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Abstract

In this work, an attempt is made to estimate time varying parameters in a linear stochastic differential equation. By defining
my, as the local admissible sample/data observation size at time #;, parameters and state at time #; are estimated using past
data on interval [y, +1, #]. We show that the parameter estimates at each time #; converge in probability to the true value
of the parameters being estimated. A numerical simulation is presented by applying the local lagged adapted generalized
method of moments (LLGMM) method to the stochastic differential models governing prices of energy commodities and
stock price processes.

Keywords: Stochastic, Generalized Method of Moments, Maximum Likelihood, Simulation, Local lagged adapted
1. Introduction

In this work, we estimate the time varying parameters in a linear stochastic differential equation (SDE) in a systemic
and unified way. We studied two special linear stochastic differential equations, namely the geometric brownian motion
and the Ornstein-Uhlenbeck time varying stochastic differential equation. By drawing/recording real world time varying
data at discrete-time on a time interval [#y, T'], a stochastic numerical approximation scheme (Kloeden & Platen, 1992)
is constructed to study the data. The future states of a continuous time dynamic process is assumed to be influenced by
the history of past state. We also assume that response/reaction time delay process influence the present states (Ladde,
1979; Otunuga & Ladde, 2017). Utilizing Monte-Carlo method and the Euler-type (Kloeden & Platen, 1992) stochastic
discretization scheme, we construct systems of local moments/observation equations based on the number of parameters
present. In addition, using the method of moments (Casella & Berger, 2002) in the context of lagged adaptive expectation
process (Paothong & Ladde, 2013), we describe theoretical parametric estimation procedure for the SDE.

The paper is organized as follows.

In Section 2, we describe the general form of linear stochastic differential equation used and give its closed form solution.
In Section 3, we describe the theoretical parametric estimation procedure for a geometric stochastic differential equation
with time varying parameters. We later show that the estimated parameters converge in probability to the true value of the
parameter being estimated. In Section 4, we describe the theoretical parametric estimation procedure for a linear mean
reverting stochastic differential equation with time varying parameters and also show the convergence in probability of
the estimated parameters. In Section 5, numerical simulation is presented by applying the LLGMM method (Otunuga &
Ladde, 2017) to stochastic model governing the stock prices for APPLE Inc., International Businesses Machines (IBM),
JPMorgan Chase and Co. for the same period 01/03/2000 — 01/27/2017, (Apple; JPMorgan; IBM) and the energy
commodities: Henry Hub natural gas price (dollars/million Btu), crude oil price (dollars/barrel), coal price for the period
01/04/2000-01/09/2017,01/04/2000—-01/09/2017 and 01/03/2000—-01/11/2016, respectively, (Coal; Crude; Natural
gas). We give a summary of the paper in Section 6.

2. Model Derivation

In this section, we describe the general linear SDE with constant and time-varying parameters. We consider the general
linear SDE with time varying parameters of the form:

dx = (f(Hx + p@®) dt + (o(t)x + q(2)) dW(t), x(to) = xo, (2.1)

where x is a state variable; f, p, o, g are continuous functions defined on a given interval [#y, T], and W(¢) is a standard
Wiener process defined on a filtered probability space (2, 7, (¥;):0, P); the filtration (¥),»¢ is right-continuous. We will
assume for the rest of this work that the solution process x(¢) is adapted and non-anticiating with respect to (7;)s0.

Under these conditions, the closed form solution (interested readers are advised to see Ladde et.al (Ladde & Ladde, 2013)
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for details on solution of stochastic differential equations) of (2.1) is given by

x() = <I>(t)(xo+ f @7'(5)[p(s) — o(s)q(s)] ds + f @' (5)q(s) dW(s)), (22)
where ®() = exp[f (f(s)—%(rz(s)) ds+fa'(s)dW(s)].

The general linear stochastic differential equation with constant parameters equivalent to (2.1) is described by:
dx = (ux+7y)dt+ (ox+B)dW(), x(ty) = xo, 2.3)
where u, y, o and 8 € R. The general solution of (2.3) is given by

x(1)

103) (x(, + [y - oB] f O (s)ds+p f D '(s) dW(s)), 2.4)

where ®(f) = exp [(,u - %0'2) (t—-t)+0 (W) - W(to))} .

We study two special cases of (2.1). For the first case, we set f(¢) = a(t), p(f) = 0 and g(¢) = 0. For the second case,
we set f(1) = —a(t), p(t) = a(®u(t), o(t) = 0 and g(r) = o(f). We note here that the first case is the generalization
of the geometric stochastic differential equation with time varying parameters. The second case is the generalization of
the Ornstein-Uhlenbeck stochastic differential equation with time varying parameters. From (2.2), it follows that x is
normally distributed if o(f) = 0 and lognormally distributed if p(¢) = g(¢) = 0.

3. Theoretical Parametric Estimation Procedure: Case 1
In this section, we study the case of (2.1) of the form
dx = a®x dt + o(t)x dW(1), x(ty) = xo, (3.1

where the parameters a(f) and o () are unknown for each time ¢, and are not assumed constant over t. We further assume
that for a fixed time T, the functions a : [fy,T] — R and o : [ty, T] — R, are continuous and bounded, R, is the set of
positive real numbers. As noted earlier, (3.1) is the generalization of the geometric stochastic differential equation with
time varying parameters. It’s equivalent version with constant parameters is given by

dx = ax dt + oxdW(t), x(ty) = xo, (3.2)
where @ € R and o > 0.

For any given time 7 € (#),T], lett) < t; < ... < t, = 7 be a non-random partition P of the interval [#, 7] such that
ti=to+iAt,i=0,1,..,nand At = T=0,

By the classical existence theorem, the solutions x(¢) and x(¢) (see (2.2) and (2.4) for the solutions) satisfying (3.1) and
(3.2), respectively, exist and are continuous.

3.1 LLGMM Parameter Estimation Procedure for (3.1)
In the following, we outline the procedure for estimating the time varying parameters a(¢) and o (¢) in (3.1).
3.1.1 Transformation of Stochastic Differential Equations

Due to the fact that the drift coefficient of (3.1) has only one parameter a(t), we consider the process V(¢, x) = In x. The
Ito-Doob stochastic differential for V satisfy

dnx) = (a(t)—@)dma(r) dW(1), Inx(ty) = Inxo. (3.3)

The solution of (3.3) in the interval [t,_1,1,] = [T — At, 7] satisfies
X n 2 S n
(k] = " (a() = S2)ds+ [ o(s) AW(s). (3.4)

3.1.2 Generalized Moment Equations

Define ¥;, , = F,-1 as the filtration process up to time #,_;. Applying conditional expectations to In (%) in (3.4) with
respect to ¥,-1, we obtain
x(ty) _ Tn o2(s)
B [In (555) 1721 = I (ats) = 57) ds,

(3.5)

B|(In (245) - B [in (292 it ) 17| = [, 001 s
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3.1.3 Basis for Lagged Adaptive Discrete-time Expectation Process

From (3.5), (3.4) reduces to
x(t,) _ x(,)
ln(x(rno) =" [ln(x(rno) s

Equation (3.6) provides the basis for the development of lagged adaptive expectation process (Otunuga & Ladde, 2017;
Paothong & Ladde, 2013) with respect to the stochastic dynamic systems (3.3).

+ f " o(s) dW(s). (3.6)

In-1

3.1.4 Parameter Estimates at Time t, = 7~

: SN B 2(s) _ (T) T g2 _ 2
Using the fact that Algn)() % ftn_] (a(s) - "T)ds =a(7) - L* and hm A—t f (s) ds = o*(7"), we have

) = o) = (4 [Bn [+ 2 ]2 e o))
7 = o= i 2 (]3] - 205 o ) )

To get a discretize estimate for a(t,) and o%(¢,) in (3.7), we use Monte-Carlo method and Euler scheme to discretize (3.3)
on the interval [fy, 7] as follows:

In

L] = (a(ri_l)—%)AHU(Q_QAW,-J, i=1,2,.,n, j=12,..N, (3.8)

Xi-1,j

where (x,-, j>jEN denotes sequence of independent copies of x; = x(#;) at time #;, i = 1,2,...,n, AW;; ~ N(0,Ar). Let a,n

and &ﬁ’  be the estimates of a(7") and o2 (), respectively, at time £, = 7. We derive a, y and & O'n n from (3.7) as follows:

B N . N i 2 (3.9)
o = v 5 (n(2)- 4 Sl
j=1 J o1 AT
3.2 Consistency
We shall show that @, v KA a(7)and 6 O'N KA oX(T)asn — oo, N = oo,
N
Lemma 1. The random variable ﬁ 2 AW, —> 0, and NIAI Z AWZj Llasn— 0o, N — oo,
j=1 =1 ’
Proof. For any € > 0,
1 & 1 > ’ 1
W;AWHJ > € < NZAZZEZE [jz_; AW,W] = W — 0 as N— 00,
2
! ZN:AWZ < Lg||t ZN:AWZ 1 2 L 0as N
— - SE|| — . — =—= —0as N— oo,
NAt = €2 NAt = . Ne?
where NAt — coas N — oo. [ ]

Theorem 2. Assume that a(t) and o(t) are continuous and bounded functions. Then a, n EA a(T) and 6 O'n N EA oX(T) as
N — oo,

Proof. From (3.8), (3.9) and Lemma 1, it follows directly that

iy B a) - C0 4 D (7)), (.10
2y D dAT, '
asn — oo, N - oo. [ ]
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3.3 LLGMM Parameter Estimation Scheme

N
Define x; = # 2 Xij,i=1,2,..,nand Iﬁ ={i€Z:+ : a<i<b}, where Z,, is the set of non negative integers. Consider
J=1

a continuous time stochastic dynamic process defined on the interval [—7, T'] into R, where 7 characterizes the influence
of past history of the state of the dynamics. We define the discrete version of time delay 7 as r = “ o ” and also define m,,
as the local admissible sample/data observation size at time #,. We note here that m,, € I;. For each sample observation
size m,, € I}, a partition P, of closed interval [#,n,+1,,] of length m,, is called local at time #, and defined by

Py = thom+1 < ez < oo <ty (3.11

Using (3.5 — 3.7), we formulate a local observation process at time #, as an algebraic functions of m,,- local functions by
restricting the overall finite sample sequence {x;}”___ to a subpartition P, in (3.11).

Using the LLGMM method by Otunuga et.al (Otunuga & Ladde, 2017), let a,,,, and é'i,mn be the moving estimates of
2 from (3.7) as follows:

n,my

a(t,) and 02(1,), respectively, at time #, using observation size m,. We derive @,,,, and 7’

n

n _ n _ - 2
o = iz £ m(E)ed £ (m@)-k 8 ()]
2

i=n—m,+1 i=n—m,+1 i=n—m,+1

3.12)
) 1 < % 1 < 5
Gom = mm 2 (W(EH)-a X m(E)]
i=n—my,+1 i=n—m,+1

Remark 1. We note here that at each time t = ti, the local admissible observation size my, is not constant. For a given
€ > 0, the value of my, that gives the least simulated error at each time ty is recorded as the e-best sub-optimal sample size
iy and the parameters @y, and Oy, recorded as ay , and 0']% . respectively. The method of estimating iy, is discussed
in Section 5.

Remark 2. For random variables x, x», ..., x,, we compare the maximum likelihood estimates (MLE) a, and &, of the
parameters a and o in model with constant parameters (3.2) with the parameter estimates @,y and 6,y in (3.9). The
MLE estimates ay and &y are given by

D
=
|

=

D)—-

&
A~

le
.

+
D=

M=
iy

—

5
—~~~
=
SN—

|
=
M=

i

5
—
e
N—

(3]
| S ——

(3.13)

S
SN
I}
=
&
M=
—_—
—_~~
'
il O
N
|
S =
M=
—
—_—
‘T‘|~><
SN—"
SN —
(3]

We note here that the estimates in (3.12) and (3.13) are similar when m,, = n. Also, the difference in (3.9) and (3.13) is
that (3.13) contains summation over functions of the random variables x, x3, ..., X, while (3.9) contains summation over
sequence of copies X1, Xn2, ..., Xn.N Of Xy
4. Theoretical Parametric Estimation Procedure: Case 2
In this section, we study the case of (2.1) of the form

dx = a(t) (u(t) — x)dt + o(1)dW(r), x(tp) = xo, 4.1
where the parameters a(¢), u(t), and o () are unknown for each time ¢, and are not assumed constant over ¢. We further

assume that for a fixed time 7', the functions « : [t),T] = Ry, p : [0, T] = Ry, and o : [#y, T] — R, are continuous and
bounded.

We note here that (4.1) is the generalization of the Ornstein-Uhlenbeck stochastic differential equation with time varying
parameters. It’s equivalent version with constant parameters is

dx =a(u—x)dt+ocdW(t), x(ty) = xo, 4.2)
where u > 0, @ > 0, and o > 0.

The solution x(#) satisfying (4.1) is given by

1 . . d t ! t
X(t) = xpe T 4 f e b e dug(oyus) ds + f el dug oy gy 4.3)
Iy 4]

It follows that B [x(n)] = E [xole ho ™ ® + [* ¢~ Lo dau(s) ds.
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4.1 Parameter Estimation Procedure for (4.1)
We outline the procedure for estimating time varying parameters a(z), u(f) and o (¢) in (4.1) at any given time 7 € (fy, T].
4.1.1 Transformation of Stochastic Differential Equations

Due to the fact that the drift coefficient of (4.1) has two parameters a(¢) and u(r), we consider the processes Vi (¢, x) = x
and V»(t, x) = x*. The Ito-Doob stochastic differential equations for V; and V, satisfy

dx
{ d(x?)

4.1.2 Euler-type Discretization Scheme for (4.4)

a(®) (u(t) - x)dt + o) dW(0), x(ty) = xo,
(2e(t) (u(t) = %) x + () dt + 20:(DxdW (D), x*(t0) = x2.

(4.4)

For any given time 7 € (#),T], letty < t; < ... < t, = 7 be a non-random partition P of the interval [#, 7 ] such that
t; =to+iAt, i =0,1,...,n, where At = =t and n is the sample size. The solution of (4.4) on the interval [#,-1, t,,] satisfies

n

Ax, = [" @@ @) - x@)di+ [" o) dW(),
5 z,;;l -1 ) f (4.5)
A(2) = [ (200) (@) - x0) x(0) + 2 @))di +2 [ a(0)x(2) AW (@),

where Ax,, = x(t,) — x(t,_1). Note that A (xﬁ) = Ax, (X1 + %) = 2 (Ax,) Xno1 + (Ax,)?. From (4.5) and Ito-Doob scheme,

it follows that (Ax,)? = ft t"l o2(t) dt. Using this and the fact that A (x,%) = 2(Ax,) x,—1 + (Ax,)?, we reduce (4.5) to the
following: .

[ e @ = xw)ydi + [ o) dW.

A
. . (4.6)
Ax)xy = [ @Ox(O) @) = x(0) di + [" o0x(0) dW(D).

4.1.3 Generalized Moment Equations

Applying expectations to (4.6), we obtain

E[Ax,]
E [(Axn) Xn-1]
E[(Ax, ~ E[Ax,])]

[, e (e - B d,
S ep@E 0] di - [ @B [x(t?] dr wn
o dr.

n

4.1.4 Parameter Estimates at Time ¢, = 7~

By dividing (4.7) by At and taking the limit as A — 0, we have

Jim LE[Ax,] (1) (u(t,) = E [x(@)D)
(t)u(t)B [x(1,)] = a(t)E [ x(t)?] (4.8)

o(t,).

: 1
Jim B [(Ax,) Xp-1]

: 1 2
lim B |(Ax, - E[Ax,))?]

The solutions a(t,), u(t,) and o(t,) satisfying (4.8) are given by

Tim (& BIA%,])ELy, |- lim (& E{(Ax,)x,-1])

a(ty) = E[(xn—]E[Xn])ZJ 5

) = El)]+ o) im GE[Ax], (4.9)
— : 1 2

o) = lim FE[(Ax, ~E[Ax])7].

To get a discretize estimate for a(t,), u(t,) and o%(t,) in (4.9), we use Monte-Carlo method and Euler scheme to discretize
(4.1) on the interval [#y, 7] as follows:

Axij =iy (o — X1 j) AL+ 0 AW, i=1,2,..n, j=1,2,.N, (4.10)

where (x,-, j)jEN denotes sequence of independent copies of x; = x(f;) at time ¢, i = 1,2,...,n, a; = a(t;), p; = p(t;) and
o = o).
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Let &, n, f1,, y and &ﬁ, v be the estimates of @(7), u(7") and o*(7"), respectively, at time #, = 7. We derive &, , i, y and
&ﬁ) n from (4.9) as follows:

1 N N N
¥ 2 A 3 o= 8 (A% ) Xn
A _ J=1 J=1 J=1
an,N - N N 2 ’
[gl xﬁ*‘f%(; Xn—l,j) }AI
J= J=
1 N
LN N E] Axyj “4.11)
Han = w Z] Xn—1,j + a,nAt
j=
2 1 1 N 1 N ’
OuN T AN '21 Axnj— % ZlenJ ,
J= J=

where Ax, j = X, j — Xp_1,j.
Remark 3. The solution x, j, j = 1,2, ..., N, satisfying (4.10) is given by

n—1 n-2 ( n—-1
Xnj = H (1 — a’kAl‘) X + Z ( l_[ (1 — (lkAl)) a'iyiAt+ an—l,un_lAt
k=0

i=0 \k=i+1 (4 1 2)

n=2 ( n-1
+ Z ( n (1- akAt)) o-iAvVHl,j + O-n—lAWn,j~
i=0 \k=i+1

n—1 n=1 oo - n—1 n—=1 oo -
By writing T] (1 — a;Af) = exp (— > %) = exp (— >, akAt) exp (— > %), it follows that as n — oo,
k=0 k=0

k=0 m=1 k=0 m=2
n—-1 (T e e
[TA-aiAr) — e f’o 45 nd Xn,j — X7 j, where
k=0
(" ats) ds 7 f'r d 7 fT d
Xyj=e€ 0 x0+f e~ ko @ dugsy(s) ds+f e~ b @ dug(g) dW,;. (4.13)
10 I

4.2 Consistency

Lemma 3. Assume that E[xg] < co. Define Ajq = e Jy @@ dsE(xo); Arg = ftz— ek aw Wa(s)u(s) ds and Vq =

-
fr e 2l aw dueg2(s) ds. Then

0]

N
LA 3 x5 Ay + Ay = E[x(T),
N 2 P 2 2
22,5 (A +Ayr) + Ve = E[2(T))

N
3. N & Axj (T (u(T) = ELX(TD,
J=

4 ¥ ]zV: AX, ;> (T (DB LX(T)] - E[x3(T)]), as n — o0 and N — o.
J=1

N N
Proof. 1t follows directly from (4.13) that ;}LIEJ E [% '21 X1, ]} =E[x(7)] and ,}Lr?o E [ﬁ '21 A(xy, j)} =a() W T) - E[x(T)).
Jj= Jj=
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n-2 [ n—1
Define Un’j = Z ( H (1 - (YkA[)) 0',‘AW,'+]’J' + O'n_|AWn,j, ] = 1,2, ...,N. For € > 0,

i=0 \k=i+1
1 < 1
2 2 2
P N;xn,,—la[x(ﬂ] >e| < g[zE(BLn—ALT) +2E (Byw - Avr) +E(Z1)].

1
i Z Ay = o T) (WT) =BT 2 €| < 5 [E(Cru+ Con— (D) (WT) - EIXTID)’ +E(Z5,)].

I _ I
—ZUﬁ,j—VrrZe < SE
N.i=l |

1 N (n-2 n-1 2
v Z[Z H (I - arA) iAWy j| = V7

2
€ 7=1 \iz0 k=i+1
2 N n-2 n—1
=Y o ) [ ] 0 - adnoiaWi AW,
NS i=0 k=i+1
1< ’
= > o2 AWz
N =
where
n—1 n-2 ( n-1
B, = [0 -aanx; Boy=>) ( [Ta- akAr)] @A + @yt AL
k=0 i=0 \k=i+1
n-2 n-3 ( n-2
Cin = - 1_[ (I =@ A xo; Copp = =@y Z { 1_[ (1- GkAl)] Qi AL — @ Aot AL+ @,y
i=0 \k=i+1

i=0 \k=i+l N

n=2 ( n—1 N
Dl,n Z [ l_[ (] akAt)z] 2At Zl N = Z Un Jo ZZN - = : Z; [Un—l,jan—l - Ull—lAWn,j/At] .
j=

p P p
It follows that By, = A, 4, B2, = Ay and D, = Vg asn — oo. Also,

Cin + Con D (T - T [e‘ff;r O+ T o I deg(syus) ds] = o) — «(TE[X(T)] as n — oo

N n=-3 [ n-2
Furthermore,E[sz] =4 z 5 ( 1 a —akAt)z) oAt + n' andE[ng] =Ly ( I a —akAt)z)O'Z(x A
7 Jj=1i=0 \k=i+1 Jj=1i=0 \k=i+1
N
ﬁ 5 Aﬁ+0'n ,/(NA?) both tend to zero as n — oo, N — oo and NAt — co. Hence, P[% Zl Xnj—E[x(T)]| 2 €| = 0,
j=

|

N
& Z A = (T (u(T) BT

Ze]—>0and

1NU2
v

1
> e‘ < S |1 (3NA? + (N? = N)Dy uAt = 2Vir + 2t + 40| At/N) + Vi = 2002 VAt

2
+(1 + N)o-i_lAtz

tends to zero as n — oo, N — oo. Finally,

1 N
2
N 24
=1

N N
2 1
2 - 2
(Bl,n + BZ,n) + N ; (Bl,n + B2,n) Un,‘/ + N JZI U

p
S (Aur +Aur) + Vi,

asn — oo, N — oo and
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1 & y7, al 1 & loa al

_ _ n—1 2 n—1

NAt 2, Mty = N 2, - N PIEENE NA? 2, AW,
= = = =

5 () (WTE LT - E[(T)]),

asn — oo, N — oo.

[ |
Theorem 4. Assume that E [x] < co. Then &, y 5 a(l), ji, 2 u(T), and 6 N 2 o(T)asn — oo, N > oo.
Proof. From (4.10),
1 & 2u N 1 & 20,11, O -1 N
2 2 2 -1 2 n—1Hp—10n-
N—A[ZAan = a’n—lAt M — ]:[ an—l,j+ Nanfl’j + T”ZAWn]
J=1 J=1 J=1 =
N 2 N
20, 10,1 01 2 P
- Zel ,z; X1, AW + S ,Z‘ AW? 5 a7,
asn — oo, N — oo. It follows from (4.11) that
d’n,N ﬁ) G(T)QI(T)*E[X(T)])]E[X(T)]*Vt:—('/’)(/l(T)E[x(‘T)]*]E[X‘('f)]) = a(T),
N p _
Py = BT+ @REOZEEOD = ),
2y D dAT,
asn — oo, N — oo. [ ]

4.2.1 LLGMM Parameter Estimation Scheme

N
Define x; = % 2. Xij» i =1,2,...,n. For each sample observation size m,, € I}, a partition P, of closed interval [#,_,+1, %]
j=1

of length m, is called local at time #, and defined by (3.11). Using (4.9), we formulate a local observation process at
time 7, as an algebraic functions of m,- local functions of restriction of the overall finite sample sequence {x;}__, to a
subpartition P,,.

Let &, ﬁn,m”, and &ﬁ’mﬂ be the moving estimates of a(7), u(7), and X (7)), respectively, at time ¢, and obeservation

size m,. We derive &, i1, , » and i m, s follows:

n n n
m%’ X An X oxa- X (AxEia
A _ i=n—mp+1 i=n—mp+1 i=n—mp+1
nm, = . - P )
> Xifﬁ( > x,-_,) }At
i=n—mp+1 i=n—mp+1
n
1 -
n w2 A% 4.14)
A — L Z x + i=n—mp+1
Hum, m, . i1 &y, AL
i=n—-my,+1 X
2 L1 5 15 ’
Owmy = Ny 2 Axi_m_n. L A%
i=n—m,+1 i=n—-m,+1

Remark 4. As discussed in Remark 1, the local admissible observation size my, is not constant at each time t. For a given
€ > 0, the value of my, that gives the least simulated error at each time t, is recorded as the €-best sub-optimal sample size
iy and the parameters &y m,, fly.,, and 6’,% m, Tecorded as @, py 5, and O'i e Tespectively.

Remark 5. We present the maximum likelihood estimate of the parameters «, yu and o in (4.2) as follows:

For random variables xi, xa, ..., x, satisfying (4.2) such that x; = x(t;), we have
Xi=p+o—me Mg i=1,23,..,n, (4.15)
where &; = o ft : e gW(s), i = 1,2, .., n, are identically normally distributed with mean 0 and variance ‘2’—; (1 - e‘z‘m’).

The joint density function of the random vector x = [x1, X2, ..., X, is given by
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1 1 1 -
S (1 X, 1 2) = Q)72 B2 @72 X ), (4.16)
where m; = p+ (xg — e "M %, =X, and T; j = % (e‘(i‘j) abt _ o=(+)) “A’), 1 < j <i < n Xis positive definite with
n n
determinant |Z| = (’2’—;) (1 —e? "A’) and inverse defined by

2w eZ(YA[

0785021*1’ lf i= .] =n,
Da 204 o .
Zfl _ O-_lzlszlYAttl’ lf L= *n,
ij T 2a e . : —
oTzl_eZLYAf? l.f |l_.]| - 19
0, i li—jl=2.

— B (x=p= (i1 e ™)’
It can be shown that (x —m) ¥™' (x —m) = ), T 2nem]
) Z[1-e2 '

12

. The log-likelihood function L,(a,u, 0 : X1, ..., X,) is

(- = (it — e ™))

n o’ —2aAt a
Lo x)=—3 [log(Z) +log(l — e 2087 4 1og(2n)] - Z T

4.17)

i=1

Estimating the maximum likelihood estimates &, i and & of a, u and o, respectively, reduces to solving the nonlinear
system of equations

{6£,,(a,,u,o- 1 x) _ o 0L, (a, 1,0 1 Xx) _ o 0L, (a,u,0 : x)

=0, 4.18
ou oa do (4.18)

n 2 n n n
for u, @ and o. Let var(x) = % (x,-l - % > le) , cov(x,y) = % > (xil - % > le)(x,- - % > xj), where 'y =
: & .

i= Jj=

[X05 s Xu_1 ] . The MLE estimates &, [, and 6, satisfying (4.18) are given by

™M=

_ 1 var(x)
an = glog (M(x,y)) ’
N 1 &2 o 2
M = 5 21 Xi+ Ty Zl Axi, (4.19)
i= i=
. n Y
) 2 1 N AN —GA
o, = 1_€g&m " Z (xi —M— (-xi—l _H)e ¢ t) .

i=1
Using the Taylor series expansion of In(x) around x = 1, we can approximate In(x) ~ 1 — i Also, 1;_6: ~ x for
considerably small x. Thus, we can compare (4.19) with (4.14) for large observation size m,, = n as follows:

1 5 X s = s .
& _ 1 varx) \ " El A i:ZHXl_l E](Ax,)x,_l
noT M cov(xy) | ~ o (V¥ )
;x;ﬁl—;(;‘xi,l) At
o
n N n n 7 2 Axi (4 20)
A _ l . e*aAr l e l ) n s} .
HMn - n Z] X + 1—e—a 3 Z] A-Xl ~n Z] Xi-1 + YA
= = =
2
A2 2 1% - PO AL 1
O = ]_e—zam';Zl(xi_/l_(xi—l_,u)e ) zn_Atzl Axi_E,Zlei .
i= i= i=

5. Numerical Simulation

In this section, we simulate stock prices and energy commodities’ prices using discretized stochastic differential equations
(3.1) and (4.1), together with their estimated parameters derived in (3.12) and (4.14), respectively.

5.1 Numerical Simulation of Stock Price Using LLGMM Method
Let yz’mk be a simulated value of the real stock price satisfying the Euler- discretized version of (3.1) at time #. yi’mk cor-

k

responds to a local admissible lagged-adapted finite sequences of conditional sample/data observation {E [y;|F;_] pE—

of size my, at time #; derived from the discretized Euler scheme

s S ~ s A s
Yiome = Yietmy T Gk=Lm Vi1, Ar+ O k=11 Y1,y AWk»mk' (5.1)

We define the quadratic square error of E [y;|#1] relative to each simulated values y; i 35

2
By, = (E[yklﬁ-ll —yfm,k) ) (5.2)
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For any arbitrary small positive number € and for each time #;,, we define the e-sub-optimal admissible subset M of set
of my-size local admissible lagged sample size my, at #; as:

Mk = {my : Emk,k,yk < €}. (53)

We record the value my, € M; that gives the minimum error as 71;,.. The e— best sub-optimal estimates of the parameters
@y m, and 6'% , at the e-best sub-optimal sample size 77y are also recorded as ay.», and O'i 1, Tespectively.

Finally, the simulated value at time 7, with /7 is now recorded as the e-best sub-optimal state estimate y; e for E[yi|Fr-1]
at time 1y,

Now, we apply the LLGMM conceptual computational algorithm to simulate real stock price data namely International
Businesses Machines (IBM), JPMorgan Chase and Co and Apple Inc. for the same period 01/03/2000 — 01/27/2017
(Apple; JPMorgan; IBM). For simulation purpose, we pick time delay » = 30, A# = 1 and the quadratic square error of
the simulation is chosen to be at most € = 0.001. We note here that r can be chosen as large as the sample size N. We
note that as r approaches N, the quadratic square error reduces significantly. This is demostrated by showing side by side
simulations for r = 30 and r = 50 in Figures 3 and 4, respectively.

The graphs of the e— best sub-optimal estimates ay 5, for the three stock prices International Businesses Machines (IBM),
JPMorgan Chase and Co and Apple Inc. are shown in Figure 1 below.

Graph ofa, ~ againstt for IBM Graph of a . against t for JPMorgan CHASE & Co
am "k
0.06 ——— e 045 i

tk (days) Tim
Graph of a . against tk for APPLE Inc.
"k

Figure 1. The graphs of parameter ay ;, with time # for IBM, JPMorgan CHASE & Co and APPLE Inc stock price

The graphs of the e— best sub-optimal estimates a',% 5 for the three stock prices International Businesses Machines (IBM),

JPMorgan Chase and Co and Apple Inc. are shown in Figure 2 below.
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Figure 2. The graphs of parameter o

The graphs of the e— best sub-optimal simulated stock price estimates for the three stock prices International Businesses

Machines (IBM), JPMorgan Chase and Co and Apple Inc. are shown in Figure 3 below.
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Figure 3. The graphs of real and simulated stock price for IBM, JPMorgan CHASE & Co and APPLE Inc. r = 30

In order to show the effect of increasing the delay constant r, we also include the simulation result using r = 50. It is
obvious from comparison of Figures 3 and 4 that as r approaches N, the root mean square value approaches zero.

Real and Simulated stock price for IBM
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920
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Figure 4. The graphs of real and simulated stock price for IBM, JPMorgan CHASE & Co and APPLE Inc. for r = 50

5.2 Numerical Simulation of energy commodity using LLGMM method

Using discretized Euler scheme for (4.1), we apply the above conceptual computational algorithm for the real time data
sets namely; daily Henry Hub Natural gas (dollars/million Btu) price data for the period 01/04/2000—-01/09/2017, crude
oil price (dollars/barrel) data for the period 01/04/2000 — 01/09/2017 and coal price data for the period 01/03/2000 —
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01/11/2016 (Coal; Crude; Natural gas). For simulation purposes, we pick time delay r = 30, Ar = 1 and the quadratic
square error of the simulation is chosen to be at most € = 0.001. We also note here that r can be chosen as large as the
sample size, N. As r approaches N, the quadratic square error reduces significantly. We demostrated this by showing
side by side simulations for » = 30 and r = 50 in Figures 8 and 9, respectively.

The graphs of the e— best sub-optimal estimates p, 5 for the three energy commodities: natural gas, crude oil and coal
prices are shown in Figure 5 below.

. Graph of P against tk for crude oil
Graph of ﬂk""k against tk for natural gas m
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Figure 5. The graphs of parameter g, ,, with time # for natural gas, crude oil and coal

The graphs of the e~ best sub-optimal estimates «y , for the three energy commodities: natural gas, crude oil and coal
prices are shown in Figure 6 below.
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Figure 6. The graphs of parameter @y, with time #; for natural gas, crude oil and coal

The graphs of the e— best sub-optimal estimates 0',% s, for the three energy commodities Natural gas, crude oil and coal

prices are shown in Figure 7 below.
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Figure 7. The graphs of parameter O'i‘rhk with time #; for natural gas, crude oil and coal

In the following figures, we show the effect of increasing the delay constant r by showing a simulation result for the cases
where r = 30 and r = 50.
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Figure 8. The graphs of real and simulated daily prices for natural gas, crude oil and coal for r = 30.
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Figure 9. The graphs of real and simulated daily prices for natural gas, crude oil and coal for r = 50.

6. Summary

The purpose of this paper is to describe the LLGMM method of parameter estimations in a linear stochastic differential
equation with time dependent parameters. It is shown that the estimated parameters converge in probability to the true
parameters of the stochastic model. Numerical simulation is carried out in the context of three stock prices and three

energy commodity prices. We also show graphically that as the delay constant r increases, the quadratic square error
tends to zero.
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