
International Journal of Statistics and Probability; Vol. 5, No. 2; 2016
ISSN 1927-7032 E-ISSN 1927-7040

Published by Canadian Center of Science and Education

Recent Developments in Recursive Estimation for
Time Series Models

You Liang1, A. Thavaneswaran1, & B. Abraham2

1 Department of Statistics, University of Manitoba, Winnipeg, Canada
2 Department of Statistics University of Waterloo, Waterloo, Canada

Correspondence: A. Thavaneswaran, Department of Statistics, University of Manitoba, Winnipeg, MB, R3T 2N2, Canada.
Tel: 1-204-474-8984. E-mail: athava23@gmail.com

Received: December 21, 2015 Accepted: January 26, 2016 Online Published: February 14, 2016

doi:10.5539/ijsp.v5n2p59 URL: http://dx.doi.org/10.5539/ijsp.v5n2p59

The research of A. Thavaneswaran is supported by a Discovery Grant from the Natural Sciences and Engineering Re-
search Council (NSERC) of Canada.

Abstract

Recently there has been a growing interest in joint estimation of the location and scale parameters using combined esti-
mation functions. Combined estimating functions had been studied in Liang et al. (2011) for models with finite variance
errors and in Thavaneswaran et al. (2013) for models with infinite variance stable errors. In this paper, first a theorem on
recursive estimation based on estimating functions is extended to multi-parameter setup and it is shown that the unified
approach can be used to estimate the location parameter recursively for models with finite variance/infinite variance er-
rors. The method is applied for the joint estimation of the location and scale parameters for regression models with ARCH
errors and RCA models with GARCH errors.
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1. Introduction

Estimating function theory is well suited to financial data (see Bera et al. (2006)). Recently, Ghahramani and Tha-
vaneswaran (2009, 2011) have studied GARCH model identification and recursive estimation by combining least squares
and least absolute deviation estimating functions and the method has been applied to identify several financial time se-
ries models. Combined estimating functions had also been studied in Liang et al. (2011) and in Thavaneswaran et
al. (2013,2015) for the multi-parameter setup. Thavaneswaran and Ravishanker (2015) studied recursive estimation for
circular time series models using estimating functions. In this paper, first the combined estimating function method is
applied to obtain joint optimal recursive estimates of the parameters in autoregressive models with t-distributed errors,
then regression models with ARCH errors and RCA models with GARCH errors. Combinations of least squares and
quadratic estimating function, as well as combinations of least squares and LAD estimating functions, are considered.
The following example motivates the use of estimating function theory for recursive estimation of the parameter in certain
time series models with stable errors.

Consider an AR(1) process
yt = ϕyt−1 + εt,

where {εt} is an i.i.d. sequence of symmetric stable random variables with characteristic function c(u) = exp
(
−|u|λ

)
where

0 ≤ λ ≤ 2. Closed form representations of the density exist only when λ = 1 (εt follows a Cauchy distribution) or
when λ = 2 (εt follows a Gaussian distribution). Moreover, the second moments are not finite when 0 ≤ λ < 2. Inter-
est centers on estimating the parameter ϕ based on the observations y1, · · · , yn. Merkouris (2007) recently has proposed
the estimating function approach to estimate the parameter ϕ. Recently in Thavaneswaran et al. (2013) joint estimates
of location and scale parameters are derived for a class of autoregressive (AR) models, a class of Random Coefficient
Autoregressive (RCA) models with stable errors, as well as for a class of AR models with stable Autoregressive Condi-
tionally Heteroscedastic (ARCH) errors. Moreover in Thavaneswaran et al. (2013) a fast, on-line, recursive parametric
estimation for the location parameter based on transformed estimating functions is discussed using simulation studies,
and a real financial time series is also discussed in some detail. Recursive (or online) estimation of a parameter where the
estimate of the parameter at time t+1 is the estimate of parameter at time t plus an adjustment is advantageous when there
is a large stretch of data and observations become available successively over time. Recursive estimation of the parameter
based on nonlinear estimating functions had been studied by Thavaneswaran and Heyde (1999) and based on combined
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estimating function in Ghahramani and Thavaneswaran (2012).

This paper is organized as follows. In section 2, recursive estimation of location parameters using nonlinear estimating
functions is discussed. and in section 3 recursive estimation of location and scale parameters are considered.

2. Recursive Estimation using Nonlinear Estimating Functions

Suppose that {yt, t = 1, . . . , n} is a realization of a discrete-time stochastic process and its distribution depends on a vector
parameter θ belonging to an open subset Θ of the p-dimensional Euclidean space. Let (Ω,F , Pθ) denote the underlying
probability space, and let F y

t be the σ-field generated by {y1, . . . , yt, t ≥ 1}. Let ht(θ) = ht(y1, . . . , yt, θ), 1 ≤ t ≤ n
be specified q-dimensional vectors that are martingale differences. We consider the class M of zero mean and square
integrable p-dimensional martingale estimating functions of the form

M =

gn(θ) : gn(θ) =
n∑

t=1

at−1(θ)ht(θ)

 ,
where at−1(θ) are p × q matrices depending on y1, . . . , yt−1, 1 ≤ t ≤ n and the parameter θ. The estimating functions gn(θ)

are further assumed to be almost surely differentiable with respect to the components of θ and such that E
[
∂gn(θ)
∂θ

∣∣∣∣F y
n−1

]
and E[gn(θ)gn(θ)′|F y

n−1] are nonsingular for all θ ∈ Θ and for each n ≥ 1. The expectations are always taken with
respect to Pθ. Estimators of θ can be obtained by solving the estimating equation gn(θ) = 0. Furthermore, the p × p
matrix E[gn(θ)gn(θ)′|F y

n−1] is assumed to be positive definite for all θ ∈ Θ. Then in the class of all zero mean and square
integrable martingale estimating functions M , the optimal estimating function g∗n(θ) which maximizes, in the partial order
of nonnegative definite matrices, the information matrix

Ign (θ) =

 n∑
t=1

at−1(θ)E
[
∂ht(θ)
∂θ

∣∣∣∣∣F y
t−1

]′  n∑
t=1

E[(at−1(θ)ht(θ))(at−1(θ)ht(θ))
′ |F y

t−1]

−1

×
 n∑

t=1

at−1(θ)E
[
∂ht(θ)
∂θ

∣∣∣∣∣F y
t−1

]
is given by

g∗n(θ) =
n∑

t=1

a∗t−1(θ)ht(θ) =
n∑

t=1

(
E

[
∂ht(θ)
∂θ

∣∣∣∣∣F y
t−1

])′
(E[ht(θ)ht(θ)

′ |F y
t−1])−1ht,

and the corresponding optimal information reduces to

Ig∗n (θ) =
n∑

t=1

(
E

[
∂ht(θ)
∂θ

∣∣∣∣∣F y
t−1

])′ (
E[ht(θ)ht(θ)

′ |F y
t−1]

)−1
(
E

[
∂ht(θ)
∂θ

∣∣∣∣∣F y
t−1

])
.

For the estimating function of the form G(θ,F y
t−1) =

∑n
t=1 bt−1(θ,F y

t−1)g(mt(θ,F y
t−1))) based on the martingale differences

mt(θ,F y
t−1)) = yt − µt(θ,F y

t−1), the following Theorem provides the recursive form of the optimal estimator based on
optimal estimating function in the multi-parameter case. The proof is similar to the theorem in Thavaneswaran and Heyde
(1999) for the scalar parameter case.

Theorem 1. Let µt(θ,F y
t−1) = E[yt |F y

t−1] be differentiable respect to θ. Then the recursive estimator for θ based on the
optimal estimating function G(θ,F y

t−1) is given by

θ̂t = θ̂t−1 +Ktb∗t−1(θ̂t−1,F y
t−1)g(mt(θ̂t−1,F y

t−1)),

Kt = Kt−1

Ip −
b∗t−1(θ̂t−1,F y

t−1)
∂g(mt(θ̂t−1,F y

t−1))
∂θ

+
∂b∗t−1(θ̂t−1,F y

t−1)
∂θ

g(mt(θ̂t−1,F y
t−1))

 Kt−1

−1

,

where Ip is the identity matrix and b∗t−1 is a function of g, θ and the observations. If g(x) = x, then

b∗t−1 =
∂µt(θ̂t−1,F y

t−1)/∂θ

Var(g|F y
t−1)

,
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while for any function g (e.g. if g is the score function, then)

b∗t−1 =
[∂µt(θ̂t−1,F y

t−1)/∂θ][∂g(mt(θ,F y
t−1))/∂mt]

Var(g|F y
t−1)

.

For the scalar parameter case where b∗t−1 dose not depend on θ, we have the following corollary as a special case.

Corollary 2. In the class G of all unbiased estimating function g(mt(θ,F y
t−1))) based on the martingale difference

mt(θ,F y
t−1)) = yt − µt(θ,F y

t−1). The recursive estimator for θ based on the optimal estimating function is given by

θ̂t = θ̂t−1 +
Kt−1b∗t−1

1 + [∂µt(θ̂t−1,F y
t−1)/∂θ]Kt−1b∗t−1

g(mt(θ,F y
t−1))), (1)

Kt =
Kt−1

1 + [∂µt(θ̂t−1,F y
t−1)/∂θ]Kt−1b∗t−1

, (2)

where b∗t−1 is a function of the observations. If g(x) = x, then

b∗t−1 =
∂µt(θ̂t−1,F y

t−1)/∂θ

Var(g|F y
t−1)

,

while for any function g (e.g. if g is the score function, then)

b∗t−1 =
[∂µt(θ̂t−1,F y

t−1)/∂θ][∂g(mt(θ,F y
t−1))/∂mt]

Var(g|F y
t−1)

.

Corollary 3 (Thavaneswaran and Abraham (1988)). For the nonlinear time series models of the form

yt = θ f (t − 1, y) + εt,

where εt is an uncorrelated sequence with mean zero and variance σ2
ε, the recursive estimate based on the optimal linear

estimating function
∑n

t=1 at−1(yt − θ f (t − 1, y)) is given by

θ̂t = θ̂t−1 +
Kt−1a∗t−1

1 + f (t − 1, y)Kt−1a∗t−1
,

where
Kt =

Kt−1

1 + f (t − 1, y)Kt−1a∗t−1
,

and a∗t−1 = − f (t − 1, y)/σ2
ε.

We describe recursive estimation of ϕ for known scale c. Based on g∗n(θ) in Thavaneswaran et al.(2013), the optimal
estimate is obtained by solving the estimating equation

k(u, λ)
n∑

t=p+1

yt−1 sin
[
u
(

yt − ϕ′yt−1

c

)]
= 0,

where k(u, λ) =
2ue−|u|

λ

c(1 − e−|2u|λ )
. By using vector form of the recursive algorithm (1) and (2) and letting g = sin

[
u
(

yt−ϕ′yt−1
c

)]
and b∗t−1 = k(u, λ)yt−1, it is easy to show that the recursive equations for ϕ become

Kt =

Ip +
uk(u, λ)yt−1y′t−1

c
cos

u yt − ϕ̂
′
t−1yt−1

c

 Kt−1


−1

Kt−1, (3)

where Ip is the p × p identity matrix, and

ϕ̂t = ϕ̂t−1 +Ktk(u, λ)yt−1 sin
u yt − ϕ̂

′
t−1yt−1

c

 . (4)
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Recently recursive estimation for location parameters has been studied and applied to real data for infinite variance stable
processes (Thavaneswaran et al. (2013)). Now we show that the results can be obtained as a direct corollary to Theorem
1. Consider the RCA(p) process was defined as yt = (ϕ′ + b′t)yt−1 + εt, where ϕ = (ϕ1, · · · , ϕp)′, and bt = (bt,1, · · · , bt,p)′.
Assume that {εt} is a sequence of i.i.d λ-stable random variables with location parameter zero and known scale parameter
c. Assume that the components of {bt} are mutually independent, and are independent of {εt}. Assume that {bt, j} is
a sequence of i.i.d λ-stable random variables with location parameter zero and known scale parameter β j = cb, j. Let
β = (β1, · · · , βp)′ = (cb,1, · · · , cb,p)′. Then, the distribution of yt, conditional on the past, follows a stable distribution with
location parameter ϕ′yt−1 and scale parameter ct(ϕ,β), where variation of the the RCA process |ct |λ = |β′yt−1|λ + |c|λ.

Based on martingale difference sin
[
u1

(
yt−ϕ′yt−1

ct

)]
, the optimal estimate of ϕ is obtained by solving the estimating equation

k(u, λ)
n∑

t=p+1

yt−1

ct
sin

[
u
(

yt − ϕ′yt−1

ct

)]
= 0.

where k(u, λ) = 2u exp(−|u|λ)
1−exp(−|2u|λ) . By using the recursive algorithm (2.5) and (2.6) and letting g = sin

[
u
(

yt−ϕ′yt−1
ct

)]
and b∗t−1 =

k(u, λ)yt−1, Now it is easily shown that the recursive equations become

Kt =

Ip +
uk(u, λ)yt−1y′t−1

c2
t

cos
u yt − ϕ̂

′
t−1yt−1

ct

 Kt−1


−1

Kt−1 (5)

and

ϕ̂t = ϕ̂t−1 +Kt
k(u, λ)yt−1

ct
sin

u yt − ϕ̂
′
t−1yt−1

ct

 . (6)

The algorithm described in (5) and (6) gives the new estimate at time t as the old estimate at time t− 1 plus an adjustment.
Given initial values ϕ0 and J0, we can compute the estimate recursively. The recursive estimate ϕ̂t in (6) is usually
referred to as an ‘on-line’ estimate and it can be mathematically computed in a feasible way, especially when data arise
sequentially.

As a special case of the RCA (p) model with stable errors where bt = 0, the AR (p) model with stable errors is defined as
yt = ϕ

′yt−1 + εt, where ϕ′ = (ϕ1, . . . , ϕp), y′t−1 = (yt−1, . . . , yt−p), and ε′t s are i.i.d. random variables following a λ-stable
distribution with location parameter zero and scale parameter c. That is bt = 0 in the RCA model, ct = c and in (3) and
(4), the optimal estimate of ϕ is simply obtained by solving recursive equations

Kt =

Ip +
uk(u, λ)yt−1y′t−1

c2 cos
u yt − ϕ̂

′
t−1yt−1

c

 Kt−1


−1

Kt−1, (7)

where Ip is the p × p identity matrix, and

ϕ̂t = ϕ̂t−1 +Kt
k(u, λ)yt−1

c
sin

u yt − ϕ̂
′
t−1yt−1

c

 . (8)

3. Joint Recursive Estimation of the Location and Scale Parameters

For the single parameter case, recursive estimation has been studied in Thavaneswaran and Abraham (1988), Tha-
vaneswaran and Heyde (1999), and Ghahramani and Thavaneswaran (2012) by using estimating functions. In this section
we study the recursive estimation of the location and scale parameters for nonlinear time series models with finite variance
and infinite variance error.

Now we consider a real-valued discrete-time stochastic process {yt, t = 1, 2, . . .} with conditional moments

µt(θ) = E
[
yt |F y

t−1

]
, (9)

σ2
t (θ) = Var

(
yt |F y

t−1

)
. (10)

In order to estimate the parameter θ based on the observations y1, . . . , yn, we consider two classes of martingale differences,
viz., {mt(θ) = yt − µt(θ), t = 1, . . . , n} and the generalized martingale differences {Mt(θ) = q(mt(θ))−E[q(mt(θ))|F y

t−1], t =
1, . . . , n} such that the quadratic estimating functions and the LS and LAD combinations becomes as special cases. The
quadratic variations of mt(θ), Mt(θ) and, the quadratic covariation of mt(θ) and Mt(θ) are respectively

⟨m⟩t = E[m2
t (θ)|F y

t−1] = σ2
t (θ),
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⟨M⟩t = E[q2(mt(θ)|F y
t−1] −

(
E[q(mt(θ))|F y

t−1]
)2
,

and
⟨m,M⟩t = E[mt(θ)q(mt(θ))|F y

t−1].

Here, q is any differentiable function with respect to θ chosen in a way such that ⟨M⟩t and ⟨m,M⟩t exist. The optimal
estimating functions based on the martingale differences mt(θ) and Mt(θ) are respectively

g∗m(θ) = −
n∑

t=1

∂µt(θ)
∂θ

mt

⟨m⟩t

and

g∗M(θ) =
n∑

t=1

E [
∂q(mt(θ))

∂θ

∣∣∣∣∣F y
t−1

]
−
∂E

[
q(mt(θ))|F y

t−1

]
∂θ

 Mt

⟨M⟩t
.

Then the information associated with g∗m(θ) and g∗M(θ) are respectively

Ig∗m (θ) =
n∑

t=1

∂µt(θ)
∂θ

∂µt(θ)
∂θ′

1
⟨m⟩t

and

Ig∗M (θ) =
n∑

t=1

(
E

[
∂q(mt(θ))

∂θ

∂q(mt(θ))
∂θ′

∣∣∣∣∣F y
t−1

]

−
∂E

[
q(mt(θ))|F y

i−1

]
∂θ

∂E
[
q(mt(θ))|F y

t−1

]
∂θ′

 1
⟨M⟩t

.

Let g1, g2 be fixed unbiased estimating functions having finite and positive variances, and such that the expectations of
∂g1/∂θ and ∂g2/∂θ are finite with E[∂g1/∂θ] , 0. The following lemma which gives the form of the combined estimating
function as a linear combination of orthogonal estimating functions as well as nonorthogonal estimating functions can be
used to obtain the recursive estimates of the location and scale parameters.

Lemma 4. In the class of all unbiased estimating functions {g = α1g1 + α2g2}, the one which maximizes the information
(E[∂g/∂θ])2/Var(g) is given:

(a) by a linear combination of non-orthogonal estimating functions as

g∗ = α∗1g1 + α
∗
2g2

where

α∗1 =
E

[
∂g1
∂θ

]
Var(g2) − E

[
∂g2
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
. (11)

and

α∗2 =
E

[
∂g2
∂θ

]
Var(g1) − E

[
∂g1
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
; (12)

(b) by a linear combination of orthogonal estimating functions g1 and ψ = g2 − Cov(g1,g2)
Var(g1) g1 as

g∗ =
E

[
∂g1
∂θ

]
Var(g1)

g1 +
E

[
∂g2
∂θ

]
− Cov(g1,g2)

Var(g1) E
[
∂g1
∂θ

]
Var(g2) + Cov2(g1,g2)

Var(g1) − 2Cov2(g1,g2)
Var(g1)

ψ = α∗1g1 + α
∗
2g2,

where α∗1 and α∗2 are given by (9) and (10).

For the discrete-time stochastic process {yt}, the following theorem first extends the results in Liang et al. (2011) for
quadratic estimating functions to the combined estimating functions based on the martingale differences mt(θ) and the
generalized martingale differences Mt(θ), and then provides form of the estimates based on the generalized combined
estimating functions.
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Theorem 5. For the general model in (7) and (8), in the class of all combined estimating functions of the form

GC = {gC(θ) : gC(θ) =
n∑

t=1

(at−1(θ)mt(θ) + bt−1(θ)Mt(θ))},

(a) the optimal estimating function is given by

g∗C(θ) =
n∑

t=1

(
a∗t−1(θ)mt(θ) + b∗t−1(θ)Mt(θ)

)
,

where

a∗t−1(θ) =
(
1 − ⟨m,M⟩

2
t

⟨m⟩t⟨M⟩t

)−1 (
−∂µt(θ)

∂θ

1
⟨m⟩t

−
E [

∂q(mt(θ))
∂θ

∣∣∣∣∣F y
t−1

]
−
∂E

[
q(mt(θ))|F y

t−1

]
∂θ

 ⟨m,M⟩t⟨m⟩t⟨M⟩t

 (13)

and

b∗t−1(θ) =
(
1 − ⟨m,M⟩

2
t

⟨m⟩t⟨M⟩t

)−1 (
∂µt(θ)
∂θ

⟨m,M⟩t
⟨m⟩t⟨M⟩t

+

E [
∂q(mt(θ))

∂θ

∣∣∣∣∣F y
t−1

]
−
∂E

[
q(mt(θ))|F y

t−1

]
∂θ

 1
⟨M⟩t

 ; (14)

(b) the optimal estimating function is equal to g∗m(θ) if

∂µt

∂θ

⟨m,M⟩t
⟨m⟩t

= −
E [

∂q(mt(θ))
∂θ

∣∣∣∣∣F y
i−1

]
−
∂E

[
q(mt(θ))|F y

i−1

]
∂θ

 , for each i;

(c) the recursive estimate for θ is given by

θ̂t = θ̂t−1 +Kt

(
a∗t−1(θ̂t−1)mt(θ̂t−1) + b∗t−1(θ̂t−1)Mt(θ̂t−1)

)
, (15)

Ki = Ki−1

Ip −
a∗t−1(θ̂t−1)

∂mt(θ̂t−1)
∂θ′

+
∂a∗t−1(θ̂t−1)

∂θ
mt(θ̂t−1)

+ b∗t−1(θ̂t−1)
∂Mt(θ̂t−1)

∂θ′
+
∂b∗t−1(θ̂t−1)

∂θ
Mt(θ̂t−1)

 Kt−1

−1

, (16)

where Ip is p × p identity matrix, and a∗t−1 and b∗t−1 can be calculated by substituting θ̂t−1 in equation (13) and (14)
respectively.

(d) for the scalar parameter case, the recursive estimate of θ is given by

θ̂t = θ̂t−1 + Kt(a∗t−1(θ̂t−1)mi(θ̂t−1) + b∗t−1(θ̂t−1)Mt(θ̂t−1)), (17)

Kt = Kt−1

1 − a∗t−1(θ̂t−1)
∂mt(θ̂t−1)

∂θ
+
∂a∗t−1(θ̂t−1)

∂θ
mt(θ̂t−1)

+b∗t−1(θ̂t−1)
∂Mt(θ̂i−1)

∂θ
+
∂b∗t−1(θ̂t−1)

∂θ
Mi(θ̂t−1)

 Kt−1

−1

. (18)

Proof. The proof of part (a) and part (b) are somewhat similar to the proof given in Liang et al. (2011). Part (c) and Part
(d) extend the results in Thavaneswaran and Heyde (1999) for the generalized combined estimating function g∗C(θ) with
the vector parameter. Detailed proof of the theorem is given in the Appendix A. �
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Note 1. The optimal information matrix based on the first i observations is given by −E
[
∂g∗C (θ)
∂θ

∣∣∣∣F y
t−1

]
and hence, K−1

t =

−∑t
s=1

∂g∗C (θ̂t−1)
∂θ can be interpreted as the observed information matrix associated with the optimal combined estimating

function g∗C(θ).

3.1 Autoregressive Models with Student’s t Errors

Consider an autoregressive model of the form
yt = θyt−1 + σ(θ)εt

where σ(θ) is any differentiable function of θ, and {εt} are uncorrelated random variables having the student t distribution
with density function

g(x) =
Γ
(
ν+1

2

)
√
πνΓ

(
ν
2

) (
1 +

x2

ν

)− ν+1
2

,−∞ < x < ∞.

Then the conditional mean and variance of yt are µt(θ) = θyt−1 and σ2
t (θ) = σ2(θ)ν

ν−2 for ν > 2. Maximum likelihood
estimation for this model becomes more complicated and the LAD estimating function method had been discussed Tha-
vaneswaran and Heyde (1999) and combined estimating function method has been discussed in Ghahramani and Tha-
vaneswaran (2009).

We consider two classes of estimating functions generated by the martingale differences {mt = yt − µt, t = 1, . . . , n} and
{Mt = −sgn(mt), t = 1, . . . , n}. For ν > 2, it can be easily shown that the LS estimating function based on mt is given by

g∗m(θ) = − ν − 2
σ2(θ)ν

n∑
t=1

yt−1(yt − θyt−1),

with information

Ig∗m (θ) =
ν − 2
σ2(θ)ν

n∑
t=1

y2
t−1.

On the other hand, for any value of ν, the LAD estimating function based on Mt is given by

g∗M(θ) = −
Γ
(
ν+1

2

)
σ(θ)
√
πνΓ

(
ν
2

) n∑
t=1

yt−1 sgn(yt − θyt−1),

with information

Ig∗M (θ) =
4
(
Γ
(
ν+1

2

))2

σ2(θ)πν
(
Γ
(
ν
2

))2

n∑
t=1

y2
t−1.

For ν ≤ 2, the LS estimating function is not defined, whereas the LAD estimating function provides an estimate of θ. For
ν > 2, neither the LS nor the LAD estimating function is optimal. In the class of all combined estimating functions of the
form {gC(θ) : gC(θ) =

∑n
t=1 (at−1mt + bt−1Mt)}, the optimal estimating function is given by

g∗C(θ) =
n∑

t=1

(
a∗t−1mt + b∗t−1Mt

)
where

a∗t−1 = −
ν − 2

σ2(θ)ν(1 − ρ2)

1 − 2Γ
(
ν+1

2

)
ρ

√
π(ν − 2)Γ

(
ν
2

)  yt−1 =
c1yt−1

σ2(θ)

b∗t−1 = −
ν − 2

σ(θ)ν(1 − ρ2)

√ ν

ν − 2
ρ −

2Γ
(
ν+1

2

)
√
πνΓ

(
ν
2

) ν

ν − 2

 yt−1 =
c2yt−1

σ(θ)
.

where c1 and c2 are the constants and ρ = E
[
|mt |

∣∣∣F y
t−1

]
/σt(θ) for ν > 2.

Furthermore, the conditional information Ig∗C (θ) is given by

Ig∗C (θ) =
1

1 − ρ2

Ig∗m (θ) + Ig∗M (θ) −
4Γ

(
ν+1

2

) √
v − 2ρ

σ2(θ)
√
πνΓ

(
ν
2

) n∑
t=1

y2
t−1

 .
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In order to obtain the recursive equations for θ, we first derive the derivatives of a∗t−1, b
∗
t−1,mt,Mt with respect to θ. It is

easily to calculate that

∂a∗t−1

∂θ
= −2c1yt−1

σ3(θ)
∂σ(θ)
∂θ

,
∂b∗t−1

∂θ
= −c1yt−1

σ2(θ)
∂σ(θ)
∂θ

,
∂mt

∂θ
= −yt−1,

∂mt

∂θ
= 2yt−1δ(yt − θyt−1)

where δ is the dirac delta function. Then the recursive estimate of θ is given by

θ̂t = θ̂t−1 + Kt

(
c1yt−1(yt − θ̂t−1yt−1)

σ2(θ̂t−1)
− c2yt−1sgn(yt − θ̂t−1yt−1)

σ(θ̂t−1)

)
,

Kt = Kt−1

1 +  c1y2
t−1

σ2(θ̂t−1)
+

2c1yt−1(yt − θ̂t−1yt−1)
σ3(θ̂t−1)

∂σ(θ̂t−1)
∂θ

−
2c2y2

t−1δ(yt − θ̂t−1yt−1)

σ(θ̂t−1)
− c2yt−1sgn(yt − θ̂t−1yt−1)

σ2(θ̂t−1)
∂σ(θ̂t−1)
∂θ

 Kt−1

−1

.

3.2 Recursive Estimation for Location and Scale Parameters of a Cauchy Distribution

The Cauchy distribution has the probability density function

f (x; θ, b) =
1
π

[
b

(x − θ)2 + b2

]
where θ is the location parameter, specifying the location of the peak of the distribution, and b is the scale parameter
which specifies the half-width at half-maximum (HWHM). Now we are interested in how to estimate the parameters θ
and b jointly. Because the parameters of the Cauchy distribution do not correspond to a mean and variance and attempt
to estimate the parameters of the Cauchy distribution by using a sample mean and a sample variance will not succeed.
On the other hand, maximum likelihood can also be used to estimate the parameters θ and b. However, this tends to be
complicated by the fact that this requires finding the roots of a high degree polynomial, and there can be multiple roots
that represent local maxima. Also, while the maximum likelihood estimator is asymptotically efficient, it is relatively
inefficient for small samples. In order to solve the estimation problem, we use he estimating function method and obtain
the recursive estimates. The advantages of the method include the simplicity of constructing the estimating equations and
the explicit calculation of the estimates.

If X1, · · · , Xn are independent and identically distributed random variables from the Cauchy distribution, then based on
the martingale differences

ht(θ, b) =
(
sin[u1(xt − θ)], cos[u2(xt − θ)] − e−b|u2 |

)′
the estimating function is given by

g∗(θ, b) =
n∑

t=1

 −2u1e−b|u1 |

1−e−2b|u1 | sin[u1(xt − θ)]
2|u2 |e−b|u2 |

1−e−2b|u2 |

(
cos[u2(xt − θ)] − e−b|u2 |

)  .
For simplicity, let β = e−b|u2 |, then the estimating function becomes

g∗(θ, b) =
n∑

t=1


−2u1β
| u1

u2 |
1−β2| u1

u2 | sin[u1(xt − θ)]
2|u2 |β
1−β2 (cos[u2(xt − θ)] − β)

 .
Therefore the recursive equations for θ and β are

(
θ̂t

β̂t

)
=

(
θ̂t−1

β̂t−1

)
+Kt


−2u1β̂
| u1

u2 |
t−1

1−β̂
2| u1

u2 |
t−1

sin[u1(xt − θ̂t−1)]

2|u2 |β̂t−1

1−β̂2
t−1

(
cos[u2(xt − θ̂t−1)] − β̂t−1

)


and

K−1
t = K−1

t−1 −


2u2

1β̂
| u1

u2 |
t−1

1−β̂
2| u1

u2 |
t−1

cos[u1(xt − θ̂t−1)]
−2u1

∣∣∣∣ u1
u2

∣∣∣∣β̂| u1
u2 |−1

t−1

1+β̂2| u1
u2 |

t−1

1−β̂2| u1
u2 |

t−1

2 sin[u1(xt − θ̂t−1)]

2u2 |u2 |β̂t−1

1−β̂2
t−1

sin[u2(xt − θ̂t−1)] 2|u2 |(1+β̂2
t−1) cos[u2(xt−θ̂t−1)]−4|u2 |β̂t−1

(1−β̂2
t−1)

2

 .
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3.3 AR(p) Models with Stable Errors

For the AR(p) process given by yt = ϕ
′yt−1 + εt, where ϕ′ = (ϕ1, . . . , ϕp), y′t−1 = (yt−1, . . . , yt−p), and ε′t s are i.i.d. random

variables following a λ-stable distribution with location parameter zero and scale parameter c. In order to estimate the
vector parameter θ = (ϕ′, c)′, we consider a class of martingale differences

ht(θ) =
{

sin
[
u1

(
yt − ϕ′yt−1

c

)]
, cos

[
u2

(
yt − ϕ′yt−1

c

)]
− exp(−|u2|λ), t = p + 1, . . . , n

}
.

Then the optimal estimating function based on ht(θ) is

g∗n(θ) =


2u1e−|u1 |λ

c(1−e−|2u1 |λ )

n∑
t=p+1

yt−1 sin
[
u1

(
yt−ϕ′yt−1

c

)]

− 2λ|u2 |λe−|u2 |λ

c
(
1+e−|2u2 |λ−2e−2|u2 |λ

) n∑
t=p+1

{
cos

[
u2

(
yt−ϕ′yt−1

c

)]
− exp(−|u2|λ)

}
 (19)

and the corresponding information matrix is

Ig∗n =


2u2

1 exp(−2|u1 |λ)
c2[1−exp(−|2u1 |λ)]

n∑
t=p+1

yt−1y′t−1 0

0 2nλ2u2λ
2 e−2|u2 |λ

c2
(
1+e−|2u2 |λ−2e−2|u2 |λ

)

 .
Let

k1(u1, λ) =
2u1e−|u1 |λ

1 − e−|2u1 |λ
, k2(u2, λ) =

2λ|u2|λe−|u2 |λ

1 + e−|2u2 |λ − 2e−2|u2 |λ
.

Therefore the recursive equations for θ and β are

(
ϕ̂t
ĉt

)
=

(
ϕ̂t−1
ĉt−1

)
+Kt


k1(u1,λ)yt−1

ĉt−1
sin

[
u1

(
yt−ϕ′t−1yt−1

ĉt−1

)]
− k2(u1,λ)

ĉt−1

{
cos

[
u2

(
yt−ϕ′t−1yt−1

ĉt−1

)]
− exp(−|u2|λ)

} 
and

K−1
t = K−1

t−1 −
(

D11 D12
D21 D22

)
,

where

D11 = −
u1k1(u1, λ)yt−1y′t−1

ĉ2
t−1

cos
[
u1

(
yt − ϕ′t−1yt−1

ĉt−1

)]
D12 = −

k1(u1, λ)yt−1

ĉ2
t−1

sin
[
u1

(
yt − ϕ′t−1yt−1

ĉt−1

)]
−

u1k1(u1, λ)yt−1(yt − ϕ′t−1yt−1)

ĉ3
t−1

cos
[
u1

(
yt − ϕ′t−1yt−1

ĉt−1

)]
D21 = −

u2k2(u2, λ)y′t−1

ĉ2
t−1

sin
[
u2

(
yt − ϕ′t−1yt−1

ĉt−1

)]
D22 =

k2(u2, λ)
ĉ2

t−1

{
cos

[
u2

(
yt − ϕ′t−1yt−1

ĉt−1

)]
− exp(−|u2|λ)

}
−

u2k2(u2, λ)(yt − ϕ′t−1yt−1)

ĉ3
t−1

sin
[
u2

(
yt − ϕ′t−1yt−1

ĉt−1

)]
.

.

3.4 Regression Model with ARCH Errors

Consider a regression model with ARCH (s) errors εt of the form

yt = β
′xt + εt (20)
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such that E
[
εt |F y

t−1

]
= 0, and Var

(
εt |F y

t−1

)
= ht = α0 + α1ε

2
t−1 + . . . + αsε

2
t−s. In this model, the conditional mean

is µt = xt
′β, the conditional variance is σ2

t = ht, and the conditional skewness and excess kurtosis are assumed to be
constants γ and κ, respectively. It follows from Theorem 1 that the optimal component quadratic estimating function for
the parameter vector θ = (β1, . . . , βr, α0, . . . , αs)′ = (β′,α′)′ based on mt = yt − β′xt and Mt = m2

t − ht is

g∗C(β) =
1

κ + 2 − γ2

n∑
t=1

1
h2

t


−ht(κ + 2)xt − 2h1/2

t γ

s∑
j=1

α jxt− jεt− j

 mt

+

h1/2
t γxt + 2

s∑
j=1

α jxt− jεt− j

 Mt


and

g∗C(α) =
1

κ + 2 − γ2

n∑
t=1

1
h2

t

(
h1/2

t γ(1, ε2
t−1, . . . , ε

2
t−s)
′mt

−(1, ε2
t−1, . . . , ε

2
t−s)
′Mt

)
.

Moreover, the information matrix for θ = (β′,α′)′ is given by

I =
(
1 − γ2

κ + 2

)−1 (
Iββ Iβα
Iαβ Iαα

)
, (21)

where

Iββ =
n∑

t=1

xtx′t
ht
+

4
(∑s

j=1 α jxt− jεt− j

) (∑s
j=1 α jx′t− jεt− j

)
h2

t (κ + 2)
+

2γxt
(∑s

j=1 α jx′t− jεt− j

)
h3/2

t (κ + 2)

 ,
Iβα = −

n∑
t=1

(
h1/2

t γxt + 2
∑s

j=1 α jxt− jεt− j

)
(1, ε2

t−1, . . . , ε
2
t−s)

h2
t (κ + 2)

,

Iαβ = I′βα = −
n∑

t=1

(1, ε2
t−1, . . . , ε

2
t−s)
′
(
h1/2

t γx′t + 2
∑s

j=1 α jx′t− jεt− j

)
h2

t (κ + 2)
,

and

Iαα =
n∑

t=1

(1, ε2
t−1, . . . , ε

2
t−s)
′(1, ε2

t−1, . . . , ε
2
t−s)

h2
t (κ + 2)

.

It is of interest to note that when {εt} are conditionally Gaussian such that γ = 0, κ = 0,

E


(∑s

j=1 α jxt− jεt− j

)
(1, ε2

t−1, . . . , ε
2
t−s)

h2
t (κ + 2)

 = 0.

The optimal quadratic estimating functions for β and α based on the estimating functions mt = yt − xtβ and Mt = m2
t − ht,

are respectively given by

g∗C(β) =
n∑

t=1

1
h2

t

−htxtmt +

 s∑
j=1

α jxt− jεt− j

 Mt


and

g∗C(α) = −
n∑

t=1

1
h2

t
(1, ε2

t−1, . . . , ε
2
t−s)
′Mt.

Moreover, the information matrix for θ = (β′,α′)′ in (3.8) has Iβα = Iαβ = 0,

Iββ =
n∑

t=1

htxtx′t + 2
(∑s

j=1 α jxt− jεt− j

) (∑s
j=1 α jx′t− jεt− j

)
h2

t
,
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and

Iαα =
n∑

t=1

(1, ε2
t−1, . . . , ε

2
t−s)
′(1, ε2

t−1, . . . , ε
2
t−s)

2h2
t

.

Now we consider the recursive estimation for β and α. For g∗C(β),

a∗t−1 =
1

(κ + 2 − γ2)h2
t

−ht(κ + 2)xt − 2h1/2
t γ

s∑
j=1

α jxt− jεt− j


and

b∗t−1 =
1

(κ + 2 − γ2)h2
t

h1/2
t γxt + 2

s∑
j=1

α jxt− jεt− j

 .
Hence,

∂a∗t−1

∂β
=

1
(κ + 2 − γ2)h2

t

−2(κ + 2)xt

 s∑
j=1

α jx′t− jεt− j


−6h−1/2

t γ

 s∑
j=1

α jxt− jεt− j


 s∑

j=1

α jx′t− jεt− j

 + 2γh1/2
t

 s∑
j=1

α jxt− jx′t− j


 ,

and

∂b∗t−1

∂β
=

1
(κ + 2 − γ2)h2

t

3γh−1/2
t xt

 s∑
j=1

α jx′t− jεt− j


+8h−1

t

 s∑
j=1

α jxt− jεt− j


 s∑

j=1

α jx′t− jεt− j

 − 2

 s∑
j=1

α jxt− jx′t− j

 .


Also
mt

∂β
= −xt,

Mt

∂β
= 2(yt − β′xt)xt + 2

s∑
j=1

α jx′t− jεt− j,

therefore, by using the recursive algorithm (2.5) and (2.6), the recursive equations for β are given by

β̂t = β̂t−1 +Kt

(
a∗t−1(α̂t−1, β̂t−1)mt(β̂t−1) + b∗t−1(α̂t−1, β̂t−1)Mt(α̂t−1, β̂t−1)

)
,

Kt = Kt−1

Ir −
a∗t−1(α̂t−1, β̂t−1)

∂mt(β̂t−1)
∂β′

+
∂a∗t−1(α̂t−1, β̂t−1)

∂β
mt(β̂t−1)

+ b∗t−1(α̂t−1, β̂t−1)
∂Mt(α̂t−1, β̂t−1)

∂β′
+
∂b∗t−1(α̂t−1, β̂t−1))

∂β
Mt(α̂t−1, β̂t−1)

 Kt−1

−1

,

One the other hand, for g∗C(α),

c∗t−1 = −
1
h2

t
(1, ε2

t−1, . . . , ε
2
t−s)
′

and
∂c∗t−1

∂α
=

2
h3

t
(1, ε2

t−1, . . . , ε
2
t−s)
′(1, ε2

t−1, . . . , ε
2
t−s).

Then, by using with the result Also
∂mt

∂α
= 0,

∂Mt

∂α
= (1, ε2

t−1, . . . , ε
2
t−s)
′,

the recursive equations for β are given by

α̂t = α̂t−1 +Kt

(
c∗t−1(α̂t−1)Mt(β̂t−1, α̂t−1)

)
,

Kt = Kt−1

Is −
c∗t−1(α̂t−1)

∂Mt(β̂t−1, α̂t−1)
∂α′

+
∂c∗t−1(α̂t−1)

∂α
Mt(β̂t−1, α̂t−1)

 Kt−1

−1

,
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Example. We consider the simple linear regression model with the ARCH (1) error defined as yt = βyt−1 + εt where
E

[
εt |F y

t−1

]
= 0, and Var

(
εt |F y

t−1

)
= ht = α0 + α1ε

2
t−1. The parameter of interest are (β,α′) = (β, α0, α1). If we assume

γ = 0 and κ = 0, then

a∗t−1 = −
xt

ht
, b∗t−1 =

α1εt−1xt−1

h2
t

, c∗t−1 = −
1
h2

t
(1, ε2

t−1),

and
∂a∗t−1

∂β
=

2α1xtεt−1xt−1

h2
t

,
∂b∗t−1

∂β
=

4α2
1ε

2
t−1x2

t−1

h3
t

−
α1x2

t−1

h2
t

,
∂c∗t−1

∂α
=

2
h3

t
(1, ε2

t−1)′(1, ε2
t−1).

Also, the derivatives of mt and Mt with respect to β and α are given by

∂mt

∂β
= −xt,

∂Mt

∂β
= 2(yt − βxt)xt + 2α1εt−1xt−1,

∂mt

α
= 0,

∂mt

α
= (1, ε2

t−1)′.

Then the recursive equations for β and α are derived as

β̂t = β̂t−1 + Kt

(
− xt(yt − β̂t xt)

ht(α̂t−1)
+
α̂1,t−1εt−1xt−1((yt − β̂t xt)2 − ht(α̂t−1))

ht(α̂t−1)

)
,

Kt = Kt−1

(
1 −

(
x2

t

ht(α̂t−1)
+

2α̂1,t−1xtεt−1xt−1(yt − β̂t xt)
ht(α̂t−1)

+
α̂1,t−1εt−1xt−1(2(yt − β̂t xt)xt + 2α̂1,t−1εt−1xt−1)

h2
t (α̂t−1)

+
(4α̂2

1,t−1ε
2
t−1x2

t−1 − α̂1,t−1x2
t−1ht(α̂t−1))((yt − β̂t xt)2 − ht(α̂t−1))

h3
t (α̂t−1)

 Kt−1

−1

and

α̂t = α̂t−1 −Kt
(yt − β̂t xt)2 − ht(α̂t−1)

h2
t (α̂t−1)

(1, ε2
t−1)′,

Kt = Kt−1

(
I2 −

(
− 1

h2
t (α̂t−1)

(1, ε2
t−1)′(1, ε2

t−1)

+
2((yt − β̂t xt)2 − ht(α̂t−1))

h2
t (α̂t−1)

(1, ε2
t−1)′(1, ε2

t−1)
)

Kt−1

)−1

.

3.5 RCA Models with GARCH Errors

For the RCA model with GARCH errors of the form

yt = (θ + bt)yt−1 +
√

htεt

ht = ω +

p∑
j=1

α jε
2
t− j +

q∑
j=1

β jht− j, (22)

where {bt} and {εt} are uncorrelated zero mean processes with unknown variance δ = σ2
b and variance σ2

ε(θ) with unknown
parameter θ, respectively. Further, we denote the skewness and excess kurtosis of {bt} by γb, κb which are known, and of
{εt} by γε(θ), κε(θ), respectively. In this model, the conditional mean is µt = yt−1θ and the conditional variance is σ2

t =

y2
t−1δ+ htσ

2
ε(θ). The parameter θ appears simultaneously in the mean and variance. Let mt = yt −µt and st = m2

t −σ2
t such

that ⟨m⟩t = y2
t−1δ+htσ

2
ε, ⟨M⟩t = y4

t−1δ
2(κb+2)+h2

t σ
4
ε(κε+2)+4y2

t−1δhtσ
2
ε, ⟨m,M⟩t = y3

t−1δ
3/2γb+h3/2

t σ3
εγε, the conditional

skewness is γt = ⟨m,M⟩t/σ3
t , and the conditional excess kurtosis is κt = ⟨M⟩t/σ4

t − 2. Then It follows from Theorem 1
that the optimal component quadratic estimating function for the parameter vector θ = (θ, δ, ω, α1, · · · , αp, β1, · · · , βq)′ is
given by

g∗C(θ) =
n∑

t=1

(
a∗t−1mt + b∗t−1Mt

)
, (23)
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where

a∗t−1 =

(
1 − ⟨m,M⟩

2
t

⟨m⟩t⟨M⟩t

)−1 (
− yt−1

⟨m⟩t
+

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
⟨m,M⟩t
⟨m⟩t⟨M⟩t

,

y2
t−1
⟨m,M⟩t
⟨m⟩t⟨M⟩t

, σ2
ε

∂ht

∂ω

⟨m,M⟩t
⟨m⟩t⟨M⟩t

, σ2
ε

∂ht

∂α1

⟨m,M⟩t
⟨m⟩t⟨M⟩t

, · · · , σ2
ε

∂ht

∂αp

⟨m,M⟩t
⟨m⟩t⟨M⟩t

,

σ2
ε

∂ht

∂β1

⟨m,M⟩t
⟨m⟩t⟨M⟩t

, · · · , σ2
ε

∂ht

∂βq

⟨m,M⟩t
⟨m⟩t⟨M⟩t

)′
and

b∗t−1 =

(
1 − ⟨m,M⟩

2
t

⟨m⟩t⟨M⟩t

)−1 (
yt−1⟨m,M⟩t
⟨m⟩t⟨M⟩t

−
(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
1
⟨M⟩t

,

− y2
t−1

1
⟨M⟩t

,−σ2
ε

∂ht

∂ω

1
⟨M⟩t

,−σ2
ε

∂ht

∂α1

1
⟨M⟩t

, · · · ,−σ2
ε

∂ht

∂αp

1
⟨M⟩t

,

−σ2
ε

∂ht

∂β1

1
⟨M⟩t

, · · · ,−σ2
ε

∂ht

∂βq

1
⟨M⟩t

)′
.

The calculation of ∂ht
∂θ = ( ∂ht

∂θ
, 0, ∂ht

∂ω
, ∂ht
∂α1
, · · · , ∂ht

∂αp
, ∂ht
∂β1
, · · · , ∂ht

∂β
)′q is not straight forward and we the recursive form is neces-

sary to take into account. Computation of ∂ht
∂θ yields:

∂ht

∂θ
= −2

p∑
j=1

α jyt− j−1εt− jh
−1/2
t− j −

p∑
j=1

α jε
2
t− jh

−1
t− j
∂ht− j

∂θ
+

q∑
j=1

β j
∂ht− j

∂θ

∂ht

∂ω
= 1 −

p∑
j=1

α jε
2
t− jh

−1
t− j
∂ht− j

∂ω
+

q∑
j=1

β j
∂ht− j

∂ω

∂ht

∂α j
= ε2

t− j −
p∑

j=1

α jε
2
t− jh

−1
t− j
∂ht− j

∂α j
+

q∑
j=1

β j
∂ht− j

∂α j

∂ht

∂β j
= ht− j −

p∑
j=1

α jε
2
t− jh

−1
t− j
∂ht− j

∂β j
+

q∑
j=1

β j
∂ht− j

∂β j
.

Example. We consider the RCA model GARCH (1, 1) error defined as

yt = (θ + bt)yt−1 +
√

htεt

ht = ω + α1ε
2
t−1 + β1ht−1, (24)

where {bt} and {εt} are Gaussian processes with γb = 0, κb = 0, γε(θ) = 0 and κε(θ) = 0. In order to estimate the parameter
vector θ = (θ, δ, ω, α1, β1), we have

a∗t−1 =

− yt−1

y2
t−1δ + htσ2

ε

, 0, 0, 0, 0
′

and

b∗t−1 = (b∗t−1,1, b
∗
t−1,2, b

∗
t−1,3, b

∗
t−1,4, b

∗
t−1,5)

= − 1
2(y2

t−1δ + htσ2
ε)2

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ
, y2

t−1, σ
2
ε

∂ht

∂ω
, σ2

ε

∂ht

∂α1
, σ2

ε

∂ht

∂β1

)′
.

Then takeing the derivative of a∗t−1 and b∗t−1 with respect to θ we obtain

∂a∗t−1

∂θ
=

yt−1

(y2
t−1δ + htσ2

ε)2


(
ht

∂σ2
ε

∂θ
+ σ2

ε
∂ht
∂θ

)
y2

t−1 σ2
ε
∂ht
∂ω

σ2
ε
∂ht
∂α1

σ2
ε
∂ht
∂β1

0 0 0 0 0

 ,
and

∂b∗t−1

∂θ
=

1
(y2

t−1δ + htσ2
ε)3

(Bi j)1≤i≤5,1≤ j≤5,
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where

B11 =
1
2

−(y2
t−1δ + htσ

2
ε)

(
ht
∂2σ2

ε

∂θ2 + 2
∂ht

∂θ

∂σ2
ε

∂θ
+ σ2

ε

∂2ht

∂θ2

)
+ 2

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)2
B12 = y2

t−1

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
= B21

B13 =
1
2

(
−(y2

t−1δ + htσ
2
ε)

(
∂ht

∂ω

∂σ2
ε

∂θ
+ σ2

ε

∂2ht

∂θ∂ω

)
+ 2

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
σ2
ε

∂ht

∂ω

)
= B31

B14 =
1
2

(
−(y2

t−1δ + htσ
2
ε)

(
∂ht

∂α1

∂σ2
ε

∂θ
+ σ2

ε

∂2ht

∂θ∂α1

)
+ 2

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
σ2
ε

∂ht

∂α1

)
= B41

B15 =
1
2

(
−(y2

t−1δ + htσ
2
ε)

(
∂ht

∂β1

∂σ2
ε

∂θ
+ σ2

ε

∂2ht

∂θ∂β1

)
+ 2

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
σ2
ε

∂ht

∂β1

)
= B51

B22 = y4
t−1

B23 = y2
t−1σ

2
ε

∂ht

∂ω
= B32

B24 = y2
t−1σ

2
ε

∂ht

∂α1
= B42

B25 = y2
t−1σ

2
ε

∂ht

∂β1
= B52

B33 =
1
2

−(y2
t−1δ + htσ

2
ε)σ

2
ε

∂2ht

∂ω2 + 2σ4
ε

(
∂ht

∂ω

)2
B34 =

1
2

(
−(y2

t−1δ + htσ
2
ε)σ

2
ε

∂2ht

∂ω∂α1
+ 2σ4

ε

∂ht

∂ω

∂ht

∂α1

)
= B43

B35 =
1
2

(
−(y2

t−1δ + htσ
2
ε)σ

2
ε

∂2ht

∂ω∂β1
+ 2σ4

ε

∂ht

∂ω

∂ht

∂β1

)
= B53

B44 =
1
2

−(y2
t−1δ + htσ

2
ε)σ

2
ε

∂2ht

∂α2
1

+ 2σ4
ε

(
∂ht

∂α1

)2
B45 =

1
2

(
−(y2

t−1δ + htσ
2
ε)σ

2
ε

∂2ht

∂α1∂β1
+ 2σ4

ε

∂ht

∂α1

∂ht

∂β1

)
= B54

B55 =
1
2

−(y2
t−1δ + htσ

2
ε)σ

2
ε

∂2ht

∂∂β2
1

+ 2σ4
ε

(
∂ht

∂β1

)2
Also, since

∂mt

∂θ
= (−yt, 0, 0, 0, 0)′

and
∂Mt

∂θ
=

(
−2(yt − (θ + bt)yt−1)yt−1 −

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
,−y2

t−1,−σ2
ε

∂ht

∂ω
,−σ2

ε

∂ht

∂α1
,−σ2

ε

∂ht

∂β1

)′
the recursive estimate of θ are given by

θ̂t = θ̂t−1 +Kt

(
a∗t−1(θ̂t−1)mt(θ̂t−1) + b∗t−1(θ̂t−1)Mt(θ̂t−1)

)
,

Kt = Kt−1

I5 −
a∗t−1(θ̂t−1)

∂mt(θ̂t−1)
∂θ′

+
∂a∗t−1(θ̂t−1)

∂θ
mt(θ̂t−1)

+ b∗t−1(θ̂t−1)
∂Mt(θ̂t−1)

∂θ′
+
∂b∗t−1(θ̂t−1)

∂θ
Mt(θ̂t−1)

 Kt−1

−1

.

4. Appendix
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Proof of Lemma 4. Method 1 (General estimating functions). For the class of unbiased estimating function G = {g : g =
α1g1 + α2g2}, we want to derive the coefficients α1 and α2 such that minα1,α2 E[S − α1g1 − α2g2]2 is obtained. Take the
derivative with respect to α1 and α2 we have

E[(S − α1g1 − α2g2)g1] = 0, E[(S − α1g1 − α2g2)g2] = 0

which are equivalent to

Cov(S , g1) − α1Var(g1) − α2Cov(g1, g2) = 0 (25)
Cov(S , g2) − α1Cov(g1, g2) − α2Var(g2) = 0. (26)

From equation (3) we have

α1 =
Cov(S , g2) − α2Var(g2)

Cov(g1, g2)
.

Substituting α1 to equation (2) we have

α2 =
Cov(S , g1) − Cov(S ,g2)Var(g1)

Cov(g1,g2)
Var(g1)Var(g2)

Cov(g1,g2) −Cov(g1, g2)

=
Cov(S , g1)Cov(g1, g2) −Cov(S , g2)Var(g1)

Var(g1)Var(g2) −Cov2(g1, g2)

=
E

[
∂g2
∂θ

]
Var(g1) − E

[
∂g1
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
.

Similarly,

α1 =
E

[
∂g1
∂θ

]
Var(g2) − E

[
∂g2
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
.

Alternatively, the optimal combined estimating function based on the orthogonal estimating functions g1 and ψ2 = g2 −
Cov(g1,g2)

Var(g1) g1 is given by

gC =
E

[
∂g1
∂θ

]
Var(g1)

g1 +
E

[
∂g2
∂θ

]
− Cov(g1,g2)

Var(g1) E
[
∂g1
∂θ

]
Var(g2) + Cov2(g1,g2)

Var(g1) − 2Cov2(g1,g2)
Var(g1)

(
g2 −

Cov(g1, g2)
Var(g1)

g1

)
.

Expanding the above equation, the coefficients for g1 and g2 are given by

α2 =
E

[
∂g2
∂θ

]
Var(g1) − E

[
∂g1
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
,

and

α1 =
E

[
∂g1
∂θ

]
Var(g1)

−
E

[
∂g2
∂θ

]
Var(g1) − E

[
∂g1
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
× Cov(g1, g2)

Var(g1)

=
E

[
∂g1
∂θ

]
Var(g2) − E

[
∂g2
∂θ

]
Cov(g1, g2)

Var(g1)Var(g2) −Cov2(g1, g2)
.

�

Proof of Theorem 1. We choose two orthogonal martingale differences mi(θ) = xi−µi(θ) and ψi(θ) = Mi(θ)−
⟨m,M⟩i
⟨m⟩i

mi(θ),

where the conditional variance of ψi(θ) is given by ⟨ψ⟩i = ⟨M⟩i −
⟨m,M⟩2i
⟨m⟩i

. That is, mi(θ) and ψi(θ) are uncorrelated with

conditional variance ⟨m⟩i and ⟨ψ⟩i, respectively. Moreover, the optimal martingale estimating function and associated
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information based on the martingale differences ψi(θ) are

g∗Ψ(θ) =

n∑
t=1

(
∂µi

∂θ

⟨m,M⟩i
⟨m⟩i

+ E
[
∂Mi

∂θ

∣∣∣∣∣F x
i−1

])
ψi

⟨ψ⟩i

=

n∑
t=1

1 − ⟨m,M⟩2i⟨m⟩i⟨M⟩i

−1 −∂µi

∂θ

⟨m,M⟩2i
⟨m⟩2i ⟨M⟩i

− E
[
∂Mi

∂θ

∣∣∣∣∣ F y
t−1

]
⟨m,M⟩i
⟨m⟩i⟨M⟩i

 mi

+

(
∂µi

∂θ

⟨m,M⟩i
⟨m⟩i⟨M⟩i

+ E
[
∂Mi

∂θ

∣∣∣∣∣F x
i−1

]
1
⟨M⟩i

)
Mi

)

and

Ig∗
Ψ
(θ) =

n∑
t=1

(
∂µi

∂θ′
⟨m,M⟩i
⟨m⟩i

+ E
[
∂Mi

∂θ

∣∣∣∣∣F x
i−1

]) (
∂µi

∂θ′
⟨m,M⟩i
⟨m⟩i

+ E
[
∂Mi

∂θ′

∣∣∣∣∣F x
i−1

])
1
⟨ψ⟩i

=

n∑
t=1

1 − ⟨m,M⟩2i⟨m⟩i⟨M⟩i

−1 ∂µi

∂θ

∂µi

∂θ′
⟨m,M⟩2i
⟨m⟩2i ⟨M⟩i

+ E
[
∂Mi

∂θ

∂Mi

∂θ′

∣∣∣∣∣F x
i−1

]
1
⟨M⟩i

+

(
∂µi

∂θ

∂Mi

∂θ′
+
∂Mi

∂θ

∂µi

∂θ′

)
⟨m,M⟩i
⟨m⟩i⟨M⟩i

)
.

Then the combined estimating function based on mi and ψi becomes

g∗C(θ) =

n∑
t=1

1 − ⟨m,M⟩2i⟨m⟩i⟨M⟩i

−1 ((
−∂µi

∂θ

1
⟨m⟩i

− E
[
∂Mi

∂θ

∣∣∣∣∣F x
i−1

]
⟨m,M⟩i
⟨m⟩i⟨M⟩i

)
mi

+

(
∂µi

∂θ

⟨m,M⟩i
⟨m⟩i⟨M⟩i

+ E
[
∂Mi

∂θ

∣∣∣∣∣F x
i−1

]
1
⟨M⟩i

)
Mi

)
,

and satisfies the sufficient condition for optimality

E
[
∂gC(θ)
∂θ

∣∣∣∣∣F x
i−1

]
= Cov(gC(θ), g∗C(θ) |F x

i−1) K, ∀gC(θ) ∈ GC ,

where K is a constant matrix. Hence, g∗C(θ) is optimal in the class GC , and part (a) follows. Since mi and ψi are orthogonal,
the information Ig∗C (θ) = Ig∗m (θ) + Ig∗

Ψ
(θ) and part (b) follows. Hence, neither g∗m(θ) nor g∗M(θ) is fully informative, that is,

Ig∗C (θ) ≥ Ig∗m (θ) and Ig∗C (θ) ≥ Ig∗M (θ). Part (c) follows immediately from the fact that if ∂µi
∂θ
⟨m,M⟩i
⟨m⟩i = −E

[
∂Mi
∂θ

∣∣∣F x
i−1

]
for each

i, then g∗
Ψ

(θ) = 0 and Ig∗
Ψ
(θ) = 0.

Proof of part (d) is as follows. The optimal combined estimating function based on mi((θ)) and Mi((θ)) is given by

g∗(θ) =
n∑

i=1

a∗i−1(θ)mi(θ) + b∗i−1(θ)Mi(θ).

Then using Taylor’s expansion for g∗n(θ) we have

n∑
i=1

a∗i−1(θ̂)mi(θ̂) + b∗i−1(θ̂)Mi(θ̂) +

 n∑
i=1

a∗i−1(θ̂)
∂mi(θ̂)
∂θ

+
∂a∗i−1(θ̂)
∂θ

Mi(θ̂)

+ b∗i−1(θ̂)
∂mi(θ̂)
∂θ

+
∂b∗i−1(θ̂)
∂θ

Mi(θ̂)

 (θ − θ̂) = 0.
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Substituting the recursive estimate for θ at each step, the estimate based on the first i − 1 observations is given by

θ̂i−1 =

 i−1∑
s=1

a∗s−1(θ̂s−1)
∂ms(θ̂s−1)

∂θ
+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)



−1 − i−1∑

s=1

(
a∗s−1(θ̂s−1)ms(θ̂s−1) + b∗s−1(θ̂s−1)Ms(θ̂s−1)

)
+

i−1∑
s=1

a∗s−1(θ̂s−1)
∂ms(θ̂s−1)

∂θ
+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)

 θ̂s−1

 .
When the ith observation becomes available, the estimate becomes

θ̂i =

 i∑
s=1

a∗s−1(θ̂s−1)
∂ms(θ̂s−1)

∂θ
+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)



−1 − i∑

s=1

(
a∗s−1(θ̂s−1)ms(θ̂s−1) + b∗s−1(θ̂s−1)Ms(θ̂s−1)

)
+

i∑
s=1

a∗s−1(θ̂s−1)
∂ms(θ̂s−1)

∂θ
+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)

 θ̂s−1

 .
Let

K−1
i = −

i∑
s=1

a∗s−1(θ̂s−1)
∂ms(θ̂s−1)

∂θ
+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)

 ,
then

K−1
i = K−1

i−1 −
a∗s−1(θ̂s−1)

∂ms(θ̂s−1)
∂θ

+
∂a∗s−1(θ̂s−1)

∂θ
mi(θ̂s−1) + b∗s−1(θ̂s−1)

∂Ms(θ̂s−1)
∂θ

+
∂b∗s−1(θ̂s−1)

∂θ
Mi(θ̂s−1)

 ,
and

θ̂i − θ̂i−1 = Ki

(
K−1

i θ̂i −K−1
i θ̂i−1

)
= Ki

(
a∗i−1(θ̂i−1)mi(θ̂i−1) + b∗i−1(θ̂i−1)Mi(θ̂i−1)

)
.

Hence it is easy to show that the recursive equations for θ take the form (15) - (16). �

For the RCA model with GARCH errors , the information matrix of the optimal quadratic estimating function for θ is
given by

Ig∗C (θ) =


Iθθ Iθδ Iθω Iθα′ Iθβ′
Iδθ Iδδ Iδω Iδα′ Iδβ′
Iωθ Iωδ Iωω Iωα′ Iωβ′
Iαθ Iαδ Iαω Iαα′ Iαβ′
Iβθ Iβδ Iβω Iβα′ Iββ′

 ,
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where

Iθθ =
n∑

t=1

(
1 − ⟨m,M⟩

2
t

⟨m⟩t⟨M⟩t

)−1  y2
t−1

⟨m⟩t
+

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)2 1
⟨M⟩t

−2yt−1

(
ht
∂σ2

ε

∂θ
+ σ2

ε

∂ht

∂θ

)
⟨m,M⟩t
⟨m⟩t⟨M⟩t

)
,

Iθδ = Iδθ =
n∑

t=1

(
1 − ⟨m,M⟩
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