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Abstract

In this paper, we present a new family, depending on additive Weibull random variable as a generator, called the gen-
eralized additive Weibull generated-family (GAW-G) of distributions with two extra parameters. The proposed family
involves several of the most famous classical distributions as well as the new generalized Weibull-G family which al-
ready accomplished by Cordeiro et al. (2015). Four special models are displayed. The expressions for the incomplete
and ordinary moments, quantile, order statistics, mean deviations, Lorenz and Benferroni curves are derived. Maximum
likelihood method of estimation is employed to obtain the parameter estimates of the family. The simulation study of the
new models is conducted. The efficiency and importance of the new generated family is examined through real data sets.
Keywords: Additive Weibull, Mean deviation, Moments, Estimation

1. Introduction

In recent years, the generated families of probability distributions have been broadly utilized for modeling real-data in
many applied areas. These generated families are defined by adding one or more parameters to the baseline model. The
generated families generalized and extended most of the formal distributions. Some of the generators are the beta-G by
Eugene et al. (2002), gamma-G by Zografos and Balakrishanan (2009), Kumaraswamy-G by Cordeiro and de Castro
(2011), generalized beta-G by Alexander et al. (2012), transformed-transformer (T-X) by Alzaatreh et al. (2013),Weibull-
G by Bourguignon (2014), type I half-logistic-G by Cordeiro et al. (2016), additive Weibull-G by Hassan and Hemeda
(2016) among others.

A more general family called the generalized Weibull-G family (GW-G) of distributions was introduced by Cordeiro et al.
(2015). They considered a baseline cumulative distribution function (cdf) G(x;ξ), the probability density function (pdf)
g(x;ξ) with parameter vector ξ and the Weibull distribution as a generator. They defined the cdf and pdf of the GW-G
family as follows

F(x; a, b, ξ) =
∫ − ln[Ḡ(x;ξ)]

0
abtb−1e−atb

dt = 1 − e−a{− ln[Ḡ(x;ξ)]}b ; x ≥ 0, a, b > 0. (1)

f (x; a, b, ξ) =
abg(x; ξ)
Ḡ(x; ξ)

{
− ln[Ḡ(x; ξ)]

}b−1
e−a{− ln[Ḡ(x;ξ)]}b ; x ≥ 0, a, b > 0. (2)

where, Ḡ(x; ξ) = 1 −G(x; ξ)
This article aims to introduce a new family of distribution called the GAW-G, which includes GW-G family as a special
case, besides it contains several of the existing probability distributions. The current article can be arranged as follows.
The GAW generated family of distributions is formulated in Section 2. Four special models of GAW-G family are
displayed in Section 3. Some structural properties of the GAW-G family are provided in Section 4. In Section 5, maximum
likelihood estimators of the model parameters are derived. In Section 6, Simulation study results of four special models
have been reported. In Section 7, an illustrative application based on a real data is investigated. A conclusion is provided
in Section 8.

2. The Generalized Additive Weibull-G Family

In this section, we define a generalized additive Weibull generated family of continuous distributions by using the additive
Weibull random variable as a generator. The reliability and hazard rate functions are defined and discussed analytically.
Furthermore, the asymptotic of pdf, cdf and hazard function is explained. According to Lemonte et al. (2014), the cdf and
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pdf of AW distribution with shape parameters b, d and scale parameters a, c are given, respectively, by

F(x; a, b, c, d) = 1 − e−cxd−axb
; x ≥ 0, a, b, c, d > 0. (3)

f (x; a, b, c, d) = (cdxd−1 + abxb−1)e−cxd−axb
; x ≥ 0, a, b, c, d > 0. (4)

To obtain the cdf of GAWCG, replacing the Weibull generator defined in (1) by the additive Weibull generator defined in
(4) as the following

F(x;Φ) =

∫ − ln[Ḡ(x;ξ)]

0
(cdtd−1 + abtb−1)e−ctd−atb

dt

= 1 − exp
{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}
; x ≥ 0, a, b, c, d > 0. (5)

where Φ = (a, b, c, d, ξ) and Ḡ(x; ξ) = 1 −G(x; ξ). The corresponding GAW-G pdf takes the following form

f (x;Φ) =
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]]d−1 + ab[− ln[Ḡ(x; ξ)]]b−1

}
.exp

{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}
; x ≥ 0, a, b, c, d > 0. (6)

A random variable having GAW-G density function (6) will be denoted by X ∼ GAW − G(x;Φ). Note that, for a=0 or
c=0 the pdf (6) reduces to the GAW-G family defined by Cordeiro et al.(2015). Also, we obtain the same result for b = d,
with scale parameter a + c.

Furthermore, the reliability and the hazard rate functions of GAW-G family are given, respectively, by

R(x;Φ) = e−c[− ln[Ḡ(x;ξ)]]d−a[− ln[Ḡ(x;ξ)]]b
(7)

The hazard rate function of GAW-G family is

h(x;Φ) =
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]]d−1 + ab[− ln[Ḡ(x; ξ)]]b−1

}
(8)

Here is a description regarding analytical behaviour of GAW-G family. The critical points of this family are the roots of
the equation

d
dx

h(x;Φ) = h
′
(x;Φ) = 0,

where

h
′
(x;Φ) =

g(x; ξ)
Ḡ(x; ξ)

[
cd(d − 1)g(x; ξ)

Ḡ(x; ξ)

{
− ln Ḡ(x; ξ)

}d−2
+

ab(b − 1)g(x; ξ)
Ḡ(x; ξ)

{
− ln Ḡ(x; ξ)

}b−2
]

+

{ g(x; ξ)
Ḡ(x; ξ)

}2

+
g
′
(x; ξ)

Ḡ(x; ξ)

 [cd
{
− ln Ḡ(x; ξ)

}d−1
+ ab

{
− ln Ḡ(x; ξ)

}b−1
]

i.e.h
′
(x;Φ) =

[
g(x; ξ)
Ḡ(x; ξ)

]2 [
cd(d − 1)

{
− ln Ḡ(x; ξ)

}d−2
+ ab(b − 1)

{
− ln Ḡ(x; ξ)

}b−2
]

+

[
g
′
(x; ξ)

Ḡ(x; ξ)

] [
cd

{
− ln Ḡ(x; ξ)

}d−1
+ ab

{
− ln Ḡ(x; ξ)

}b−1
]

There is more than one root to this equation. When b = 1, it becomes to some extent a simpler model and then x = x0 is a
root of the equation

cd(d − 1)
[

g(x;ξ)
Ḡ(x;ξ)

]2 {
− ln Ḡ(x; ξ)

}d−2
+

g
′
(x;ξ)

Ḡ(x;ξ)

[
cd

{
− ln Ḡ(x; ξ)

}d−1
+ a

]
= 0.

When b = d = 1,
h
′
(x;Φ) = −(c + a) g

′
(x;ξ)

Ḡ(x;ξ) = 0.
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Therefore, x = x0 is a root of the equation
g
′
(x; ξ) = 0,

and
h
′′
(x;Φ) = (c + a)

{
g
′′

(x;ξ)
Ḡ(x;ξ) +

g
′
(x;ξ)g(x;ξ)
Ḡ2(x;ξ)

}
.

The critical point x0 which refers to a local maximum if h
′′
(x;Φ) > 0(< 0), ∀x < x0 and a local minimum if h

′′
(x;Φ) > 0(<

0), ∀x > x0. It gives an inflexion point if either h
′′
(x;Φ) > 0, ∀x , x0 or h

′′
(x;Φ) < 0, ∀x , x0, where h

′′
(x;Φ) = d2h(x;Φ)

dx2 .

3. Some Special Models for GAW-G Family

In this section, some new special distributions, namely, GAW-uniform, GAW-Burr XII, and GAW-log logistic are intro-
duced.

3.1 GAW-uniform Distribution

Consider the baseline distribution is uniform on the interval (0, θ), θ > 0 with the pdf and cdf, respectively

g(x; θ) =
1
θ

; 0 < x < θ < ∞, G(x, θ) =
x
θ
.

The cdf of GAW-uniform (GAWU) distribution is obtained by substituting the pdf and cdf of uniform in (5) as follows

F(x; a, b, c, d, θ) = 1 − exp
{
−c

[
− ln

(
θ − x
θ

)]d

− a
[
− ln

(
θ − x
θ

)]b}
; 0 < x < θ < ∞.

The corresponding pdf is given by

f (x; a, b, c, d, θ) =
1

(θ − x)

{
cd

[
− ln

(
θ − x
θ

)]d−1

+ ab
[
− ln

(
θ − x
θ

)]b−1}
.exp

{
−c

[
− ln

(
θ − x
θ

)]d

− a
[
− ln

(
θ − x
θ

)]b}
; 0 < x < θ < ∞, a, b, c, d > 0.

The survival and hazard rate functions are given respectively as follows

R(x; a, b, c, d, θ) = exp
{
−c

[
− ln

(
θ − x
θ

)]d

− a
[
− ln

(
θ − x
θ

)]b}

h(x; a, b, c, d, θ) =
1

(θ − x)

{
cd

[
− ln

(
θ − x
θ

)]d−1

+ ab
[
− ln

(
θ − x
θ

)]b−1}
3.2 GAW-Gumbel Distribution

Consider the Gumbel distribution with location parameterλ ∈ R and scale parameter ν > 0 where the pdf and cdf for
(λ ∈ R) are

g(x; λ, ν) =
1
ν

exp
{( x − λ
ν

)
− exp

( x − λ
ν

)}
and

G(x; λ, ν) = 1 − exp
{
−exp

( x − λ
ν

)}
.

Inserting these equations into (5) and (6), the pdf and cdf of the GAW-Gumbel distribution will be obtained as follows

F(x; a, b, c, d, λ, ν) = 1 − exp
{
−c

[
− ln

(
exp

(
−exp

( x − λ
ν

)))]d

− a
[
− ln

(
exp

(
−exp

( x − λ
ν

)))]b}

f (x; a, b, c, d, λ, ν) =
1
ν

exp
( x − λ
ν

) {
cd

[
− ln

(
exp

(
−exp

( x − λ
ν

)))]d−1

+ab
[
− ln

(
exp

(
−exp

( x − λ
ν

)))]b−1}
exp

{
−c

[
− ln

(
exp

(
−exp

( x − λ
ν

)))]d

−a
[
− ln

(
exp

(
−exp

( x − λ
ν

)))]b}
; x, a, b, c, d, λ, ν > 0.
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The survival and hazard rate functions are given respectively as follows

R(x; a, b, c, d, λ, ν) = exp
{
−c

[
− ln

(
exp

(
−exp

( x − λ
ν

)))]d

− a
[
− ln

(
exp

(
−exp

( x − λ
ν

)))]b}

h(x; a, b, c, d, λ, ν) =
1
ν

exp
( x − λ
ν

) {
cd

[
− ln

(
exp

(
−exp

( x − λ
ν

)))]d−1

+ab
[
− ln

(
exp

(
−exp

( x − λ
ν

)))]b−1}
3.3 GAW log-logistic Distribution

Assuming that the baseline distribution is log-logistic (see (Bennett (1983)) with the following pdf and cdf,

g(x; λ, α) = αλ−αxα−1
[
1 +

( x
λ

)α]−2

and

G(x; λ, α) = 1 −
[
1 +

( x
λ

)α]−1
.

As previously mentioned, the cdf and pdf of the generalized additive Weibull log -logistic(GAWLL) distribution are
obtained by substituting the previous pdf and cdf in (5) and (6) as follows

F(x; a, b, c, d, λ, α) = 1 − exp
{
−c

[
ln

(
1 +

( x
λ

)α)]d
− a

[
ln

(
1 +

( x
λ

)α)]b}
; x ≥ 0, λ, α > 0,

f (x; a, b, c, d, λ, α) =
αλ−αxα−1(
1 +

(
x
λ

)α) {
cd

[
ln

(
1 +

( x
λ

)α)]d−1
+ ab

[
ln

(
1 +

( x
λ

)α)]b−1}

.exp
{
−c

[
ln

(
1 +

( x
λ

)α)]d
− a

[
ln

(
1 +

( x
λ

)α)]b}
; x > 0.

The survival and hazard rate functions take, respectively, the following forms

R(x; a, b, c, d, λ, α) = exp
{
−c

[
ln

(
1 +

( x
λ

)α)]d
− a

[
ln

(
1 +

( x
λ

)α)]b}

h(x; a, b, c, d, λ, α) =
αλ−αxα−1(
1 +

(
x
λ

)α) {
cd

[
ln

(
1 +

( x
λ

)α)]d−1
+ ab

[
ln

(
1 +

( x
λ

)α)]b−1}

3.4 GAW-Burr XII Distribution

Considering the baseline distribution is Burr XII (see Burr (1942)) with the following pdf and cdf

g(x;α, θ) = αθxα−1 (1 + xα)−(θ+1) ; x ≥ 0, α, θ > 0,

G(x;α, θ) = 1 − (1 + xα)−θ ; x ≥ 0, α, θ > 0.

The cdf of GAW-Burr XII (GAWBXII) distribution is obtained by substituting the pdf and cdf of Burr-XII in (5) and (6)
as follows

F(x; a, b, c, d, α, θ) = 1 − exp
{
−cθd

[
ln(1 + xα)

]d − aθb
[
ln(1 + xα)

]b
}

; x > 0.

The corresponding pdf is

f (x; a, b, c, d, α, θ) =
αθxα−1

(1 + xα)

{
cdθd−1 [

ln(1 + xα)
]d−1
+ abθb−1 [

ln(1 + xα)
]b−1

}
.exp

{
−cθd

[
ln(1 + xα)

]d − aθb
[
ln(1 + xα)

]b
}

; x > 0, a, b, c, d, α, θ > 0
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The survival and hazard rate functions are obtained, respectively, as follows

R(x; a, b, c, d, α, θ) = exp
{
−cθd

[
ln(1 + xα)

]d − aθb
[
ln(1 + xα)

]b
}
,

h(x; a, b, c, d, α, θ) =
αθxα−1

(1 + xα)

{
cdθd−1 [

ln(1 + xα)
]d−1
+ abθb−1 [

ln(1 + xα)
]b−1

}
.

Plots of pdf and hazard rate function for some parameter values for the selected distributions are represented through
Figure 1.

From Figure 1, it appears that the shape of the distribution depend heavily on parameter values. In fact, the shape could be
left skewed, symmetric and right skewed, which will depend on the values of the parameter. Thus this distribution could
be suitable to model many kind of data.

4. Some Mathematical Properties

In this section, some general results of the GAW-G family are derived.

4.1 Mixture Presentation

Expansion formulas for the cdf and pdf of the GAW-G family are derived. The power series for the following exponential
function can be written as

exp
{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}
=

∞∑
i=0

(−1)i

i!

[
c[− ln[Ḡ(x; ξ)]]d + a[− ln[Ḡ(x; ξ)]]b

]i

=

∞∑
i=0

(−1)ici

i!

[
[− ln[Ḡ(x; ξ)]]id

[
1 +

a
c

[− ln[Ḡ(x; ξ)]]b−d
]]i

(9)

Based on (9), the cdf in (5) will be

F(x;Φ) = 1 −
1 −

∞∑
i=0

(−1)ici

i!

[
[− ln[Ḡ(x; ξ)]]id

[
1 +

a
c

[− ln[Ḡ(x; ξ)]]b−d
]]i


F(x;Φ) =

∞∑
i=0

(−1)ici

i!

[
[− ln[Ḡ(x; ξ)]]id

[
1 +

a
c

[− ln[Ḡ(x; ξ)]]b−d
]]i

(10)

Since [[
1 +

a
c

[− ln[Ḡ(x; ξ)]]b−d
]]i
=

∞∑
j=0

i!
j!(i − j)!

[a
c

] j
[− ln[Ḡ(x; ξ)]] j(b−d) (11)

Substituting (11) into (10) then, the expansion for the cdf of GAW-G family can be written as

F(x;Φ) =

∞∑
i, j=0

(−1)ia jci− j

j!(i − j)!

[
− ln[Ḡ(x; ξ)]

]d(i− j)+b j
(12)

Based on the following expansion

[−ln(1 − x)]c = xc + c
∞∑

m=0

pm(c + m)xm+c+1; c ∈ R and x ∈ (0, 1), (13)

where pm(w) are Stirling coefficients and w=(c+m). The first three coefficients are p0(w) = 1, p1(w) = (w+w2)/48, p2(w) =
(−8 − 10w + 15w2 + 15w3)/5760. These coefficients are related to the Stirling polynomials by
pn−1(w) = S n(w)/[n!(w + 1)] for n ≥ 1, where S 0(w) = 1, S 1(w) = (w + 1)/2, S 3(w) = w(w + 1)2/24.
See in details, Ward (1934), Flajonet and Odlyzko(1990),
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Figure 1. Graph of Generalized Additive Weibull distributions and their corresponding hazard rates.
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The formula in (13) holds for m ≥ 1. Therefore, we can write[− ln(1 −G(x; ξ))
]d(i− j)+b j

=
[
G(x; ξ)

]d(i− j)+b j
+ [d(i − j) + b j]

.

∞∑
m=0

pm[d(i − j) + b j + m]
[
G(x; ξ)

]d(i− j)+b j+m+1 (14)

Substituting (14) into (12) the distribution function of GAW-G family will be

F(x;Φ) =

∞∑
i, j=0

(−1)ia jci− j

j!(i − j)!

{[
G(x; ξ)

]d(i− j)+b j
+ [d(i − j) + b j]

.

∞∑
m=0

pm[d(i − j) + b j + m]
[
G(x; ξ)

]d(i− j)+b j+m

 (15)

where pm(d(i − j) + b j + m) are the coefficients of the Stirling polynomials.

Expanding
[
G(x; ξ)

]d(i− j)+b j and
[
G(x; ξ)

]d(i− j)+b j+m in power series, F(x;Φ) can be expressed as

F(x;Φ) =

∞∑
i, j=0

wi j
[
G(x; ξ)

]k
+

∞∑
i, j,m=0

wi jm
[
G(x; ξ)

]k+m+1 , (16)

where
wi j =

(−1)ia jci− j

j!(i− j)! , wi jm =
(−1)ia jci− j[d(i− j)+b j]pm[d(i− j)+b j+m]

j!(i− j)! ,k = d(i − j) + b j.
The corresponding pdf can be expressed as

f (x;Φ) =

∞∑
i, j=0

kwi, j
[
G(x; ξ)

]k−1 g(x; ξ) +
∞∑

i, j,m=0

(k + m + 1)wi, j,m
[
G(x; ξ)

]k+m g(x; ξ) (17)

Another expression of the cdf of GAW-G family can be written as

F(x;Φ) =

∞∑
ϵ

ηϵH(x; ξ), (18)

where H(x; ξ) denotes the cdf of the mixture exponential
[
G(x; ξ)

]k and
[
G(x; ξ)

]k+m+1 distributions.

The corresponding pdf can be expressed as

f (x;Φ) =

∞∑
ϵ

ηϵh(x; ξ), (19)

where h(x; ξ) is the pdf of the exp- H(x; ξ) distribution

4.2 Quantile Function

The quantile function, say Q(u) = F−1(u), of the GAW-G family is derived by inverting (5) as follows

u = 1 − e−c[− ln[1−xG]]d−a[− ln[1−xG]]b
.

After some simplifications, the previous equation is reduced to

ln(1 − u) + c [− ln[1 − xG]]d + a [− ln[1 − xG]]b = 0, (20)

where, xG = Q(u), and u has the uniform distribution on interval (0, 1). Hence the nonlinear equation (20) is solved
numerically to obtain the generated number of the random variable X.

4.3 Moments

The rth moment of random variable X can be obtained from pdf (17) as follows

µ
′

r =

∫ ∞

0
xr f (x,Φ)dx

=

∞∑
i, j=0

kwi, j

∫ ∞

0
xr [G(x; ξ)

]k−1 g(x; ξ)dx +
∞∑

i, j,m=0

(k + m + 1)wi, j,m

∫ ∞

0
xr [G(x; ξ)

]k+m g(x; ξ)dx

71



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 6, No. 5; 2017

Therefore

µ
′

r =

∞∑
i, j=0

wi jIi, j,r +

∞∑
i, j,m=0

wi jmIi, j,m,r; r = 1, 2, .... (21)

where, Ii, j,r =
∫ ∞

0 kxrhi, j(x; ξ)dx and Ii, j,m,r =
∫ ∞

0 (k + m + 1)xrhi, j,m(x; ξ)dx.
In particular, the mean and variance of GAW-G family are obtained as follows:

E(X) =

∞∑
i, j=0

wi jIi, j,1 +

∞∑
i, j,m=0

wi jmIi, j,m,1

The variance is

Var(X) =

∞∑
i, j=0

wi jIi, j,2 +

∞∑
i, j,m=0

wi jmIi, j,m,2 −
 ∞∑

i, j=0

wi jIi, j,1 +

∞∑
i, j,m=0

wi jmIi, j,m,1

2

Additionally, measures of skewness and kurtosis of family can be obtained, based on (21), according to the following
relations

γ1 =
µ
′

3 − 3µ
′

2µ
′

1 + 2µ
′3

1(
µ
′
2 − µ

′2
1

)3/2

γ2 =
µ
′

4 − 4µ
′

3µ
′

1 + 6µ
′

2µ
′2

1 − 3µ
′4

1(
µ
′
2 − µ

′2
1

)2

Furthermore, the moment generating function of GAW-G family is as follows

MX(t) =

∞∑
r=0

tr

r!
µ
′

r

where, µ
′
r is the rth moment about origin, then the moment generating function of GAW-G family is obtained by using

(21) as follows

MX(t) =

∞∑
r=0

tr

r!

 ∞∑
i, j=0

wi jIi, j,r +

∞∑
i, j,m=0

wi jmIi, j,m,r


4.4 Distribution of Order Statistics

Let X1, X2, X3, ......, Xn be a simple random sample from GAW-G family with cdf (5) and pdf (6) and X1:n, X2:n, X3:n, ......, Xn:n
denote the corresponding order statistics. The pdf of Xr:n is obtained through the following

fr:n(x;Φ) =
1

B(r, n − r + 1)
[F(x;Φ)]r−1 [1 − F(x;Φ)]n−r f (x;Φ).

fr:n(x;Φ) =
1

B(r, n − r + 1)

n−r∑
s=0

(−1)s
(
n − r

s

)
[F(x;Φ)]r+s−1 f (x;Φ).

Using the cdf (5) and pdf (6), the pdf of rth order statistic from GAW-G family takes the following form

fr:n(x;Φ) =
1

B(r, n − r + 1)

n−r∑
s=0

(−1)s
(
n − r

s

) [
1 − exp

{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}]r+s−1

.
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]]d−1 + ab[− ln[Ḡ(x; ξ)]]b−1

}
.exp

{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}
. (22)

72



http://ijsp.ccsenet.org International Journal of Statistics and Probability Vol. 6, No. 5; 2017

Since [
1 − exp

{
−c[− ln[Ḡ(x; ξ)]]d − a[− ln[Ḡ(x; ξ)]]b

}]r+s−1
=

∞∑
w=0

(−1)w
(
r + s − 1

w

)
.exp

{
−wc[− ln[Ḡ(x; ξ)]]d − wa[− ln[Ḡ(x; ξ)]]b

}
.

Substituting in (22), therefore

fr:n(x;Φ) =
1

B(r, n − r + 1)

∞∑
w=0

n−r∑
s=0

(−1)s+w
(
n − r

s

)(
r + s − 1

w

)
.
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]]d−1 + ab[− ln[Ḡ(x; ξ)]]b−1

}
.exp

{
−c(w + 1)[− ln[Ḡ(x; ξ)]]d − a(w + 1)[− ln[Ḡ(x; ξ)]]b

}
. (23)

Using the exponential expansion form for the following term:

exp
[
(w + 1)

{
−c[− ln[Ḡ(x; ξ)]]d − a(w + 1)[− ln[Ḡ(x; ξ)]]b

}]
=

∞∑
i, j=0

(−1)i(w + 1)ia jci− j

i! j!(i − j)!
[− ln[Ḡ(x; ξ)]]id+ j(b−d)

Substituting in (23)
Therefore,

fr:n(x;Φ) = ηr
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]](i+1)d+ j(b−d)−1 + ab[− ln[Ḡ(x; ξ)]]id+ j(b−d)+b−1

}
(24)

where,

ηr =
1

B(r, n − r + 1)

n−r∑
s=0

∞∑
i, j,w=0

(−1)i+s+w

i! j!(i − j)!

(
n − r

s

)(
r + s − 1

w

)
(w + 1)ia jci− j.

In particular, the pdf of the smallest order statistic X1:n is obtained from (24), by substituting r=1

f1:n(x;Φ) = η1
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]](i+1)d+ j(b−d)−1 + ab[− ln[Ḡ(x; ξ)]]id+ j(b−d)+b−1

}
,

where,

η1 = n
n−1∑
s=0

∞∑
i, j,w=0

(−1)i+s+w

i! j!(i − j)!

(
n − 1

s

)(
s
w

)
(w + 1)ia jci− j.

Also, the pdf of the largest order statistic Xn:n is obtained from (24), by substituting r=n

fn:n(x;Φ) = ηn
g(x; ξ)
Ḡ(x; ξ)

{
cd[− ln[Ḡ(x; ξ)]](i+1)d+ j(b−d)−1 + ab[− ln[Ḡ(x; ξ)]]id+ j(b−d)+b−1

}
,

where,

ηn = n
∞∑

i, j,w=0

(−1)i+s+w

i! j!(i − j)!

(
n + s − 1

w

)
(w + 1)ia jci− j.

4.5 Incomplete Moments, Mean Deviations and Lorenz and Benferroni Curves

The r-th incomplete moment, say,mI
r(t), of the GAW-G distribution is given by

mI
r(t) =

∫ t

0
xr f (x,Φ)dx.
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We can write from equation (17),

mI
r(t) =

∫ t

0
xr

 ∞∑
i, j=0

k.wi j[G(x, ξ)]k−1g(x, ξ)

+

∞∑
i, j,m=0

(k + m + 1).wi jm[G(x, ξ)]k+mg(x, ξ)

 dx. (25)

Example 4.5.1 Consider the GAW-uniform distribution discussed in subsection 3.1.

mI
r(t) =

∞∑
i, j=0

k
r + k

.wi j
tr+k

θk
+

∞∑
i, j,m=0

k + m + 1
r + k + m + 1

.wi jm
tr+k+m+1

θk+m+1

The scatterings present in a population is, to some extent, to be measured by the totality of the deviations from a measure
of central tendency like the mean or the median. The mean deviations about the mean δ1 = E(| X − µ′1 |) and median
δ2 = E(| X − M |) of X may be used as measures of spread (or dispersion) in a population besides range and standard
deviation. They are given by δ1 = 2µ

′

1F(µ
′

1) − 2mI
1(µ

′

1) and δ2 = µ
′

1 − 2mI
1(M),respectively. Here, µ

′

1 = E(X) is to be
obtained from (21) with r = 1, F(µ

′

1) is to calculated from (5), mI
1(µ

′

1) is the first incomplete function obtained from (25)
with r = 1 and M is the median of X obtained by solving (20) for u = 0.5.

The Lorenz and Benferroni curves are defined by L(p) = mI
1(xp)/µ

′

1 and B(p) = mI
1(xp)/(pµ

′

1), respectively, where
xp = F−1(p) can be computed numerically by (20) with u = p. These curves have significant roles in demography,
economics, insurance, medicine and reliability. For details in this aspect, the readers are referred to Pundir et al.(2005)
and references cited therein.

4.6 Moments of the Residual Life

The hazard rate, mean residual life, left truncated mean function are some functions related to the residual lifetime of a
unit. These functions uniquely determine the cumulative distribution function, F(x). See, for instance, Gupta(1975) and
Zoroa et al.(1990).

Definition 4.6.1 Let X, be a random variable denoting the lifetime of a unit is at age t. Then Xt = X − t | X > t denotes
the remaining lifetime beyond that age t.

The cdf F(x) is uniquely determined by the r-th moment of the residual life of X (for r = 1, 2, ...)[Navarro et al.(1998)],
and it is given by

mr(t) = E[Xt] =
1

F̄(t)

∫ ∞

t
(x − t)rdF(x)

=
1

1 − F(t)

∫ ∞

t
(x − t)r f (x,Φ)dx

In particular, if r = 1, then m1(t) represents an interesting function called the mean residual life (MRL) function that
indicates the expected life length for a unit which is alive at age t. The MRL function has wide spectrum of applica-
tions in reliability/survival analysis, social studies, biomedical sciences, economics, population study, insurance industry,
maintenance and product quality control and product technology.

Example 4.6.1 Consider again the GAW-uniform distribution discussed in subsection 3.1.

F̄(t) = exp
[
−c

{
− ln

(
1 − t
θ

)}d
− a

{
− ln

(
1 − t
θ

)}b
]

Using (17), we have∫ θ

t
(x − t)r f (x,Φ)dx =

∞∑
i, j=0

k
θk
.wi j

r∑
u=0

(
u
r

)
(−t)r−u θ

u+k − tu+k

u + k

+

∞∑
i, j,m=0

k + m + 1
θk+m+1 .wi jm

r∑
u=0

(
u
r

)
(−t)r−u θ

u+k+m+1 − tu+k+m+1

u + k + m + 1
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For the MRL function,

∫ θ

t
(x − t) f (x,Φ)dx =

∞∑
i, j=0

k
θk
.wi j

θk+1 − tk+1

k + 1
−

t
(
θk − tk

)
k


+

∞∑
i, j,m=0

k + m + 1
θk+m+1 .wi jm

θk+m+2 − tk+m+2

k + m + 2
−

t
(
θk+m+1 − tk+m+1

)
k + m + 1


4.7 Moments of the Reversed Residual Life

In some life testing aspects, instead of relating uncertainty to the future, it may relate to the past. When the state of a
system is observed only at a preassigned inspection time t and if it is found to be at ”‘down”’ state, then failure lies on the
past i.e. the instant in (0, t) at which it has failed. Therefore, study of a notion that is complementary to the residual life,
in the sense that it deals with the past time instead of future seems worthwhile [see Di Crescenzo and Longobardi (2002)].

Definition 4.7.1 Let X be a random variable denoting the lifetime of a unit is down at age t. Then X̄t = t − X | X < t
denotes the idle time or inactivity time or reversed residual life of the unit at age t.

In case of forensic science, one may be interested in estimating X̄t to have an idea about the exact time of death of
a living creature. In Insurance study, it represents the unpaid period of a policy holder due to death. For details, see
Block et al.(1998), Chandra and Roy(2001), Maiti and Nanda(2009), and Nanda et al.(2003). The r-th moment of X̄t (for
r = 1, 2, ...) is given by

m̄r(t) = E[X̄t] =
1

F(t)

∫ t

0
(t − x)rdF(x)

=
1

F(t)

∫ t

0
(t − x)r f (x,Φ)dx

In particular, if r = 1, then m̄1(t) represents a function called the mean idle time or inactivity time (MIT) or reversed
residual life (MRRL) function that indicates the expected inactive life length for a unit which is first observed down at age
t. The properties of MIT function have been explored by Ahmad et al. (2005) and Kayid and Ahmad (2004).

Example 4.7.1 Consider again the GAW-uniform distribution discussed in subsection 3.1.

F(t) = 1 − exp
[
−c

{
− ln

(
1 − t
θ

)}d
− a

{
− ln

(
1 − t
θ

)}b
]

Using (17), we have

∫ t

0
(t − x)r f (x,Φ)dx =

∞∑
i, j=0

ktr+k

θk
.wi j

r∑
u=0

(−1)u

(
u
r

)
u + k

+

∞∑
i, j,m=0

(k + m + 1)tr+k+m+1

θk+m+1 .wi jm

r∑
u=0

(−1)u

(
u
r

)
u + k + m + 1

For the MIT (or MRRL) function,∫ t

0
(t − x) f (x,Φ)dx =

∞∑
i, j=0

tk+1

(k + 1)θk
.wi j

+

∞∑
i, j,m=0

tk+m+2

(k + m + 2)θk+m+1 .wi jm

5. Estimation of Model Parameters

In this section, the maximum likelihood estimators of the model parameters Φ = (a, b, c, d, ξ)of GAW-G family from
complete samples are derived. LetX1, X2, ...., Xnbe a simple random sample from GAW-G family with observed values
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x1, x2, ...., xn. The log likelihood function of (6) is obtained as follows

ln L(Φ) =

n∑
i=1

ln
{

g(xi; ξ)
Ḡ(xi; ξ)

{
cd[− ln[Ḡ(xi; ξ)]]d−1 + ab[− ln[Ḡ(xi; ξ)]]b−1

}}

−c
n∑

i=1

[− ln[Ḡ(xi; ξ)]]d − a
n∑

i=1

[− ln[Ḡ(xi; ξ)]]b.

ln L(Φ) =

n∑
i=1

ln
[

g(xi; ξ)
Ḡ(xi; ξ)

]
+

n∑
i=1

ln
{
cd[− ln[Ḡ(xi; ξ)]]d−1 + ab[− ln[Ḡ(xi; ξ)]]b−1

}
−c

n∑
i=1

[− ln[Ḡ(xi; ξ)]]d − a
n∑

i=1

[− ln[Ḡ(xi; ξ)]]b.

ln L(Φ) =

n∑
i=1

ln g(xi; ξ) −
n∑

i=1

ln Ḡ(xi; ξ) +
n∑

i=1

ln
{
cd[− ln[Ḡ(xi; ξ)]]d−1 + ab[− ln[Ḡ(xi; ξ)]]b−1

}
−c

n∑
i=1

[− ln[Ḡ(xi; ξ)]]d − a
n∑

i=1

[− ln[Ḡ(xi; ξ)]]b.

For simplicity, let

Zi = cd[− ln[Ḡ(xi; ξ)]]d−1 + ab[− ln[Ḡ(xi; ξ)]]b−1,

and ln L(Φ) to be l, then

l =
n∑

i=1

ln g(xi; ξ) −
n∑

i=1

ln Ḡ(xi; ξ) +
n∑

i=1

ln Zi − c
n∑

i=1

[− ln[Ḡ(xi; ξ)]]d − a
n∑

i=1

[− ln[Ḡ(xi; ξ)]]b.

Differentiating with respect to each parameter and setting the result equals to zero, the maximum likelihood estimators
will be obtained. The partial derivatives of l with respect to each parameter are given by

∂l
∂a

=

n∑
i=1

Z
′

ia

Zi
−

n∑
i=1

[− ln[Ḡ(xi; ξ)]]b,

∂l
∂b

=

n∑
i=1

Z
′

ib

Zi
− a

n∑
i=1

[− ln[Ḡ(xi; ξ)]]b ln[− ln[Ḡ(xi; ξ)]],

∂l
∂c

=

n∑
i=1

Z
′

ic

Zi
−

n∑
i=1

[− ln[Ḡ(xi; ξ)]]d,

∂l
∂d

=

n∑
i=1

Z
′

id

Zi
− c

n∑
i=1

[− ln[Ḡ(xi; ξ)]]d ln[− ln[Ḡ(xi; ξ)]],

∂l
∂ξ

=

n∑
i=1

g
′
(xi; ξ)

g(xi; ξ)
+

n∑
i=1

g(xi; ξ)
Ḡ(xi; ξ)

[
1 − cd[− ln[Ḡ(xi; ξ)]]d−1 − ab[− ln[Ḡ(xi; ξ)]]b−1

]
+

n∑
i=1

Z
′

iξ

Zi
,

where

Z
′

ia =
∂Zi

∂a
= b[− ln[Ḡ(xi; ξ)]]b−1,
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Z
′

ib =
∂Zi

∂b
= ag(xi; ξ)[1 + b ln[G(xi; ξ)] − b ln[Ḡ(xi; ξ)]]

[G(xi; ξ)]b−1

[Ḡ(xi; ξ)]b+1

Z
′

ic =
∂Zi

∂c
= dg(xi; ξ)

[G(xi; ξ)]d−1

[Ḡ(xi; ξ)]d+1

Z
′

id =
∂Zi

∂d
= cg(xi; ξ)[1 + d ln[G(xi; ξ)] − d ln[Ḡ(xi; ξ)]]

[G(xi; ξ)]d−1

[Ḡ(xi; ξ)]d+1

and

Z
′

iξ =
∂Zi

∂ξ
=

[
cd

[G(xi; ξ)]d−1

[Ḡ(xi; ξ)]d+1
+ ab

[G(xi; ξ)]b−1

[Ḡ(xi; ξ)]b+1

] [
g
′
(xi; ξ) + g(xi; ξ)

(
ln[G(xi; ξ)] − ln[Ḡ(xi; ξ)]

)]
The maximum likelihood estimates (MLEs) of the model parametersare determined by solving the non-linear equations
∂l
∂a = 0, ∂l

∂b = 0, ∂l
∂c = 0, ∂l

∂d = 0, ∂l
∂ξ
= 0 . These equations cannot be solved analytically but some software’s can be used to

solve them numerically.

6. Simulation Study

In this section, we have conducted simulation study for above mentioned four Generalized Additive Weibull model. We
have generated samples of sizes n = 20, 40, 100 from each model and parameters have been estimated by the maximum
likelihood method. 1000 such repetitions are made to calculate the bias and mean square error (mse) of these estimates
using the formula for estimates of any parameter η by Biasη(η̂) = 1

1000
∑1000

i=1 (η̂ − η) and MSEη(η̂) = 1
1000

∑1000
i=1 (η̂ − η)2,

respectively. All the computations are made using R-Software.

From the Tables 1-4, it is observed that

1. As sample size n increases, bias decreases. That shows accuracy of the MLE of the parameters,

2. As sample size n increases, MSE decreases. That shows consistency (or preciseness) of the MLE of the parameters.

Table 1. Bias and Mean Square Error (MSE) of the MLE of parameters of GAW-uniform distribution

θ =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 0.136 0.022 4.243 24.856 3.978 24.186 -0.958 1.869 1.075 21.867
40 0.102 0.018 3.135 10.961 3.108 15.335 -0.950 1.824 0.931 14.270
50 0.092 0.012 2.771 9.332 2.956 12.917 -0.940 0.912 0.923 9.429
100 0.064 0.008 8.327 5.881 2.095 12.486 -0.796 0.892 0.685 8.695
300 0.059 0.007 1.442 2.389 2.018 11.620 -0.781 0.819 0.264 7.486

θ=0.05 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 0.054 0.004 2.876 11.713 2.562 10.283 -0.936 0.962 0.017 0.434
40 0.036 0.002 2.791 10.961 2.320 8.320 -0.910 0.951 0.578 15.442
100 0.020 0.001 2.629 8.327 1.928 7.191 -0.902 0.914 0.709 23.392

θ=0.05 a=1.1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 0.052 0.003 2.946 13.527 2.843 22.711 -9.872 0.926 0.266 3.146
40 0.032 0.002 2.549 11.399 2.111 11.605 -9.849 0.982 0.542 9.032
100 0.018 0.001 2.385 9.682 2.117 9.671 -8.453 0.981 0.381 4.320

θ=0.05 a=1 b=1.5 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 0.038 0.002 3.146 15.095 0.004 15.531 0.931 0.922 0.280 2.109
40 0.052 0.004 3.135 14.244 0.135 16.829 0.948 1.174 0.765 2.085
100 0.073 0.006 3.339 13.547 -0.214 16.052 0.963 1.362 0.231 2.304

θ=0.05 a=1 b=1 c=1.5 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 0.007 0.000 3.035 11.234 0.620 11.174 1.349 1.801 0.881 24.482
40 0.019 0.001 2.961 11.418 0.473 9.994 1.065 1.958 0.978 21.743
100 0.036 0.002 2.632 11.410 4.200 12.960 1.824 1.085 0.319 15.109
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Table 2. Bias and Mean Square Error (MSE) of the MLE of parameters of GAW-Gumbel distribution

λ =0.05 ν =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.212 0.384 0.110 2.262 -2.292 4.927 -0.860 2.412 -0.898 6.360 -0.959 1.347
40 -0.040 0.002 -0.100 0.010 -0.727 0.638 -0.859 0.740 -0.830 0.807 -0.959 0.921
50 -0.040 0.002 -0.100 0.010 -0.726 0.528 -0.858 0.738 -0.160 0.806 0.543 0.919
100 -0.035 0.001 -0.100 0.010 -0.799 0.527 -0.447 0.735 0.132 0.688 0.234 0.830
300 0.000 0.000 0.017 0.009 -0.103 0.152 0.009 0.024 -0.007 0.199 -0.108 0.418

λ =0.1 ν =0.05 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.090 0.568 0.737 2.171 -2.344 13.201 2.237 4.096 3.966 12.080 6.049 15.599
40 -0.087 0.008 -0.050 0.003 -0.727 0.529 -0.860 0.740 -0.898 0.807 -0.959 0.920
50 -0.027 0.008 -0.050 0.003 -0.727 0.528 -0.860 0.740 -0.898 0.807 -0.958 0.917
100 -0.024 0.008 -0.050 0.003 -0.727 0.528 -0.860 0.740 -0.897 0.805 -0.958 0.919
300 -0.017 0.008 -0.050 0.003 -0.727 0.528 -0.859 0.738 -0.896 0.804 -0.957 0.916

λ =0.1 ν =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.050 0.003 -0.100 0.010 -0.840 0.707 -0.877 0.770 -0.943 0.889 -0.889 0.791
40 -0.050 0.003 -0.100 0.010 -0.840 0.707 -0.876 0.768 -0.942 0.888 -0.888 0.790
50 -0.050 0.003 -0.100 0.010 -0.832 0.692 -0.810 0.656 -0.941 0.886 -0.849 0.720
100 -0.050 0.003 -0.100 0.010 -0.831 0.691 -0.810 0.655 -0.878 0.771 -0.848 0.720
300 -0.050 0.003 -0.100 0.010 -0.831 0.691 -0.809 0.655 -0.876 0.768 -0.848 0.719

λ =0.1 ν =0.1 a=1.1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.300 0.520 0.360 0.929 1.633 10.774 2.589 18.431 -2.434 17.200 -0.849 9.438
40 -0.237 0.344 0.103 0.635 -1.150 7.310 -0.810 15.960 -1.570 15.695 -0.849 4.890
50 -0.050 0.003 -0.100 0.010 -0.932 0.868 -0.810 0.656 -0.942 0.887 -0.848 0.720
100 -0.050 0.003 -0.100 0.010 -0.932 0.868 -0.810 0.656 -0.942 0.887 0.650 0.720
300 -0.050 0.003 -0.100 0.010 -0.931 0.868 0.201 0.655 -0.942 0.887 -0.148 0.720

λ =0.1 ν =0.1 a=1 b=1.5 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.224 0.393 -0.100 0.451 -0.831 17.367 -1.310 1.995 -1.771 9.325 -0.849 14.455
40 -0.050 0.003 -0.100 0.010 -0.831 0.691 -1.310 1.715 -0.942 0.888 -0.848 0.720
50 -0.050 0.003 -0.100 0.010 -0.831 0.691 -1.310 1.715 -0.942 0.888 -0.848 0.720
100 -0.050 0.003 -0.100 0.010 -0.446 0.691 -1.310 0.715 -0.942 0.888 -0.088 0.720
300 -0.050 0.003 0.093 0.010 -0.097 0.691 0.046 1.715 -0.942 0.887 -0.048 0.720

λ =0.1 ν =0.1 a=1 b=1 c=1.5 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.274 0.298 0.257 16.507 4.805 25.439 2.739 2.420 -1.443 10.866 -0.849 8.988
40 -0.050 0.003 -0.100 0.010 -0.832 0.692 -0.810 0.656 -1.443 2.082 -0.849 0.720
50 -0.050 0.003 -0.100 0.010 -0.832 0.691 -0.810 0.656 -1.441 2.081 -0.848 0.720
100 -0.050 0.003 -0.100 0.010 -0.831 0.691 -0.809 0.655 -1.358 2.079 -0.849 0.719
300 -0.050 0.003 -0.100 0.010 -0.831 0.690 -0.809 0.655 -0.442 2.078 0.083 0.719

λ =0.1 ν =0.1 a=1 b=1 c=1 d=1.5
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 -0.105 0.432 3.232 12.985 -1.492 5.589 5.770 24.086 2.816 7.658 -1.390 2.509
40 -0.050 0.003 -0.100 0.010 -0.841 0.708 -0.879 0.773 -0.942 0.888 -1.386 1.938
50 -0.050 0.003 -0.100 0.010 -0.840 0.706 -0.877 0.769 -0.880 0.774 1.287 1.932
100 -0.050 0.003 -0.100 0.010 -0.838 0.703 -0.875 0.767 -0.879 0.772 1.012 1.923
300 -0.050 0.003 -0.100 0.010 -0.831 0.691 -0.810 0.655 -0.877 0.770 -0.483 1.818
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Table 3. Bias and Mean Square Error (MSE) of the MLE of parameters of GAW log-logistic distribution

λ =0.05 α =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.022 5.476 0.127 0.036 0.313 0.428 -0.447 0.577 -1.897 3.617 -1.999 4.023
40 2.010 5.434 0.127 0.036 0.313 0.428 -0.447 0.577 -1.897 3.617 -1.999 4.022
50 1.994 5.310 0.124 0.036 0.304 0.416 -0.416 0.554 -1.896 3.615 -1.990 3.989
100 1.942 5.110 0.124 0.036 0.303 0.410 -0.415 0.534 -1.891 3.597 -1.989 3.984
300 1.896 4.873 0.121 0.035 0.295 0.392 -0.379 0.498 -1.889 3.588 -1.909 3.981

λ =0.1 α =0.05 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.892 4.922 0.188 0.055 0.348 0.442 -0.409 0.533 -1.900 3.626 -2.007 4.054
40 1.888 4.875 0.186 0.055 0.342 0.426 -0.398 0.523 -1.899 3.624 -2.004 4.042
50 1.864 4.769 0.181 0.053 0.341 0.421 -0.396 0.512 -1.896 3.612 -2.003 4.040
100 1.860 4.763 0.181 0.053 0.337 0.418 -0.385 0.507 -1.890 3.591 -2.001 4.029
300 1.851 4.671 0.176 0.051 0.336 0.396 -0.361 0.490 -1.888 3.585 -1.999 4.021

λ =0.1 α =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.926 5.081 0.138 0.039 0.370 0.464 -0.432 0.556 -1.893 3.604 -2.010 4.063
40 1.876 4.839 0.131 0.037 0.360 0.437 -0.402 0.521 -1.892 3.599 -2.009 4.037
50 1.842 4.663 0.124 0.037 0.350 0.434 -0.376 0.495 -1.890 3.592 -2.008 4.026
100 1.820 4.597 0.118 0.035 0.343 0.428 -0.372 0.491 -1.884 3.570 -1.994 4.004
300 1.815 4.558 0.116 0.033 0.328 0.421 -0.352 0.487 -1.878 3.550 -1.992 3.993
100 1.820 4.597 0.131 0.037 0.343 0.421 -0.352 0.491 -1.884 3.570 -2.008 4.026

λ =0.1 α =0.1 a=1.1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.892 4.905 0.137 0.039 0.264 0.374 -0.406 0.529 -1.896 3.613 -2.008 4.059
40 1.889 4.890 0.135 0.038 0.249 0.370 -0.403 0.527 -1.895 3.610 -2.008 4.056
50 1.861 4.746 0.133 0.038 0.240 0.369 -0.383 0.504 -1.895 3.610 -2.002 4.035
100 1.841 4.672 0.132 0.038 0.240 0.367 -0.381 0.499 -1.893 3.603 -2.001 4.030
300 1.834 4.639 0.120 0.035 0.195 0.359 -0.377 0.493 -1.892 3.598 -1.987 3.974

λ =0.1 α =0.1 a=1 b=1.5 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.976 5.310 0.137 0.038 0.352 0.430 -0.957 1.295 -1.899 3.625 -2.006 4.051
40 1.941 5.127 0.133 0.038 0.329 0.428 -0.927 1.235 -1.897 3.617 -2.001 4.030
50 1.907 4.966 0.129 0.037 0.314 0.427 -0.909 1.195 -1.892 3.597 -1.996 4.012
100 1.862 4.761 0.119 0.035 0.306 0.417 -0.887 1.145 -1.890 3.592 -1.987 3.977
300 1.802 4.498 0.117 0.034 0.302 0.413 -0.865 1.090 -1.889 3.587 -1.985 3.968

λ =0.1 α =0.1 a=1 b=1 c=1.5 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.938 5.129 0.135 0.038 0.346 0.432 -0.411 0.544 -2.397 5.763 -2.003 4.037
40 1.927 5.039 0.132 0.037 0.345 0.428 -0.410 0.535 -2.395 5.755 -2.002 4.035
50 1.882 4.864 0.132 0.037 0.336 0.427 -0.403 0.524 -2.394 5.750 -2.000 4.028
100 1.876 4.837 0.131 0.037 0.321 0.426 -0.401 0.521 -2.394 5.748 -2.000 4.027
300 1.875 4.822 0.125 0.036 0.314 0.400 -0.394 0.517 -2.392 5.743 -1.994 4.001

λ =0.1 α =0.1 a=1 b=1 c=1 d=1.5
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 1.858 4.756 0.139 0.039 0.384 0.445 -0.392 0.509 -1.903 3.638 -2.514 6.343
40 1.819 4.569 0.139 0.039 0.374 0.439 -0.368 0.482 -1.894 3.605 -2.512 6.335
50 1.814 4.506 0.135 0.038 0.363 0.439 -0.367 0.475 -1.891 3.597 -2.512 6.333
100 1.801 4.493 0.133 0.038 0.358 0.410 -0.361 0.472 -1.891 3.597 -2.505 6.301
300 1.798 4.490 0.128 0.037 0.295 0.402 -0.347 0.469 -1.886 3.579 -2.492 6.236
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Table 4. Bias and Mean Square Error (MSE) of the MLE of parameters of GAW-Burr XII distribution

α =0.05 θ =0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.163 5.467 0.808 0.795 -1.786 3.343 -1.782 3.294 0.088 0.141 -0.949 0.926
40 2.127 5.250 0.801 0.786 -1.763 3.258 -1.771 3.273 0.076 0.140 -0.946 0.920
50 2.032 4.836 0.789 0.758 -1.758 3.242 -1.761 3.237 0.071 0.139 -0.946 0.918
100 1.987 4.382 0.783 0.728 -1.572 3.157 -1.728 3.201 0.068 0.108 -0.912 0.917
300 1.020 2.624 0.428 0.689 -1.287 2.451 -1.048 2.941 0.021 0.089 -0.821 0.894

α =0.1 θ=0.05 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.085 5.104 0.872 0.893 -1.726 3.397 -1.789 3.301 0.085 0.154 -0.953 0.929
40 2.065 4.992 0.861 0.884 -1.814 3.327 -1.785 3.291 0.085 0.148 -0.950 0.923
50 2.063 4.980 0.847 0.862 -1.798 3.292 -1.779 3.262 0.072 0.148 -0.948 0.919
100 1.962 4.213 0.729 0.814 -1.240 3.048 -1.621 2.870 0.067 0.043 -0.911 0.824
300 1.254 3.785 0.639 0.725 -1.768 2.089 -1.029 1.962 0.006 0.002 -0.716 0.124

α=0.1 θ=0.1 a=1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.114 5.248 0.824 0.828 -1.817 3.459 -1.801 3.339 0.109 0.147 -0.960 0.943
40 2.037 4.891 0.822 0.819 -1.807 3.416 -1.774 3.252 0.100 0.145 -0.957 0.942
50 2.033 4.860 0.792 0.780 -1.775 3.326 -1.761 3.208 0.095 0.144 -0.939 0.937
100 1.924 3.421 0.761 0.764 -1.722 2.982 -1.624 3.024 0.090 0.143 -0.921 0.903
300 1.263 3.105 0.611 0.578 -1.423 1.826 -1.072 2.879 0.077 0.085 -0.815 0.819

α=0.1 θ=0.1 a=1.1 b=1 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.121 5.259 0.799 0.774 -1.866 3.642 -1.773 3.240 0.078 0.145 -0.950 0.922
40 2.105 5.164 0.796 0.769 -1.863 3.633 -1.767 3.221 0.074 0.141 -0.948 0.920
50 2.087 5.081 0.790 0.764 -1.851 3.584 -1.754 3.185 0.069 0.140 -0.940 0.906
100 1.925 4.582 0.780 0.725 -1.825 3.496 -1.582 2.945 0.065 0.134 -0.910 0.895
300 1.529 3.562 0.681 0.613 -1.802 3.025 -1.047 2.227 0.024 0.096 -0.842 0.682

α=0.1 θ=0.1 a=1 b=1.5 c=1 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.106 5.197 0.815 0.802 -1.685 3.365 -2.281 5.304 0.096 0.150 -0.947 0.918
40 2.079 5.077 0.798 0.801 -1.811 3.297 -2.272 5.263 0.095 0.148 -0.947 0.917
50 2.019 4.962 0.785 0.779 -1.058 3.258 -2.266 5.235 0.083 0.140 -0.945 0.915
100 1.994 4.812 0.725 0.772 -1.772 2.942 -1.998 4.991 0.077 0.139 -0.935 0.914
300 1.657 3.485 0.631 0.724 -1.760 2.008 -1.492 3.064 0.076 0.139 -0.821 0.854

α=0.1 θ=0.1 a=1 b=1 c=1.5 d=1
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.102 5.185 0.824 0.828 -1.808 3.430 -1.804 3.349 -0.409 0.314 -0.962 0.945
40 2.025 4.804 0.820 0.817 -1.789 3.365 -1.804 3.348 -0.402 0.310 -0.957 0.936
50 2.021 4.792 0.815 0.811 -1.789 3.364 -1.778 3.258 -0.393 0.286 -0.955 0.932
100 1.929 4.584 0.792 0.762 -1.682 2.964 -1.773 3.254 -0.390 0.281 -0.912 0.908
300 1.283 2.956 0.562 0.496 -1.186 2.028 -1.447 2.973 -0.354 0.211 -0.812 0.870

α=0.1 θ=0.1 a=1 b=1 c=1 d=1.5
n Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE
20 2.109 5.223 0.812 0.810 -1.779 3.328 -1.779 3.263 0.093 0.153 -1.451 2.127
40 2.100 5.164 0.808 0.791 -1.773 3.302 -1.777 3.258 0.073 0.149 -1.450 2.122
50 2.061 4.951 0.800 0.775 -1.758 3.256 -1.756 3.183 0.065 0.139 -1.444 2.106
100 1.987 4.890 0.794 0.769 -1.689 3.106 -1.682 2.952 0.051 0.138 -1.378 2.078
300 1.028 3.049 0.789 0.724 -1.284 2.459 -1.235 2.186 0.018 0.028 -1.178 1.982

7. Application of GAW-G Family to Real Data

In this section, we fit the GAW-Uniform model to a real data set obtained from from Andrews and Herzberg (1985) and
the original source is Barlow et al. (1984) and have been shown in Table 5. Histogram shows that the data set is positively
skewed. Al-Aqtash et al.(2014) fitted this data to the Gumbel-Weibull Distribution. We have fitted this data set with the
GAW-Uniform distribution. The estimated values of the parameters were θ̂ = 7.890, â = 3.389, b̂ = 0.767, ĉ = 3.769, and
d̂ = 1.361, log-likelihood =−94.249 and AIC = 198.498. Histogram and fitted GAW-Uniform curve to data have been
shown in Figure 2.
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Table 5. Kevlar 49/epoxy strands failure times data (pressure at 90 percentage)

0.01 0.01 0.02 0.02 0.02 0.03 0.03 0.04 0.05 0.06 0.07 0.07 0.08 0.09 0.09 0.10 0.10 0.11 0.11
0.12 0.13 0.18 0.19 0.20 0.23 0.24 0.24 0.29 0.34 0.35 0.36 0.38 0.40 0.42 0.43 0.52 0.54 0.56
0.60 0.60 0.63 0.65 0.67 0.68 0.72 0.72 0.72 0.73 0.79 0.79 0.80 0.80 0.83 0.85 0.90 0.92 0.95
0.99 1.00 1.01 1.02 1.03 1.05 1.10 1.10 1.11 1.15 1.18 1.20 1.29 1.31 1.33 1.34 1.40 1.43 1.45
1.50 1.51 1.52 1.53 1.54 1.54 1.55 1.58 1.60 1.63 1.64 1.80 1.80 1.81 2.02 2.05 2.14 2.17 2.33
3.03 3.03 3.34 4.20 4.69 7.89

Table 6. Summarized results of fitting different distributions for Kevlar 49/epoxy strands failure times data

Distribution Estimate of the parameter Log-likelihood AIC
Exponential λ̂ = 0.976 −103.479 208.958
Gumbel-Weibull β̂ = 1.806, σ̂ = 3.271, λ̂ = 0.207, â = 0.920 −100.23 208.500
GAW-Uniform θ̂ = 7.890, â = 3.389, b̂ = 0.767, ĉ = 3.769, d̂ = 1.361 −94.249 198.498
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Figure 2. Plots of the Histogram, estimated pdf and cdf for failure times data (pressure at 90 percentage)

8. Concluding Remarks

We have introduced and studied a new generalized family of distributions, called the generalized additive Weibull-G
(GAW-G) distribution. The GAW- G family generalizes the Weibull-G family [see, Cordeiro et al.(2015)] and includes
several new distributions. Properties of the GAW-G family include: an expansion for the density function and expressions
for the quantile function, moment generating function, ordinary moments, incomplete moments, mean deviations, Lorenz
and Benferroni curves, reliability properties including mean residual life and mean inactivity time, and order statistics.
Four new distributions, namely, GAW-Uniform, GAW-Gumble, GAW-Log logistic and GAW-Burr XII are defined and
discussed in some details. The maximum likelihood method is employed to estimate the model parameters. Simulation
study has been conducted to study the accuracy and consistency of the MLE of the parameters. A real data set is used to
demonstrate the flexibility of distribution belonging to the introduced family. These special models give better fits than
other models. We hope the findings of the paper will be quite useful for the practitioners in various fields of probability,
statistics and applied sciences.
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