.3 M/HE/1

Proposition 10.3.
If0 < By < oo, pr = 0and u > P we have the stationary behavior of an M/HE/1 queue, where HE refers to a

hypoexponential service time ~ f(t) = W (see pg. 308 in Ross, 2006).

Proof.
We once more compute the eigenvalues of R under these given conditions and obtain:
A BBt /O BB 4B ) A(AtutBit /Nt B2 —4uB) )
Po = ( 2up; - ) 2B,
AA+utBi+ /(A pdBr)?—4uB) AptB1)
2B <l ey <l

Alp+B1)
Hpi

We again note that

Therefore, for notational convenience, we will let p =
and we have pyp < 1 <= p < 1 = Positive Recurrent
We must now consider our L.S.T. W*(s):

* _ - K
W(s) = Sn (1= %) = rmr=s ==
_ KA2
— (A—po(A=s))(A—p1(A—s))
KA2
(A(T—=po)+pos) (A(1—p1)+pis)
KA2
)\2(1*90)(1*01)+7\pl(1*90)§+7\90(1*pl)5+909152
KA
7\2(1700)(1*01)+7\pls;hpopls+7\posf?\popls+popnsz
_ KA
— A2(1=po)(1—p1)+As(potp1)+popi (s> —2As)
‘We now need some substitutions: namely:
K=(1-po)(l—p1) = Bi(u—A)—A(Batp) _ Br(u—A)—Au _ 1— Alp+B1) 1—p

Biu Biu upBi
)\2
PoP1 = 157
A(AtutBr+Bat /(N ut B B2 —auBi)  A(AtutBr+Ba— /(A it Brt B2)2 4B )
Po+pr = 2B + 21B
_ 2AA+pBi+B2) . AHA(u+B) A2 +
L 2B - [Ieh “wE TP
Proceeding where we left off, we have:
2
W* _ 1_ s\ — A (1—p)
(s)=9n(1-3) N (1=p)+As (5= +0)+ 25 (s2—22s)
_ A (1—p)
A2 (1=p)+As(p— 25 )+ 255

134



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 7, No. 1; 2018

_ (I—p)pP:

T (uBi—A(n+Bi)+s(u+Bi—A)+5?)
s(l—p)uB
s((s+p)(s+B1)—A(u+p1)—sA)
s(1—p)ppi
s(s+p)(s+B1)—sA(n+B1)—s2A

s(1—p)upi

ST (s+B1)—Als+p) (s+B1)+ARB,
_ ster(p) ()

| e ) .
Since our “waiting time” includes the customer’s service time, this matches what is given on by J.W. Cohen (Cohen, 2012)

on page 255. Therefore, we conclude that the stationary queue length is equivalent in distribution to an M/HE/1. O

10.4 Instantaneous Success / Failure

We can also study somewhat familiar type of queue as follows:

Proposition 10.4.

If B1 — oo with B1 = YP,, we have a queue with instantaneous 'success’ or ’failure’ after the service time has elapsed,
where the probability of a successful service is ps = % and likewise for failure, we have p¢ = ﬁ This queue has a
stationary queue length which is equivalent to an M/M/1 queue with service time ~Exponential(ups ).

Proof.
Computing the eigenvalues of R under these conditions yields:
. ) A(A+utBi+Bat /(AR BI+ B —41B1) (14 N
lim py = lim B =SS =, =P
Br=vB2—o0 Bi=yPR2—o0 5 Ps
, , A(A+utB1+Ba— /(A 1t Br+B2) 2411 )
lim pr = lim P =0
Br=vp2—o0 Br=yp2—o0 P

p < 1 <= Positive Recurrent

We can now compute our P.G.F. with the appropriate substitutions.

_ 1=po 1=py _ 1—p
9N(Z) T 1—poz 1—piz = l1—pz

This shows that the P.G.F. of N matches that of the classical M/M/1 queue with arrival rate pups, as given on page 32
of Adan, I., & Resing, J. (Adan & Resing, 2001), we thus conclude that the stationary queue lengths are equivalent in
distribution. O
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