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Abstract

The weighted distributions are widely used in many fields such as medicine, ecology and reliability, to name a few, for
the development of proper statistical models. Weighted distributions are milestone for efficient modeling of statistical
data and prediction when the standard distributions are not appropriate. A good deal of studies related to the weight
distributions have been published in the literature. In this article, a brief review of these distributions is carried out.
Implications of the differing weight models for future research as well as some possible strategies are discussed. Finally,
characterizations of these distributions based on a simple relationship between two truncated moments are presented.
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1. Introduction

The theory of weighted distributions provides a collective access for the problems of model specification and data inter-
pretation. It provides a technique for fitting models to the unknown weight functions when samples can be taken both
from the original distribution and the developed distribution. Weighted distributions take into account the method of as-
certainment, by adjusting the probabilities of the actual occurrence of events to arrive at a specification of the probabilities
of those events as observed and recorded. The weighted distributions occur frequently in the studies related to reliability,
analysis of family data, Meta analysis and analysis of intervention data, biomedicine, ecology and other areas, for the
improvement of proper statistical models.

The concept of weighted distributions was provided by Fisher (1934) and Rao (1965). Fisher (1934) studied how the
methods of ascertainment can influence the form of the distribution of recorded observations and then Rao (1965) intro-
duced and formulated it in general terms in connection with modeling statistical data when the usual practice of using
standard distributions were found to be unsuitable. Weighted distributions are utilized to modulate the probabilities of
the events as observed and transcribed. Patil and Rao (1978) presented some useful concepts. We like to mention here
the works of Gupta and Keating (1985), Gupta and Kirmani (1990), Oluyede (1999) and references therein. There are
two types of weighted distributions: length biased and size biased distributions.

Many authors have employed the concept of weighted distribution for different purposes: Patil and Rao (1978) examined
some general models leading to weighted distributions with weight functions not necessarily bounded by unity and stud-
ied length biased (size biased) sampling with applications to wildlife populations and human families. Characteristics of
many length biased distributions, preservation stability results and comparisons for weighted and length biased distribu-
tions were presented by Khatree (1989). Rao (1965) extended the idea of the methods of ascertainment upon estimation
of frequencies and introduced the concept of weighted distributions. However, as far as we have gathered, no study has
been carried out that provide a forum for the existing works and future research direction on weighted distributions for
applied researchers and practitioners. This, we believe, is a big gap in the literature and the current article is an attempt
to fill this gap to some extent.

This article reviews the works that have been carried out so far in the field of weighted distributions and their applications.
The rest of the article is summarized as follows: Section 2 briefly reviews the weighted distributions. Section 3 details
the review of the works on length biased and weighted length biased distributions. Section 4 explains the works on
size biased and double weighted distributions and the related works are taken up in Section 5. Section 6 deals with the
characterizations of the weighted distributions. Finally, in Section 7, some concluding remarks are presented.
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2 Weighted Distributions

Suppose X is a non-negative continuous random variable with pdf (probability density function) f (x). The pdf of the
weighted random variable Xw is given by:

fw (x) =
w (x) f (x)
µw

, x > 0, (1)

where w (x) is a non-negative weight function and µw = E [W (X)] < ∞. Note that similar definition can be stated for
the discrete random variables.

We shall list below the weighted distributions introduced in the literature in a chronological order.

Castillo and Casany (1998) proposed weighted Poisson distribution by considering the Poisson distribution with parameter
λ and the weight function w (k) = (k + α)r . They developed the weighted Poisson distribution with the probability
function:

pw (k; λ, r, α) =
(k + α)r λke−λ

Eλ
[
(X + α)r] k!

, k = 0, 1, .... (2)

where, α ≥ 0, λ > 0 and r ∈ R are parameters

They expressed equation (2) as:

pw (k; λ, r, α) =
exp

(
k log λ + r log (k + α)

)
k!C (λ, r, α)

, (3)

where

C (λ, r, α) = eλEλ
[
(X + α)r] = ∞∑

k=0

(k + α)r λk

k!
. (4)

The main purpose of their work was to introduce new exponential families that resulted from the concept of the weighted
distribution. They derived some statistical properties of the families and provided useful interpretation of the parameters.

Fay et al. (2008) proposed a new metric weighted spectral distribution that improves the graph spectrum by discounting
those eigen values that are believed to be unimportant and emphasizing the contributions of those believed to be important.
They utilized this metric to optimize the selection of the parameter values of Internet topology generation.

Gupta and Kundu (2009) have followed a similar approach as of Azzalini for introducing a shape parameter to the ex-
ponential distribution. They showed that by applying Azzalini’s method to the exponential distribution, a new class
of weighted exponential distribution can be obtained. The two-parameter weighted exponential distribution (TPWED)
introduced by Gupta and Kundu (2009) has pdf:

fw (x;α, β) =
α + 1
α
β
(
1 − e−αβx

)
e−αβx, x > 0, (5)

where, α and β are positive parameters.

Furthermore, they showed that the TPWED possesses some good properties and can be used as a good fit to survival time
data compared to other popular distributions such as gamma, Weibull, or generalized exponential distribution.

Kersey (2010) developed the weighted inverse Weibull distribution (WIWD) and beta-inverse Weibull distribution (BI-
WD). Firstly, taking the weight function w (x) = x and Inverse Weibull pdf:

f (x;α, β) = βα−βx−(β+1)e−(αx)−β , x, α, β > 0, (6)

she developed the WIWD with pdf:

fw (x;α, β) =
βα1−β

Γ
(
1 − 1

β

) x−βe−(αx)−β , x > 0, (7)

where, α, β are positive parameters.

Secondly, to develop BIWD, she considered the pdf and cdf (cumulative distribution function) of the beta distribution:

f (x; a, b) =
1

B (a, b)
xa−1 (1 − x)b−1 , 0 < x < 1, a, b > 0, (8)
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and

F (x; a, b) =
1

B (a, b)

∫ x

0
ta−1 (1 − t)b−1 dt, 0 ≤ x ≤ 1. (9)

The pdf and cdf of BIWD are given, respectively, by:

fw (x;α, β, a, b) =
βα−β

B (a, b)
x−(β+1)e−a(αx)−β

(
1 − e−a(αx)−β

)b−1
, (10)

x > 0, and

Fw (x;α, β, a, b) =
BF(x) (a, b)

B (a, b)
, x ≥ 0, (11)

where, α, β, a, b are all positive parameters and BF(x) (a, b) =
∫ F(x)

0 ta−1 (1 − t)b−1 dt.

Kersey then discussed some theoretical properties of the inverse Weibull model, weighted inverse Weibull distribution
including the hazard function, reverse hazard function, moments, moment generating function, coefficient of variation,
coefficient of skewness, coefficient of kurtosis, Fisher information and Shanon entropy. The estimation for the parameters
of the length-biased inverse Weibull distribution via maximum likelihood estimation and method of moment estimation
techniques were presented, as well as a test for the detection of length-biasedness in the inverse Weibull model. Table
1 shows mean, standard deviation (STD), coefficient of variation (CV), coefficient of skewness (CS) and coefficient of
Kurtosis (CK) for some values of the parameters α and β for WIWD.

Table 1. Table of Mean, STD, CV, CK of WIWD

α β Mean S T D CV CS CK
3 1.9184 INF INF NAN NAN

1 5 1.2791 0.5188 0.4056 5.8578 INF
8 1.1246 0.2276 0.2023 2.5156 18.5192
10 1.0895 0.1666 0.1529 2.0949 12.7770
3 0.9892 INF INF NAN NAN

2 5 0.6396 0.2594 0.4056 5.8578 INF
8 0.5623 0.1138 0.2023 2.5156 18.5192
10 0.5447 0.0833 0.1529 2.0949 12.7770
3 0.3957 INF INF NAN NAN

5 5 0.2558 0.1038 0.4056 5.8578 INF
8 0.2249 0.0455 0.2023 2.5156 18.5192
10 0.2179 0.0333 0.1529 2.0949 12.7770

Roman (2010) presented theoretical properties and estimation in weighted Weibull and related distributions. Firstly, he
considered the Weibull probability density function as:

f (x; θ, β) =
β

θβ
xβ−1e−( x

θ )β , x > 0, (12)

where θ and β are positive parameters and applied the weight function w(t) = tc to obtain the weighted Weibull model
with pdf as:

fw (x; θ, β) =
β

θβ+cΓ (c)
xc+β−1e−( x

θ )β , x > 0. (13)

Secondly, he considered the Rayleigh pdf as:

f (x;σ) =
xe−

1
2 ( x
σ )2

σ2 , x > 0, (14)

where σ > 0 is a parameter and applied the weight function w(t) = tc to obtain the weighted Rayleigh model with pdf as:

fw (x;σ) =
1

2
c
2σc+2Γ (c)

xc+1e−
1
2 ( x
σ )2
, x > 0. (15)

He derived some theoretical properties of weighted Weibull distribution and properties of the non-weighted Weibull
distribution were also reiterated for comparison.
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Shi et al. (2012) constructed the theoretical properties of Weighted Generalized Rayleigh and related distributions. In
their paper, a new class of weighted generalization of the Rayleigh distribution (WGRD) was developed by considering
the pdf of two parameter generalized Rayleigh distribution (GRD) as:

f (x; θ, k) =
k

θ
1
k Γ( 1

k )
e−( xk

θ ), x > 0, (16)

where θ and k are positive parameters and the weight function that they utilized w(x; m) = xm, then developed the WGRD
with probability density function:

fw (x; θ, k,m) =
kxm+1

θ
m+2

k Γ( m+2
k )

e−( xk
θ ), x > 0. (17)

The statistical properties of GRD and WGRD were obtained. Other important properties including entropy measures,
Shannon entropy, β entropy and generalized entropy for the WGRD were also derived which are measures of the uncer-
tainty in these distributions.

Ye et al. (2012) introduced a weighted generalized beta distribution (WGBD) of the second kind. They used the following
pdf of the generalized beta distribution of the second kind;

f (x;α, β, p, q) =
αxαp−1

βαpB(p, q)[1 + ( x
β
)α]p+q , x > 0, (18)

where α, β, p, q are all positive parameters and the weight function w(x) = xk in the derivation of WGBD of second kind.
Then, developed the weighted generalized beta distribution of the second kind (WGBD2) as:

fw2 (x;α, β, p, q, k) =
αxαp+k−1

βαp+kB(p + k/α, q − k/α)[1 + ( x
β
)α]p+q , x > 0, (19)

where, α, β, p, q, k are all positive parameters. They derived some statistical properties and introduced some results on the
generalized entropy and Renyi entropy of WGBD2.

Aleem at al. (2013) introduced a class of modified weighted Weibull distribution (MWWD) and its properties. They
considered the Weibull pdf and its cumulative distribution function as a weight function respectively as:

f (x; β, γ) = βγxγ−1γe−βx
γ

, x > 0, β, γ > 0. (20)

Fx (θx) = w(t(x)), (21)

where
Fx(βγ) (x) = 1 − e−βx

γ

. (22)

They defined the new class of modified weighted distribution via the probability density function given by;

fw (x) =
[1 − w (tx)]c f (x)

E[1 − w (tx)]c , x ∈ R, (23)

and

fxθ (x) =
[1 − FX (θx)]c f (x)

E[1 − FX(θx)]c , x > 0. (24)

Finally, they derived the MWWD (β, γ, θ, c) with pdf:

fw (x) = βγ(cθγ + 1)xγ−1e−β(cθ
γ+1)xγ , x > 0, (25)

where, β, γ, θ, c are positive parameters. They derived the basic statistical properties of this new distribution.
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Al-Khadim and Hantoosh (2013) presented the even -power weighted distribution by taking the two types of weight
functions w1(x) = x and w2(x) = ex and used the normal distribution. After applying the definition of even -power
weighted distribution, they developed the two different pdf of even-power weighted normal distribution (EPWND1) i.e.,

fw1

(
x; µ, σ2

)
=

1
√

2πσ(σ2 + µ2)
x2e

−(x−µ)2
2σ2 , x > 0, (26)

and (EPWND2)

fw2

(
x; µ, σ2, r

)
=

1
√

2πσe2r(2r2σ2 + µ)
x2e

2rx−(x−µ)2
2σ2 , x > 0, (27)

where, µ ∈ R, σ > 0 and r > 0 are parameters. Then, they discussed some of the statistical properties of these two
distributions including entropy.

Mahdy (2013) introduced the new class of weighted Weibull distribution and its properties. In his work, a skewness
parameter to a Weibull distribution was introduced using an idea of Azzalini, which creates a new class of weighted
Weibull distributions. The new distribution having pdf:

fw (x;α, β, λ) =
λβ(1 + αβ)xβ−1e−λxβ (1 − e−λ(αx)β )

αβ
, x > 0, (28)

where, α, β, λ are all positive parameters.

This new distribution has a probability density function with skewness representing a general case of weighted proba-
bility density function of the extreme value distribution, the Rayleigh distribution and exponential distribution. Different
properties of this new distribution are discussed and the inference of the old parameters and the skewness parameter is
studied.

Badmus et al. (2014) presented Lehmann Type II weighted Weibull distribution. They improved on the method used on
weighted Weibull model, proposed by Azzalini (1985), using the logit of Beta function by Jones (2004) to have Lehmann
Type II weighted Weibull model. The main purpose of their work was to obtain a distribution that is better than both
weighted Weibull and Weibull distribution in terms of estimate of their characteristics and their parameters. Some basic
properties of the newly proposed distribution including moments and moment generating function, survival rate function,
hazard function, asymptotic behaviors and the estimation of the parameters have been studied.

Idowu and Adebayo (2014) proposed exponentiated weighted Weibull distribution (EWWD). This model was established
with a view of obtaining a model that is better than both Weibull and weighted Weibull distributions in terms of the
estimate of their characteristics and their parameters using the logit of Beta by Jones (2004) and the new class of weighted
Weibull distribution proposed by Mahdy (2013) given in equation (28). They derived the exponentiated-weighted Weibull
distribution with pdf:

fw (x;α, β, λ) = α[
(1 + αβ)(1 − e−λxβ) + eλxβ(1+αβ) − 1

αβ
]α−1×

[
λβ(1 + αβ)xβ−1e−λxβ (1 − eλxβ)

αβ
αβ], (29)

x > 0, where α, β, λ are positive parameters. They derived the statistical properties of EWWD and the estimation of the
parameters have also been studied.

Odubote and Oluyede (2014) constructed a new six-parameter class of distributions called weighted Feller-Pareto distri-
bution (WFPD). They considered the pdf of Feller-Pareto distribution defined as:

fFP (x; µ, θ, γ, α, β) =
1

B[α, β]
(

x − µ
θ

)
β
γ−1[1 + (

x − µ
θ

)
1
γ ]−(α+β), x > µ, (30)

where, θ, γ, α, β all positive µ ∈ R are parameters and weight function is ( y−µ
θ

)k. The resultant WFPD is:

fw (x; µ, θ, γ, α, β, k) =
Γ(α + β)

Γ(kγ + β)Γ(α − kγ)θγ
(

x − µ
θ

)k+ βγ−1[1 + (
x − µ
θ

)
1
γ ]−(α+β), x > 0, (31)

where α, β, θ, γ are all positive µ ∈ R, k = 0, 1, 2, ... , α − kγ > 0 are parameters.

This new class of distributions comprise several other Pareto-type distributions such as length-biased (LB) Pareto, weight-
ed Pareto (WP I, II, III, and IV), and Pareto (WP I, II, III, and IV) distributions as special cases. They derived its mono-
tonicity properties, measures of uncertainty including Renyi, Shannon and s-entropies of the WFPD.
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Alqallaf et al. (2015) studied the estimation of two parameter weighted exponential distribution. The main goal of
their work was to compare via Monte Carlo simulation, the finite sample properties of the estimates of the parameters of
the weighted exponential distribution obtained from five estimation methods: MLE, MOM, L-moments, ordinary least-
squares and weighted least-squares. They used bias and mean-squared error as the criteria for comparison. They analyzed
two real data sets for comparing the five estimation methods for the weighted exponential distribution.

Bashir and Rasul (2015) established the weighted Lindley distribution (WLD) . The main objective of their work was to
develop WLD by using single parameter Lindley distribution with pdf:

f (x; θ) =
θ2

θ + 1
(1 + x)e−θx, x > 0, (32)

where θ > 0 is a parameter and the weight function is w(ϕx) = eϕx. Applying the definition of weighted distribution, they
obtained WLD having the pdf:

fw (x; θ, ϕ) =
(θ − ϕ)2

θ − ϕ + 1
(1 + x)e−(θ−ϕ)x, x, > 0, (33)

where θ, ϕ are positive parameters. They also studied the basic properties of the WLD.

Mahdavi (2015) proposed two weighted distributions generated by the exponential distribution. In his work, he presented
new classes of weighted distributions by incorporating exponential distribution via Azzalini’s method. Resulting weighted
models generated by the exponential distribution were the weighted gamma-exponential model (WGD) with pdf:

fw (x; λ, α) =
λk xk−1e−λx(1 − e−αλx)
Γ(k)[1 − (1 + α)−k]

, x > 0, (34)

and the weighted generalized exponential (WGED) based on the exponential distribution with pdf:

fw (x; λ, α, β) =
βλe−λx(1 − e−λx)β−1(1 − e−αλx)

1 − βB(α + 1, β)
, x > 0, (35)

where, λ, α, β are all positive parameters.

The moment properties of the proposed distributions were studied. Maximum likelihood estimators of the unknown
parameters cannot be obtained in explicit forms and they have to be obtained via numerical methods.

Nasiru (2015) presented another weighted Weibull distribution (WWD) from Azzalini’s family. He proposed a new
WWD by employing

f (x; λ, α, θ) = Kg0(x)G0(λx), x > 0, (36)

where, α, θ, λ are all positive parameters, g0(x) is the pdf of Weibull distribution with parameters α and θ and G0(λx) is its
survival function. He derived the new WWD having pdf:

fw (x; λ, α, θ) = (1 + λθ)αθxθ−1e−(αxθ+α(λx)θ), x > 0. (37)

Finally, he discussed some mathematical properties of this new model such as Renyi entropy and order statistics. The
method of maximum likelihood was employed for estimating the parameters of the distribution.

Rezzoky and Nadhel (2015) proposed a weighted generalized exponential distribution (WGED) with the known shape
parameter α = 2 and scale parameter λ > 0. They considered the pdf of generalized exponential distribution (GED) with
pdf:

f (x; λ, α) = αλ(1 − e−λx)e−λx, x > 0, (38)

where, α, λ are positive parameters and w(x) = x is the weight function. Their GWED has pdf:

fw (x; λ) =
4
3

xλ2(1 − e−λx)e−λx, x > 0. (39)

They established some of its mathematical properties and finally they estimated its scale parameter λ using the method of
moments and maximum likelihood estimators. The probability plots of WGED for λ = 1, 2 and 3 are provided here in
Figure 1.
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Figure 1. The probability density function of WGED for different values of λ

Oguntunde (2015) presented the exponentiated weighted exponential distribution (EWED) and its statistical properties.
He discussed the generalization of the weighted exponential distribution (WED) and proposed the pdf of EWED as follows

fw (x;α, θ, λ) = θ(
α + 1
α

)λe−λx×

[1 − e−λαx][
α + 1
α

(1 − e−λx − 1
1 + α

(1 − e−λx(1+α)))]θ−1, (40)

where, α, θ, λ are positive parameters.

He also studied and provided the basic statistical properties of his proposed model. The method of maximum likelihood
estimation was discussed for estimating the parameters of the model.

Asgharzadeh et al. (2016) introduced a new weighted Lindley distribution (NWLD) with application in survival analysis.
The probability density function of this distribution is

fw (x; λ, α) =
λ2(1 + α)2

αλ(1 + α) + α(2 + α)
(1 + x)(1 − e−(λαx))e−(λx), x > 0, (41)

where, α, λ are positive parameters.

The proposed NWLD contains Lindley and weighted Lindley (given by Ghitany et al., 2011) distributions as special cases.
Also, the distribution can be represented as a mixture of weighted exponential (Gupta and Kundu, 2009) and weighted
gamma distributions; and as a negative mixture of Lindley distributions with different parameters.

3 Length-Biased and Length-Biased Weighted Distributions

For the weight function w(x) = x in equation (1), the resultant model is called Length-Biased distribution and its pdf is
given by

fL (x) =
x f (x)
µ
, x > 0. (42)

If f (x) is a weighted model in (42), the resultant distribution is called length biased weighted distribution (LBWD).

Das and Roy (2011a) developed the length-biased form of the weighted generalized Rayleigh distribution (WGRD)
known as length-biased weighted generalized Rayleigh distribution (LBWGRD). Firstly, they considered the general-
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ized Rayleigh pdf:

f
(
x; N, σ2

)
=

2

(2σ2)
N
2 Γ( N

2 )
xN−1e−

x2

2σ2 , x > 0, (43)

where, σ > 0, N ∈ N are parameters.

The weight function w(x) = x2c−Ne−x2(cσ2− 1
2σ2 ) was considered in equation (1) to obtain the WGRD. The pdf of WGRD is:

fw
(
x, c, σ2

)
=

2(cσ2)cx2c−1e−x2cσ2

Γ(c)
, x > 0, (44)

with c > 0 a parameter as well.

Then, they used the pdf (44) and the weight function w(x) = x to develop the LBWGRD with the following pdf:

fw
(
x, c, σ2

)
=

2(cσ2)c+1/2x2ce−x2cσ2

Γ(c + 1/2)
, x > 0. (45)

Then, they discussed some of the properties of LBWGRD. The estimates of the parameters of the LBWGRD were
obtained via the method of moments and fitted accordingly.

Das and Roy (2011b)proposed the Length-Biased form of weighted Weibull distribution (WWD). Firstly, they considered
the two parameters Weibull distribution with pdf:

f (x, c, α) =
c
α

(
c
α

)c−1e−(x/α)c
, x > 0, (46)

where, α, c are positive parameters. They used the weight function w(x) = xcβ and obtained the weighted Weibull
distribution with pdf

fw (x, c, α, β) =
c

αc+ c
β Γ(β + 1)

xc+ c
β−1e−( x

α )c
, x > 0, (47)

where, β > 0 is a parameter as well.

Then, they used the weighted Weibull distribution and the weight function w(x) = x, to develop the LBWWD with pdf:

fw (x, c, α, β) =
c

αc+cβ+1Γ(β + 1 + 1/c)
xc+cβe−( x

α )c
, x > 0. (48)

They also established various properties of LBWWD. Newby’s method along with the method of moment have been used
to estimate the parameters of the LBWWD.

Ratnaparkhi and Nimbalkar (2012) developed the length-biased lognormal distribution (LBLND). They considered the
log-normal distribution (LND) with pdf

f (x; µ, σ) =
1

xσ
√

2π
e
−1

2σ2 (logx−µ)2
, x > 0, (49)

where µ ∈ R and σ > 0 are parameters. Using the definition of length biased distribution, they obtained the pdf of LBLND
given by:

f (x, µ, σ) =
1

xσ
√

2π
e
−1

2σ2 (logx−(µ+σ2))2
, x > 0. (50)

They studied its application in oil field exploration. They considered some related estimation problems and also analyzed
the sized-biased data arising in the exploration of oil fields. They discussed some properties of LBLND including mean,
median, mode, variance of the estimators using simulations and the use of sample mode as an estimate of the lognormal
parameter and discussed briefly the maximum likelihood estimations of the parameters of the LBLND. The following
Table 2. presents the different statistical properties of LND and LBLND.

Mir et al. (2013) introduced structural properties of the length-biased beta distribution of first kind (LBBD1). In their
work, they presented the length-biased form of the weighted beta distribution of first kind (WLBBD1). They presented
some structural properties of WLBBD1 by considering pdf of beta distribution of first kind

f (x; a, b) =
1

B(a, b)
xa−1(1 − x)b−1, 0 < x < 1, (51)
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Table 2. Statistical Properties of LN and LBLN distributions
Property LND LBND

Mean exp(µ + σ2/2) exp(µ∗ + σ2/2)
Median exp(µ) exp(µ∗)
Mode exp(µ − σ2) exp(µ∗ − σ2)

Variance exp(2µ + σ2)exp(σ2) − 1 exp(2µ∗ + σ2)exp(σ2) − 1

where, a, b are positive parameters and from (51) , the pdf of WLBBD1 is given by:

fw (x, α + 1, β) =
1

B(α + 1, β)
xα(1 − x)β−1, 0 < x < 1, (52)

where, α, β are positive parameters.

Boudrissa (2013) developed the weighted Weibull length-biased distribution (WWLBD). He considered the Weibull pdf:

f (x; β, θ) = βθxβ−1e−θx
β

, x ≥ 0, β, θ > 0, (53)

and the weight function w(x) = x. They obtained the following pdf:

fw (x; β, θ) =
β2θ(1+

1
β )xβe−θx

β

Γ( 1
β
)

, x > 0, (54)

where, β, θ are positive parameters.

They derived some properties of WWLBD. They also considered Bayesian and non-Bayesian estimation problems and
a numerical example were introduced for illustration using the data from Gupta and Akman (1998), which represent a
million of revolutions to failure for 23 ball bearings in fatigue test. These data have been previously fitted assuming
Weibull, lognormal, Inverse Gaussian and length-biased inverse Gaussian.

Al-Kadim and Hussein (2014) proposed the length-biased form of weighted exponential and Rayleigh distributions. They
considered the exponential and Rayleigh pdf respectively

f (x; λ) = λe−λx, x > 0, (55)

and
f (x; β, θ) =

2xβ
θ

e−
βx2

θ , x > 0, (56)

where, β, θ, λ are positive parameters.

They utilized the weight functions w1(x) = enx and w2(x) = nx/θ respectively for the these distributions to derived their
weighted versions. After that they applied the definition of length-biased distribution given in equation (42) and finally
obtained LBWED and LBWRD respectively having the pdfs

fw1 (x; λ) = x(λ − n)2e−(λ−n)x, x > 0, λ > n, (57)

and

fw2 (x; β, θ) =
2x3β2

θ2
e−

βx2

θ , x, β, θ > 0. (58)

They also studied some of its statistical properties and presented an application of the new distributions.

Nanuwong and Bodhisuwan (2014) presented the length-biased beta-Pareto distribution (LBBPD), its structural properties
and its application. They introduced the LBBPD in their article by taking beta-Pareto pdf:

f (x;α, β, θ, γ) =
γ

θB(α, β)
[1 − (

x
θ

)−γ]α−1(
x
θ

)γβ−1, x ≥ 0, α, β, θ, γ > 0. (59)

They derived the length biased version of beta-Pareto distribution with pdf:

fL (x;α, β, θ, γ) =
γ

θB(α, β − 1
γ
)
[1 − (

x
θ

)−γ]α−1(
x
θ

)γβ, x ≥ 0, α, β, θ, γ > 0. (60)

They presented some interesting properties of this distribution, such as hazard rate, Renyi and Shannon entropies. They
used maximum likelihood estimation to estimate parameters of the distribution.
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Seenoi et al. (2014) proposed the length-biased exponentiated inverted Weibull distribution (LBEIWD) by using the
exponentiated inverted Weibull pdf:

f (x; β, θ) = x−(β+1)(e−x−β)θ, x, β, θ > 0, (61)

and weight function w(x) = x. Then, they finally developed the LBEIWD with pdf given by:

f (x; β, θ) =
βθ1−1/β

Γ(1 − 1/β)
x−β(e−x−β)θ, x, β, θ > 0. (62)

The plots of pdf of LBEIWD are given in Figure 2 below which indicates that for the fixed value of β, as the value
of θ decreases, the distribution approaches symmetry. Kersey and Oluyede (2015) proposed theoretical properties of the

Figure 2. The plots of the pdf of LBEIWD for selected values of parameters

LBIWD. They derived some of its properties including, hazard and reverse hazard functions, reliability function, moments
and moment-generating function. Fisher information and Shannon entropy were also presented.

Modi (2015) presented length-biased weighted Maxwell distribution (LBWMD) by using the Maxwell pdf

f (x;α) =
√

(2)α1.5x2e−
αx2

2

√
π

, x, α > 0, (63)

and the weight function w(x, t) = e(tx2/2). Then, he derived the weighted Maxwell distribution of the form:

f (x;α, t) =
√

(2)(α − t)1.5x2e−
αx2(α−t)

2

√
π

, x, α > 0 , t < α. (64)

Mudasir and Ahmad (2015) discussed the structural properties of length-biased Nakagami distribution (LBND) by using
the Nakagami pdf:

f (x; θ, β) =
2θθ

Γ(θ)βθ
x2θ−1e−

θx2
β , x, β > 0, θ ≥ 0, (65)

and the weight function w(x) = x to obtain LBND with pdf

fL (x; θ, β) =
2θθ+1/2

Γθ + 1/2βθ+1/2 x2θe−
θx2
β , x, β > 0, θ ≥ 0. (66)
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Simmachan et al. (2015) proposed a new lifetime distribution based on the re-parameterizations model called two-sided
length-biased inverse Gaussian distribution (TSLBIGD). They considered the inverse Gaussian pdf

f (x; θ, λ) =
λ

θ
√

2π
(
θ

x
)1.5e−0.5(

√
( x
θ )−λ

√
( θx ))2
, x, θ, λ > 0. (67)

Then, they derived the pdf of TSLBIGD by using the pdf (67) and weight function w(x) = x to obtain:

fL (x; θ, λ) =
λ

θ
√

2π
(
θ

x
)0.5e−0.5(

√
(λ x
θ )−
√

( θx ))2
, x, θ, λ > 0. (68)

4 Size - Biased Distribution

For the weight function w(x) = xc in equation (1), the resultant distribution is named size - biased distribution. The
probability density function of the size - biased distribution is given by

f (x) =
xc f (x)
µc
, x > 0. (69)

Size-biased Poisson-Lindley distribution and its application was introduced by Ghitany and Al-Mutairi (2008). In that
paper they investigated the method of moments and the maximum likelihood estimators of the parameter of the size-biased
Poisson-Lindley distribution. Hassan et al. (2008) introduced misclassified size-biased modified power series distribution
and its applications. A misclassified size-biased modified power series distribution where some of the observations
corresponding to x = 2 are misclassified as x = 1 with probability α, was defined. They obtained its recurrence relations
among ordinary, central and factorial moments and also for some of its particular cases like the size-biased generalized
negative binomial and the size-biased generalized Poisson distributions.

Mir (2009a) presented a new method of estimation of size-biased generalized logarithmic series distribution and obtained
its moments. Comparison has been made among different estimation methods by means of Pearson’s Chi-square, Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC) techniques.

Mir (2009b) introduced a size-biased negative binomial distribution and its use in Zero-Truncated Cases. A size-biased
negative binomial distribution, a particular case of the weighted negative binomial distribution, taking the weights as
the variant values has been defined. A Bayes’ estimator of this distribution has been obtained by using non-informative
and gamma prior distributions. Also comparison between this estimator with the corresponding maximum likelihood
estimator were discussed with the help of R-Software.

Bashir and Ahmad (2014) discussed record values from size-biased Pareto distribution as well as their characterization-
s. The objective of their paper was to obtain upper record values from the size-biased Pareto distribution and derived
distributional properties of this distribution, including pdf, cdf, moments, entropy, inverse/negative moments, relations
between negative and positive moments, median, mode, joint and conditional pdfs and conditional mean and variance.
The reliability measures of the upper record values from this distribution, such as survival function, hazard rate func-
tion, cumulative hazard rate function and reversed hazard rate were also discussed. A characterization of the proposed
distribution based on the conditional expectation of record values was given.

Record Values on the size-biased student’s t distribution was introduced by Bashir and Akhtar in (2014). Record values
have useful applications in many real life data including weather, business, economics and sports. In this paper they
discussed the upper record values arising from the size-biased student’s t distribution and some applications on real data
sets are presented.

Singh and Srivastava (2014) introduced estimation of the parameters in the size-biased inverse Maxwell distribution. The
parameters were estimated by the method of maximum likelihood and method of moment. The properties of size-biased
inverse Maxwell were discussed and its survival and hazard functions were obtained. These functions were plotted, their
properties were investigated and test for this distribution was suggested.

Adhikari and Srivastava (2014) proposed a Poisson-size-biased Lindley distribution and the corresponding pmf obtained.
Some of its properties and the expressions for raw and central moments, coefficients of skewness and kurtosis were
derived. The moment equations and the maximum likelihood estimators of the parameters of this Poisson size-biased
Lindley distribution were obtained.

Jabeen and Jan (2015) provided information measures of size biased generalized gamma distribution such as entropy,
entropy estimation, Kullback-Leibler discrimination, data transformation, log-likelihood ratio and Akaike and Bayesian
information criterion. The entropy of this distribution was obtained using power transformation technique. The properties
of the special cases of this distribution for various values of parameters were discussed.
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5 Double Weighted Distribution

If two weight functions are used in the derivation of probability model, then the resultant distribution is known as double
weighted distribution (DWD). The DWD can be obtained as

fw (x; c) =
w(x)K(x)K(cx)

WD
, x ≥ 0, c > 0 (70)

where
WD =

∫
w(x)K(x)K(cx)

d
x x, c > 0. (71)

and the first weight is w(x) and the second weight is K(cx). The concept of double weighted distribution was introduced
by Al-Khadim and Hantoosh (2013) and later has been studied by other researchers.

Al-Kadim and Hantoosh (2013) presented double weighted exponential distribution (DWED) by considering the one-
parameter exponential distribution with pdf

f (x; λ) = λe(−λx), x, λ > 0 (72)

with the first weight function w(x) = x and the second weight function F(cx) = 1 − e(−cλx) in the equation (70). The
derived double weighted exponential distribution has pdf

fw (x; c, λ) =
(c + 1)2λ2

(c + 1)2 − 1
xe−λx(1 − e(−λcx), x, c, λ > 0 . (73)

Then, they derived the cdf as well as some other useful distributional properties of the new DWED. Method of moment
and maximum likelihood were used to estimate the parameters of DWED. The calculations were illustrated with the help
of a numerical example.

The properties and estimation of double weighted Rayleigh distribution (DWRD) were presented by Rashwan (2013).
This paper developed DWRD by taking the first weight function w(x) = x and the second F(αx), where F(αx) depend on
the original distribution. Some statistical properties of this distribution were discussed. He also estimated the parameters
of this distribution using the methods of moment and the maximum likelihood. The calculations were illustrated with the
help of a numerical example.

Ahmad and Ahmad (2014) developed the characterization and estimation of DWRD. A double weighted inverse Weibull
distribution (DWIWD) was obtainable by Al-Kadim and Hantoosh in (2014). They took w(x) = x, and F(cx) as their first
and second weight functions. Then, they derive some useful statistical properties of their distribution.

The modified double weighted exponential distribution (MDWED) and its properties were presented in Saghir et al.(2015).
They employe w(x) = enx and F(cx) = 1 − e(−λcx) as their weight functions. The statistical properties of MDWED were
explored. The Kolmogorov- Smirnov test was used to choose a better fitted probability model. The results of this test
shown that MDWED is more suitable distribution to fit rainfall data than DWED.

6 Characterization Results

Our characterizations of the continuous weighted distributions are in terms of a simple relationship between two truncated
moments. Our characterization results presented here will employ an interesting result due to Glänzel (1987) (Theorem
1 in Appendix A).

Remark 1. In Theorem 1, the interval H need not be closed since the condition is only on the interior of H.

We will take up the distributions discussed in this section in the chronological order of appearances rather than their order
of importance. In expressing these distributions we will use (as far as we can) the same symbols for the parameters
as employed by the original authors. We shall use f (·) for pd f (probability density function) and F (·) for its
corresponding cd f (cumulative distribution function). The advantage of this kind of characterization is that the cd f ,
F (·) does not have to have a closed form as long as its corresponding pd f has a closed form.

1) TPWE (Gupta and Kundu, 2009):

Proposition 1. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = eβ(1−α)x
(
1 − e−αβx

)−1
and

q2 (x) = eβ(1−α)x for x > 0. The random variable X has pd f (5) if and only if the function η defined in Theorem1 has the
form

η (x) =
1
2

(
2 − e−αβx

)
, x > 0.
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Proof. Let X be a random variable with pd f (5), then

(1 − F (x)) E
[
q1 (x) | X ≥ x

]
=
α + 1
α2 e−αβx, x > 0,

and
(1 − F (x)) E

[
q2 (x) | X ≥ x

]
=
α + 1
2α2 e−αβx

(
2 − e−αβx

)
, x > 0,

and finally

η (x) q1 (x) − q2 (x) =
q2 (x)

2

(
e−αβx

1 − e−αβx

)
> 0, f or x > 0.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x) − q2 (x)
= αβ, x > 0,

and hence
s (x) = αβx, x > 0.

Now, in view of Theorem1, X has density (5).

Corollary 1. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 1. The pd f of X is
(5) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= αβ, x > 0.

The general solution of the above differential equation is

η (x) = eαβx
[
−

∫
αβe−αβx (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 1 with
D = 0. However, it should be also mentioned that there are other triplets (q1, q2, η) satisfying the conditions of Theorem1.

Remark 2. Letting q1 (x) = eλ(1−α)x and q2 (x) = h (x)
(
1 − e−λαx

)2
for x > 0. The random variable X has pd f (5) if and

only if the function η defined in Theorem1 has the form

η (x) =
1
2

{
1 +

(
1 − e−λαx

)2
}
, x > 0.

The corresponding differential equation is

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
2λαe−λαx

(
1 − e−λαx

)
1 − (

1 − e−λαx)2 , x > 0,

and the general solution of the above differential equation is

η (x) =
[
1 −

(
1 − e−λαx

)2
]−1

[
−

∫
2λαe−λαx

(
1 − e−λαx

)
(q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Remark 2 with
D = 1

2 .

Remark 3. A Proposition and a Corollary similar to Proposition 1 and Corollary 1 will be stated (without proofs) for the
remaining weighted distributions considered here.

2) WIWD (Kersey, 2010):

Proposition 2. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = eβ(1−α)x
(
1 − e−αβx

)−1
and

q2 (x) = eβ(1−α)x for x > 0. The random variable X has pd f (7) if and only if the function η defined in Theorem1 has the
form

η (x) =
1
2

(
1 + e−(αx)−β

)
, x > 0.
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Corollary 2. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 2. The pd f of X is
(7) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
α−ββx−(β+1)e−(αx)−β

1 − e−(αx)−β
, x > 0.

The general solution of the above differential equation is

η (x) =
(
1 − e−(αx)−β

)−1
[
−

∫
α−ββx−(β+1)e−(αx)−β (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 2 with
D = 1

2 .

3) Weibull (WBIW (Kersey, 2010):

Proposition 3. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) ≡ 1 and q2 (x) = 1 − e−a(αx)−β for
x > 0. The random variable X has pd f (10) if and only if the function η defined in Theorem1 has the form

η (x) =
a

a + 1

(
1 − e−a(αx)−β

)
, x > 0.

Corollary 3. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 3. The pd f of X is
(10) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= −a (a + 1)α−ββx−(β+1)e−a(αx)−β

1 − e−a(αx)−β
, x > 0.

The general solution of the above differential equation is

η (x) =
(
1 − e−a(αx)−β

)−1
[∫

a (a + 1)α−ββx−(β+1)e−a(αx)−β (q1 (x))−1 q2 (x) dx + D
]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 3 with
D = 0.

4) WW (Roman, 2010):

Proposition 4. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) ≡ 1 and q2 (x) = 1 − e−a(αx)−β for
x > 0. The random variable X has pd f (13) if and only if the function η defined in Theorem1 has the form

η (x) =
a

a + 1

(
1 − e−a(αx)−β

)
, x > 0.

Corollary 4. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 4. The pd f of X is
(13) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= βθ−βxβ−1, x > 0.

The general solution of the above differential equation is

η (x) = e( x
θ )β

[
−

∫
βθ−βxβ−1e−( x

θ )β (q1 (x))−1 q2 (x) dx + D
]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 4 with
D = 0.

5) WRD (Roman, 2010):

Proposition 5. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = x−c and q2 (x) = x−ce−
1
2 ( x
σ )2

for
x > 0. The random variable X has pd f (15) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−
1
2 ( x
σ )2
, x > 0.
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Corollary 5. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 5. The pd f of X is
(15) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
x
σ2 , x > 0.

The general solution of the above differential equation is

η (x) = e
1
2 ( x
σ )2

[
−

∫
x
σ2 (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 5 with
D = 0.

6) WGRD (Shi et al., 2012):

Proposition 6. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = xk−m−2 and q2 (x) = q1 (x) e−
xk
θ for

x > 0. The random variable X has pd f (17) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−
xk
θ , x > 0.

Corollary 6. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 6. The pd f of X is
(17) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
k
θ

xk−1, x > 0.

The general solution of the above differential equation is

η (x) = e
xk
θ

[
−

∫
k
θ

xk−1e−
xk
θ (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 6 with
D = 0.

7) WGBD (Ye et al., 2012):

Proposition 7. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = xa(1−p)−k
[
1 +

(
x
b

)a]p+q−2
and

q2 (x) = q1 (x)
[
1 +

(
x
b

)a]−1
for x > 0. The random variable X has pd f (19) if and only if the function η defined in

Theorem1 has the form

η (x) =
1
2

[
1 +

( x
b

)a]−1
, x > 0.

Corollary 7. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 7. The pd f of X is
(19) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
axa−1

ba
[
1 +

(
x
b

)a] , x > 0.

The general solution of the above differential equation is

η (x) =
[
1 +

( x
b

)a] −
∫

axa−1

ba
[
1 +

(
x
b

)a]2 (q1 (x))−1 q2 (x) dx + D

 ,
where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 7 with
D = 0.

8) MWWD (Aleem et al., 2013):

Proposition 8. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) ≡ 1 and q2 (x) = e−β(cθ
γ+1)xγ for x > 0.

The random variable X has pd f (25) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−β(cθ
γ+1)xγ , x > 0.
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Corollary 8. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 8. The pd f of X is
(25) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= βγ (cθγ + 1) xγ−1, x > 0.

The general solution of the above differential equation is

η (x) = eβ(cθ
γ+1)xγ

[
−

∫
βγ (cθγ + 1) xγ−1e−β(cθ

γ+1)xγ (q1 (x))−1 q2 (x) dx + D
]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 8 with
D = 0.

9) EPWND1 (Al-Khadim and Hantoosh, 2013):

Proposition 9. Let X : Ω → R be a continuous random variable and let q1 (x) = (x − µ) x−2 and q2 (x) = q1 (x) e−
(x−µ)2

2σ2

for x ∈ R. The random variable X has pd f (26) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−
(x−µ)2

2σ2 , x ∈ R.

Corollary 9. Let X : Ω→ R be a continuous random variable and let q1 (x) be as in Proposition 9. The pd f of X is (26)
if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
x − µ
σ2 , x ∈ R.

The general solution of the above differential equation is

η (x) = e
(x−µ)2

2σ2

[
−

∫
(x − µ)
σ2 e−

(x−µ)2
2σ2 (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 9 with
D = 0.

10) EPWND2 (Al-Khadim and Hantoosh, 2013):

Proposition 10. Let X : Ω→ R be a continuous random variable and let q1 (x) = (x − µ) e−2rx and q2 (x) = q1 (x) e−
(x−µ)2

2σ2

for x ∈ R. The random variable X has pd f (27) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−
(x−µ)2

2σ2 , x ∈ R.

Corollary 10. Let X : Ω → R be a continuous random variable and let q1 (x) be as in Proposition 10. The pd f of X is
(27) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
x − µ
σ2 , x ∈ R.

The general solution of the above differential equation is

η (x) = e
(x−µ)2

2σ2

[
−

∫
(x − µ)
σ2 e−

(x−µ)2
2σ2 (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 10
with D = 0.

11) WWD (Mahdy, 2013):

Proposition 11. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) =
(
1 − e−λ(αx)β

)−1
and q2 (x) =

q1 (x) e−λxβ for x > 0. The random variable X has pd f (28) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−λxβ , x > 0.
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Corollary 11. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 11. The pd f of X
is (28) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= λβxβ−1, x > 0.

The general solution of the above differential equation is

η (x) = eλxβ
[
−

∫
λβxβ−1e−λxβ (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 11
with D = 0.

12) EWWD (Idowu and Adebayo, 2014):

Proposition 12. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) =
(
1 − e−λxβ

)
and q2 (x) ≡ 1 for

x > 0. The random variable X has pd f (29) if and only if the function η defined in Theorem1 has the form

η (x) = 1 − 1
2

e−λxβ , x > 0.

Corollary 12. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 12. The pd f of X
is (29) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= λβxβ−1, x > 0.

The general solution of the above differential equation is

η (x) = eλxβ
[
−

∫
λβxβ−1e−λxβ (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 12
with D = 0.

13) WFPD (Odubote and Oluyede, 2014):

Proposition 13. Let X : Ω → (µ,∞) be a continuous random variable and let q1 (x) =
(

x−µ
θ

) 1−β
γ −k

(
1 +

(
x−µ
θ

) 1
γ

)−1
and

q2 (x) =
(

x−µ
θ

) 1−β
γ −k

(
1 +

(
x−µ
θ

) 1
γ

)−2
for x > µ. The random variable X has pd f (31) if and only if the function η defined in

Theorem1 has the form

η (x) =
α + β

α + β + 1

(
1 +

( x − µ
θ

) 1
γ

)−1

, x > µ.

Corollary 13. Let X : Ω→ (µ,∞) be a continuous random variable and let q1 (x) be as in Proposition 13. The pd f of X
is (31) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
(α + β)

(
x−µ
θ

) 1
γ

γθ
(
1 +

(
x−µ
θ

) 1
γ

) , x > µ.

The general solution of the above differential equation is

η (x) =
(
1 +

( x − µ
θ

) 1
γ

) −∫
(α + β)

( x − µ
θ

) 1
γ

(
1 +

( x − µ
θ

) 1
γ

)−1

(q1 (x))−1 q2 (x) dx + D

 ,
where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 13
with D = 0.

14) WLD (Bashir and Rasul, 2015):
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Proposition 14. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = (1 + x)−1 and q2 (x) =
(1 + x)−1 e−x(θ−ϕ) for x > 0. Then, the random variable X has pd f (33) if and only if the function η defined in Theo-
rem1 has the form

η (x) =
1
2

e−x(θ−ϕ), x > 0.

Corollary 14. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 14. The pd f of X
is (33), if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= θ − ϕ, x > 0.

The general solution of the above differential equation is

η (x) = ex(θ−ϕ)
[
−

∫
(θ − ϕ) e−x(θ−ϕ) (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 14
with D = 0.

15) WGED (Mahdavi, 2015):

Proposition 15. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) =
(
1 − e−αλx

)−1
and q2 (x) =

h (x)
(
1 − e−λx

)β
for x > 0. The random variable X has pd f (35) if and only if the function η defined in Theorem1 has the

form
η (x) =

1
2

{
1 +

(
1 − e−λx

)β}
, x > 0.

Corollary 15. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 15. The pd f of X
is (35) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
λβe−λx

(
1 − e−λx

)β−1

1 − (
1 − e−λx)β , x > 0.

The general solution of the above differential equation is

η (x) =
[
1 −

(
1 − e−λx

)β]−1
[
−

∫
λβe−λx

(
1 − e−λx

)β−1
(q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 15
with D = 1

2 .

16) WWD (Nasiru, 2015):

Proposition 16. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) = e−α(λx)θ and q2 (x) = h (x) e−αxθ for
x > 0. The random variable X has pd f (37) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

e−αxθ , x > 0.

Corollary 16. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 16. The pd f of X
is (37) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

= αθxθ−1, x > 0.

The general solution of the above differential equation is

η (x) = eαxθ
[
−

∫
αθxθ−1e−αxθ (q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 16
with D = 0.

17) WGED (Rezzoky and Nadhel, 2015):
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Proposition 17. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = x−1 and q2 (x) = x−1
(
1 − e−λx

)2

for x > 0. The random variable X has pd f (39) if and only if the function η defined in Theorem1 has the form

η (x) =
1
2

{
1 +

(
1 − e−λx

)2
}
, x > 0.

Corollary 17. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 17. The pd f of X
is (39) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
2λe−λx

(
1 − e−λx

)
1 − (

1 − e−λx)2 , x > 0.

The general solution of the above differential equation is

η (x) =
{
1 −

(
1 − e−λx

)2
}−1

[
−

∫
2λe−λx

(
1 − e−λx

)
(q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 17
with D = 1

2 .

18) EWED (Oguntunde, 2015):

Proposition 18. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) = e(1−α)λx
[
1 − e−λx − 1

1+α

(
1 − e−(1+α)λx

)]1−θ

and q2 (x) = h (x)
(
1 − e−λαx

)2
for x > 0. The random variable X has pd f (43) if and only if the function η defined in

Theorem1 has the form
η (x) =

1
2

{
1 +

(
1 − e−λαx

)2
}
, x > 0.

Corollary 18. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 18. The pd f of X
is (43) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
2λαe−λαx

(
1 − e−λαx

)
1 − (

1 − e−λαx)2 , x > 0.

The general solution of the above differential equation is

η (x) =
{
1 −

(
1 − e−λαx

)2
}−1

[
−

∫
2λαe−λαx

(
1 − e−λαx

)
(q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 18
with D = 1

2 .

19) NWLD (Asgharzadeh et al., 2016):

Proposition 19. Let X : Ω → (0,∞) be a continuous random variable and let q1 (x) = (1 + x)−1 e(1−α)λx and q2 (x) =
h (x)

(
1 − e−λαx

)2
for x > 0. The random variable X has pd f (44) if and only if the function η defined in Theorem1 has

the form
η (x) =

1
2

{
1 +

(
1 − e−λαx

)2
}
, x > 0.

Corollary 18. Let X : Ω→ (0,∞) be a continuous random variable and let q1 (x) be as in Proposition 19. The pd f of X
is (44) if and only if there exist functions q2 and η defined in Theorem1 satisfying the differential equation

η′ (x) q1 (x)
η (x) q1 (x) − q2 (x)

=
2λαe−λαx

(
1 − e−λαx

)
1 − (

1 − e−λαx)2 , x > 0.

The general solution of the above differential equation is

η (x) =
{
1 −

(
1 − e−λαx

)2
}−1

[
−

∫
2λαe−λαx

(
1 − e−λαx

)
(q1 (x))−1 q2 (x) dx + D

]
,

where D is a constant. Note that a set of functions satisfying the above differential equation is given in Proposition 19
with D = 1

2 .
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7 Concluding Remarks

A brief review has been presented on weighted distributions theory and applications. The weighted distributions seem
to occur frequently in various fields of real life. The weighted distribution theory gives a unified approach to modeling
the biased data and should be taught in probability and mathematical statistics courses. The construction, study and
applications of weighted distributions and their other related categories, is one of the classical and active fields of research
in probability and mathematical statistics. It provides consolidating formulation for correction of biases that exist in
unequally weighted sample data. Also, the theory provides a means of fitting models to the unknown weighting function
when samples can be taken both from the original distribution and the resulting ’biased’ distribution. These problems
exist in all disciplines of science and numerous ad hoc solutions have been developed. In recent years several research
papers containing theory about the weighted distributions have been published that we have discussed in this article. For
instance, a detailed study on the construction of various weighted distributions by numerous authors, are confabulated.
Due to the fact that this area is such an active field of research, new models are constantly being discovered. What follows
is a list of further weighted models with the directions given that could be carried out.

• Length - biased and length - biased weighted versions of Poisson distribution can be developed for modeling of
counts data, no studies, as far as we gathered, have been carried out in this area.

• Length - biased and length - biased weighted cases of the generalized beta distribution of the second kind can be
developed.

• For efficient modeling of the carbon data, the length - biased and weighted classes of the Lindley distribution can
be formulated.

• Weighted lognormal distribution and length - biased weighted lognormal distribution can be developed for analysis
of data from oil field explorations.

• We can attain the weighted and length - biased weighted versions of the beta- Pareto distribution for the modeling
of Norwegian fire claims data set.

• Double weighted Weibull distribution can be developed for modeling of revolutions to failure for 23 ball bearings
in fatigue test data set.

• Double weighted version of the exponentiated inverted Weibull distribution can be accomplished for the modeling
of uncensored data on distance between cracks in a pipe data set.

• Weighted edition of Rayleigh distribution can be obtainable for the modeling of real data set corresponds to the
exceedances of flood peaks (in m3/s) of the Wheaton River near Carcross in Youkon territory, Canada, etc.
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Appendix A

Theorem 1. Let (Ω,F ,P) be a given probability space and let H = [a, b] be an interval for some a < b(
a = −∞ , b = ∞ might as well be allowed

)
. Let X : Ω → H be a continuous random variable with the distribution

function F and let q1 and q2 be two real functions defined on H such that

E
[
q2 (X) | X ≥ x

]
= E

[
q1 (X) | X ≥ x

]
η (x) , x ∈ H ,

is defined with some real function η . Assume that q1 , q2 are continuous functions, η has continuous derivative and
F is twice continuously differentiable and strictly monotone function on the set H . Finally, assume that the equation
ηq1 = q2 has no real solution in the interior of H . Then F is uniquely determined by the functions q1, q2 and η ,
particularly

F (x) =
∫ x

a
C

∣∣∣∣∣ η′ (u)
η (u) q1 (u) − q2 (u)

∣∣∣∣∣ exp (−s (u)) du ,

where the function s is a solution of the differential equation s′ = η′ q1
η q1 − q2

and C is a constant, chosen to make∫
H dF = 1 .

We like to mention that this kind of characterization based on the ratio of truncated moments is stable in the sense of weak
convergence (see Glänzel (1990)), in particular, let us assume that there is a sequence {Xn} of random variables with
distribution functions {Fn} such that the functions q1,n , q2,n and ηn (n ∈ N) satisfy the conditions of Theorem 1 and
let q1,n → q1 , q2,n → q2 for some continuously differentiable real functions q1 and q2 . Let, finally, X be a random
variable with distribution F . Under the condition that q1,n (X) and q2,n (X) are uniformly integrable and the family
{Fn} is relatively compact, the sequence Xn converges to X in distribution if and only if ηn converges to η , where

η (x) =
E

[
q2 (X) | X ≥ x

]
E

[
q1 (X) | X ≥ x

] .
This stability theorem makes sure that the convergence of distribution functions is reflected by corresponding convergence
of the functions q1 , q2 and η , respectively. It guarantees, for instance, the ’convergence’ of characterization of the
Wald distribution to that of the Lévy-Smirnov distribution if α→ ∞.

A further consequence of the stability property of Theorem 1 is the application of this theorem to special tasks in statistical
practice such as the estimation of the parameters of discrete distributions. For such purpose, the functions q1, q2 and,
specially, η should be as simple as possible. Since the function triplet is not uniquely determined it is often possible to
choose η as a linear function. Therefore, it is worth analyzing some special cases which helps to find new characteri-
zations reflecting the relationship between individual continuous univariate distributions and appropriate in other areas of
statistics.

Copyrights

Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution license
(http://creativecommons.org/licenses/by/4.0/).

131


