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Abstract

In the last few decades, there has been an emergent interest in the construction of flexible parametric classes of probability
distributions in Bayesian as compared to Classical approach. In present study Bayesian Analysis of Laplace model using
Inverted Gamma, Inverted Chi-Squared informative, Levy and Gumbel Type-II priors is discussed. The properties of
posterior distribution, credible interval, highest posterior density region (HPDR) and Bayes Factor are discussed in current
study. Bayes estimators are derived under squared error loss function (SELF), precautionary loss function, weighted
squared error loss function and modified (quadratic) squared error loss function. Hyperparameters are determined through
Empirical Bayes method. The estimates are also compared using the posterior risks (PRs) under the said loss functions.
The priors and loss functions are compared using a real life data set.

Keywords: Censored sampling, Squared error loss function (SELF), Precautionary loss function, Weighted squared error
loss function (WSELF), Modified squared error loss function (MSELF), Credible interval (CI), Highest posterior density
region (HPDR), Fixed test termination time, Informative prior, Posterior risk, Empirical Bayes

1. Introduction

Very few real world events that we need to statistically study are symmetrical. Thus the popular normal model would
not be a useful model for studying every phenomenon. The normal model at times is a poor description of observed
phenomena. Skewed models, which exhibit varying degrees of asymmetry, are a necessary component of the modeler’s
tool kit. A variety of different forms of the Laplace distribution have been introduced and applied in several areas of
real world problems. So Laplace distribution is getting popularity due to simplicity of its characteristic function as an
alternative to Normal model. In particular, various forms of the Laplace distribution have been introduced and applied in
several areas. In this article Laplace model is considered as a lifetime model using complete and censored data because in
many experiment we cannot continue experiment up to last item failure due to cost or time constraints. So in these cases
censoring is unavoidable.

It needs to be mentioned here Laplace distribution has been considered before in literature. Kappenman (1975) obtain
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the conditional confidence interval for the parameters of a double exponential distribution by finding the conditional
distributions of the pivotal quantities for location and scale parameters. Kappenman (1977) propose a procedure for
obtaining and lower probability tolerance interval for a proportion of a population for the unknown two parameters of
Laplace (double exponential) distribution. Balakrishnan and Chandramouleeswaran (1996) present an estimators for the
reliability function based on the best linear unbiased estimators (BLUEs) for the location and scale parameters of Laplace
distribution based on Type-II censored samples, and they show that obtained estimator is almost unbiased at varying level
of reliability, Childs and Balakrishnan (2000) consider the progressively type-II right censored sample for analysis of
Laplace distribution. Childs and Balakrishnan (1997) constrain the maximum likelihood estimators for the parameters of
Laplace distribution under the general Type-II censored samples, which are simple linear functions of the order statistics.
They also examine the asymptotic variance through the Fisher information matrix. Nadarajah (2009) utilize the Laplace
distribution random variables with application to price indices. Kozubowski and Nadarajah (2010) motivated by the recent
popularity of Laplace distribution, provide a comprehensive review of the known Laplace distributions along with their
properties and applications Nadarajah (2010) obtain two posterior distributions for the mean of the Laplace distribution by
deriving the distributions of the product XY and the ratio X/Y when X and Y are Student’s ¢ and Laplace random variables
distributed independently of each other.

The rest of the article is organized as follows. The Laplace model likelihood, posterior distribution using different in-
formative priors and their properties are defined in Section 2 for complete and censored data. Empirical Bayes method,
predictive distributions (prior and posterior) are provided in Section 3. Simulation study of different properties defined
in section 2 is conducted using simulated data and real data in Section 4. Section 5 contains discussion and derivation of
Bayesian Interval Estimation using real data. Bayesian hypotheses testing discussed in Section 6, while Bayes Estimates
and their respective Posterior Risks are evaluated using different loss functions in Section 7 for real and simulated data.
A model comparison framework is presented in Section 8. Some concluding remarks and further research proposal are
given in last Section 8.

2. Posterior Distribution and Likelihood Function

The posterior distribution summarizes available probabilistic information on the parameters in the form of prior distribu-
tion and the sample information contained in the likelihood function. The likelihood principle suggests that the informa-
tion on the parameter should depend only on its posterior distribution. Bayesian scientist’s job is to assist the investigator
to extract features of interest from the posterior distribution. In this section we will use the Laplace distribution as sam-
pling distribution mingles with the informative and noninformative priors for the derivation of posterior distribution. A
random variable x is said to possess a Laplace distribution if it has the following form:

_

),/1>0,—oo<x<oo,
A

1
fx) = ﬁexp(

here A is scale parameter and location parameter is zero. The likelihood function for a random sample x, Xj,.... X, Which
is taken from Laplace distribution is:

1 n
L() = 5 €XP [— DI /ﬁ] (1)

i=1

The likelihood function for censored data as described Mendenhall and Hader (1958) is:

J

L(AIx) o I f(x,-)} [1 - F(T)]"™"
=1

L(A,X) (%) efﬁ[z;.=,|x,|+(n,,)T]

Where T is time, r is for censored observations and n-r are uncensored observations.

2.1 Posterior Distribution Using Inverted Gamma Prior

Informative priors are those that deliberately insert information that researchers have at hand. This seems like a reasonable
and reasoned approach since previous scientific knowledge should play a role in statistical inference. The author is
deliberately manipulating prior information to obtain a desired posterior result. An informative prior provides more
information than the non-informative priors, therefore the analysis using these prior more accurate and informative than
classical approach.
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The Inverted Gamma prior of A is defined as:

e (a+1)
S = ) (Z) exp (=b/2),a,b,A> 0 2)

The posterior distribution of parameter A for the given data (x = xy, x2, ..., X,;) using equation (1) and (2) is:

(b+ 3, )™

1 n
[(a +n) la+n+1) exp (_ (b + Z |xi|] //1) ,A>0

i=1

p(Ax) =

which is the density similar to Inverted-Gamma distribution. So A|x~G~! (@, 8) where G~! for Inverted Gamma distribu-
tionande =a+n,B=>b+ 3", |xl

For Censored data the posterior distribution of parameter A

(Z;—zl |xj| +(n-nT + b)(rw)

pCAR) = T +a)

1 (r+a+1) )
(Z) e_fl{[zl/:1|xfl+("_r)T+h]’/l >0
which is the density similar to Inverted-Gamma distribution. So A|x~G~! (a +7, Z;zl |x j| +(n-nT + b)
2.2 Posterior Distribution Using the Inverted Chi-squared (ICS) Prior

Using ICS an informative prior with hyperparameters ‘a’ and ‘b’, this is defined by the following density:

b/2)%
Fy = B2

1\G+)
= 2T @) (—) exp(=b/21),a,b,1 >0 3)

A

We obtain the posterior distribution of A for the given data (x = xi, X2, ..., X,;) using equation (1) and (3) as:

((b/2) +30, |xi|)<(a/2)+n)

1 n
PO = e T P [— [(b/z) + Zl |x,~|] /A] ,A>0

Which is similar to inverted-gamma distribution, so A|x~G~! («, 8), where a = ‘% +n,B= IE’ + 20 Xl

For Censored, the posterior distribution as follows

(Z;‘:l |xj| +n-nT + %)(H%)

F(r+ %)

Which is similar to inverted-gamma distribution, so A|x~G~! (a, 8), where a = S+np= Z;zl |le +(n—-nT + '%.

p(Alx) =

(r+4+1) )
(1) 3 ei%[z’/_:l|x‘/|+(n7r)T+g]’/1>0

2.3 Posterior Distribution Using Levy Prior

5 1\
F) = /5= (—) exp (=b/22),b, 4> 0 4)
2 \A

The posterior distribution of parameter A for the given data (x = xy, xp, ..., X;;) using equation (1) and (4) is:

(3+n)
(3 + 20, xi) 1 b &
p(dlx) = = F<%+n) e exp[—[§+;|xi|]//l],/l>0

The Levy prior of A is defined as:

which is the density similar to Inverted-Gamma distribution and we can write it as Ax~G™! (a, B), wherea = 0.5+ n,8 =
0.5b + X7 |xi| and here G~! for Inverted Gamma distribution.

For Censored data the posterior distribution of parameter A

(25:1 |xj| +(n-rT+ g)(ﬂi)

D)

-
p(Ax) = (l) i e_HZ}:1|xf|+(n—r)T+’§],/l >0

A
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Here also Ax~G ™' (0.5 + 7, X/, [x;| + (0 = )T +0.5b).
2.4 Posterior Distribution Using Gumbel Type-1I (GTII) Prior
Using GTII an informative prior with hyperparameter ‘b’, this is defined by the following density:

1 @)
fQ) = b(z) exp(=b/A),b,1>0 (5)
We obtain the posterior distribution ofA for the given data (x = xy, x,, ..., x,) using equation (1) and (5) as:

(1+n)
(b+ 2, xil) 1 [ ( - ]
nexp—b+ lxi|1/2],A>0
I'(l+n) A2+ ;

which is inverted-Gamma distribution, A|x~G~! (¢, 8), wherea = 1 +n,8=b + 2 Il

p(Alx) =

For Censored, the posterior distribution as follows

(25:1 |xj| +(n-nT + b)(r+])

T(r+1)

N e
p(/ux) = (_) e*;[Zj:,|x/|+(nfr)T+b]’/l >0

A
So Alx~G~! (@), where = 1 + 1, B = ', |x;| + (n = VT +b.
2.5 Properties of Posterior Distribution Assuming Different Priors

Since our Posterior distribution is Inverted-Gamma distribution, here we give general forms of properties for Inverted-
Gamma distribution.

Mean = B/(a¢ — 1), @ > 1, Mode = B/(a + 1). Variance = ﬂz/ ((a - D*(a - 2)), a > 2. Coeflicient of Skewness
= (4 Va - 1) /(@ —3), @ > 3. Excess Kurtosis = (30a — 66) / (@ — 3) (@ — 4)), « > 4, where a and 3 are respective
posterior distribution parameters.

3. Elicitation of Hyperparameters through Empirical Bayes

Empirical Bayes procedures utilize past data as a means for bypassing the necessity of identifying a completely unknown
and unspecified prior distribution having frequency interpretation. Grabski and Sarhan (1996), Sarhan (2003) used em-
pirical Bayes estimation in the case of exponential reliability while Ahn et al. (2006) consider this procedure for the
hazard rate estimation of a mixture model with censored lifetimes. The empirical Bayes approach may be considered
as a two-stage estimation procedure in which the hyperparameter is estimated from the marginal distribution and then
the parameter is estimated using ‘pseudo-prior’ where the hyperparameters are replaced by the estimation of first stage.
Robbins (1955) sought a representation of the desired Bayes rule in terms of the marginal distribution of data (called prior
predictive distribution) and then uses the data to estimate it rather than the prior distribution. For excellent discussion
about empirical Bayes see Kass and Steffey (1989), Bansal (2007). We use the Inverted Gamma, levy, Gumbel type-II
and Inverted Chi-Squared informative priors for the cradle of prior predictive distribution which will be used for empirical
Bayes procedure. Followings are the prior predictive equations used for Empirical Bayes procedure. Let Y be the random
variable from Laplace distribution with unknown parameter A.

folb) = %exp(—%),ﬂ >0,—-co<y< o0
The prior predictive distribution is obtained by using the following equation:

p(y) = j(; p(Df(y, Dda

3.1 Prior Predictive Distribution Using Inverted Gamma Prior
The prior predictive distribution using Inverted Gamma prior is:

ab®

EETUPT

)
We use above equation of prior predictive distribution for the elicitation of hyperparameters ‘a’ and ‘b’.
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3.2 Prior Predictive Distribution Using Inverted-chi Prior

The prior predictive distribution using Inverted Chi-Squared prior is:
ab'@?)

2@+ (|y] + (b/z))((a/2>+1)’

rQy) = —0<y< o

We use above equation of prior predictive distribution for the elicitation of hyperparameters ‘a’ and ‘b’.
3.3 Prior Predictive Distribution When Prior is Levy Distribution

The prior predictive distribution using Levy prior is:

\/E —_
26/ Iyl + (b/2))°

pQy) = <y< o™

3.4 Prior Predictive Distribution When Prior is Gumbel Type-II Distribution

The prior predictive distribution using Gumbel Type-II prior is:

p(y) =

—  —  —o<y< o
2(bl + )@ Y

3.5 Predictive Distribution

Often it is necessary to make predictions of future observations, based on our best inferences on parameters determined
through observations already made. Posterior predictive distribution is the product of the posterior distribution and (con-
ditional) independence (given the parameters) of the new observation from the “learning sample”.

pyIx) = f p(A1x)p(y|a) da

Where y = x,,,| be the future observation given the sample information x = xj, xy, ...... X,, from of the model with unknown
parameter A.

Predictive Interval can be obtained as:

00 L 00
fzwmw=f;wmw=§=fzwmw
—oco —oc0 U

3.6 Predictive Distribution and Predictive Intervals Using Inverted-Gamma Prior

The posterior predictive distribution for a future random variable ‘y’ given that data x = x1, x, ......x;, is:
n (a+n)
(n+a)|b+ i, x|
pOIX) = 0 <y < 0 ©)

2(Z0 bl + 1yl + b)

And Predictive interval is:
(a+n) (a+n)
« b+ 2] P LY |

20 o(z i+ L+6) " 2 23 i+ U+ )
For Censored Data
’ (r+a)
[ijl |xj|+(n—r)T+b] (r+a)
pOIX) = i 0 <y <o
2[S0 ] + =T + b+ |
And Predictive interval is:
a [Z;zl |xj| +(n—-nT + b](Ha) a [Z;zl |xj| +m-nT + b](r+a)

(r+a)’ 2 (r+a)

2 2[Z;=1 |xj| +(n-nNT+b+ L] 2[2;:1 |xj| +m-rT+b+ U]
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where a and b are hyperparameters determined by empirical Bayes method.

3.7 Predictive Distribution and Predictive Intervals Using Inverted-Chi Prior

The posterior predictive distribution for a random variable ‘y’ given that data x = xy, x5, ......x, is:
(4+n)
(n+9)[5+ 20 ]
pOIX) = - ,—00 <y <00
N p\(§+n+1)
2(Z il + byl + 3)

Equations of Predictive Intervals are:

P (0 11 P 5 11 i
2 2(2?:1 |x;| + L + %)(%M) C 2 2(2;’:] x|+ U + %)(%Jrn)
For Censored Data -
r+4¢
(’+ %)[Z;:l x| + (=T + g] 2
pOx) = Gese) | —00 <y <00
2[5 ol + =T+ 5+ pi]
Equations of Predictive Intervals are:
Z - <Z;JM+M_AT+QM% a (ZFJM+M—0T+@W$

2 D 2 D)
) )

2(2;:1|Xj|+(n—r)T+§+L 2(2;:1|xj|+(n—r)T+%’+U

Where ‘a’ and ‘b’ are hyperparameters to be elicited by empirical Bayes procedure.
3.8 Predictive Distribution and Predictive Intervals Using Levy Prior

The posterior predictive distribution for a future random variable ‘y’ given that data x = xj, xa, ......x;, is:
](%+n)
(G+n)

1)\ [ 2
(” + 5) [5 + 2y Ixil

2(Zi bl + vl + 5)

pOIx) =

,—00 <y <00

And Predictive interval is:

I R TR

a
5 = n l+n ) 5 l+n
2(Zi=1 |x;| + L+ g)(z ) e

2(Z, xil+ U+ )

For Censored Data |
(5 x| + =7+ 2D (4 1)
9

pOIx) =

,—00 <y < 00
2[5 x|+ (=T + %+ 1y
And Predictive interval is:

[+

@ S+ e-nT+ s o [Zlalglr@-nT+g

2° 2T
|

](H%)

2[2;:1 ||+ -nT+2+L 2[2;:1|xj|+(n—r)T+g+U

<Table 1>
3.9 Predictive Distribution and Predictive Intervals Using Gumbel Type-II Prior

The posterior predictive distribution for a random variable ‘y’ given that data x = xp, xp, ...... X, 1S:
(n+1)
(n+ Db+ i x|
pOyIx) = a0 T <y<oo
2(Z0, lxil + [yl + b)
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Equations of Predictive Intervals are:

|](”+1) ](n+1)

R L P R YRyt

2 (st ean)™ 2 (s U +n)"
For Censored Data
r+1)
(r+ D[S x| + (1= AT + b]
pOyIx) = T 0 <y <
2[S0 x| + =T + b+
Equations of Predictive Intervals are:
, (r+1) , (r+1)
[ijl |xj|+(n—r)T+b] a [ijl |xj|+(n—r)T+b]

a
) (S ](m)

2[2;21 |xj|+(n—=nT +b +L] 2[2;=1 |x)|+ (=T +b+U

4. Simulation Study

For conducting simulation study, data from Laplace model is generated using inverse transformation. Simulation study
of different properties discussed in above section are given in appendix. From Tables 1-8 in appendix, one can easily
observe that mode is more close to the true supposed parameter values than the mean and variance value increase as we
increase the parameter value and especially for censored data it is clear that variance is more than complete data because
in censored data we are using less information as compared to complete data set. Similar conclusion for skewness and
kurtosis tables can be drawn. One thing is common in Table 1-11 that with the increase of sample size our parameter
values approach to true values of parameters and variances, skewness and kurtosis decreases. Also comparing the prior,
one can easily observe that GTII prior has better results in terms of posterior risk, skewness and kurtosis than the other
informative priors.

4.1 Real Data Findings

Childs and Balakrishnan (1996) consider the data of mean difference of 33 year in flood stage for two stations on the Fox
River in Wisconsin. Following table shows the different posterior distribution properties using real data set assuming IG
and ICS informative priors.

GT-II prior performance is better than IG, ICHI and LP prior based on variance, mode, skewness and kurtosis. Graphical
presentation as follows:

<Figure 1-4>

Above figures confirm the same behaviors in terms of their shape but Gumbel Type-II prior is different from others and
also from above figure one can easily observe that using censored data information lost but due to application this is
unavoidable. Figure 1(i) is for complete data set using informative priors and Figure 1(ii) is for complete and censored
data using IG prior. Here in figure 1(ii) IG (c) denotes the censored data. One can easily observe that using censored data
we lost information.

5. Bayesian Interval Estimation

In Bayesian analysis, credible interval becomes the counterpart of the classical confidence interval when we put hyper-
parameter (s) values equal to zero. Also credible interval may be unique for all models. The difference between credible
interval and highest density region (HPDR) is that credible interval is comparable with classical interval but HPDR is
unique.

5.1 Credible Interval Assuming Informative Priors

LetA.= 22(3 ) ,B.= f(B ) , where A, B are the parameters of respective posterior distribution. Thus a (1 —a)100% credible
2(A),1-¢ 2(A), %

interval is {A. < A < B.}, (See Ahmed Abu-Taleb et al. (2007) and Saleem and Aslam (2009)).

5.2 Highest Posterior Density Region (HPDR)

The HPD interval is defined on the posterior density such that the posterior density at every point inside the HPD interval
is greater than the posterior density at every point outside the HPD interval. An interval (4;, A1) would be a (1- @) 100%
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HPD interval for A if it satisfy the following two conditions simultaneously.

A
[px)dA=1-a
A

, )
p(A41x) = p(A2]x)
5.2.1 HPDR for Inverted Gamma Prior

Using above two conditions given in equation (7) solving for IG prior we get (an+ 1) In(4; /) —(b+ X", ;) (A5 ! —/11‘1) =
Oand T'(a + n, (b + X7 lxiD/A) —T@+n,(b + XL, IxiD)/A) — (@ — DI'(a + n) = 0 where I'(n — 1, X7, x| /A1) =
f; b/, A1 exp(—1)dA is incomplete gamma function.

i=11%Xi
For Censored data
AdandT(@a+r,(b+ (m—NT + X lxiD/A) -Ta+r,0+nm—nrT + X, 1xl)/A2) —(@— DI(a+7r)=0.
5.2.2 HPDR for Inverted Chi-squared Prior

HPDR equations for Inverted Chi-Squared prior as follows (0.5a +n + 1) In(4; /A2) = (0.5b + Y7, |[xi)(A5 I /ll‘l) =0and
[(n+0.5a,(0.50 + %, |xil)/ A1) = T(n + 0.5a,(0.50 + Y%, |xi)/A2) — (@ — DI'(n + 0.5a) = 0.

For censored data
(0.5a + r+ 1)In(A1/2) = (0.5b + (n = T + Y7, kDA — A71) = 0 and 4 (43)
5.2.3 HPDR for Levy Prior

Above two conditions given in equation (6), solving for Levy prior we get HPDR equations for Levy prior as follows:
(n+1.5)In(A1 /) = 0.5+ X1, 5D =471 = 0and T(n +0.5,(0.56+ 3 1xi)/ A1) =T (n+0.5,(0.5b+ X2 Ixi))/ ) —
(a-DI'(n+0.5)=0.

For censored data

AandT(r+0.5,(0050+ (n— T + Y, |xD)/A4) —T(r+0.5,0.50 + (n — T + X1, |xil)/A2) — (@ — DI'(r + 0.5) = 0.
5.2.4 HPDR for Gumbel Type-II Prior

HPDR equations for Gumbel Type-II prior as follows (n +2)In(4; /) = (b + T x5 =471 = 0and T(n + 1, (b +
Zic D/ =T+ 1,0+ XL, 1xiD/42) = (@ = DI(n + 1) = 0, where I'(n — 1, 3, Ixi| /) = fzo;:,lx,-l/m A" exp(=A)da
is incomplete gamma function.

For Censored data

For real data set the HPD and Credible intervals for different level of significance evaluated in the following table consid-
ering different informative priors.

<Table 2>
The HPD has smaller band than credible interval. ICSP and GTII has wider CI and HPD than IGP and LP.
6. Bayesian Hypotheses Testing and Bayes Factor

Bayesian hypothesis testing is less formal than non-Bayesian varieties. In fact, Bayesian researchers typically summarize
the posterior distribution without applying a rigid decision process. If one wanted to apply a formal process, Bayesian
decision theory is the way to go because it is possible to get a probability distribution over the parameter space and one
can make expected utility calculations based on the costs and benefits of different outcomes. Considerable energy has
been given, however, in trying to map Bayesian statistical models into the null hypothesis testing framework, with mixed
results at best. This section contains the Bayesian hypotheses for parameterd under the posterior distribution, considering
using noninformative priors. Posterior probabilities are defined for the H; : 4 > A; vs. Hy : 4 < A;hypotheses:

P(Hy) = P(A =)= f"" pAlxda
A

where p(1|x) is the posterior distribution of A given x and P(H;) = 1 — P (H)).

Bayes Factors are the dominant method of Bayesian model testing. These are Bayesian analogues of likelihood ratio tests.
The basic intuition is that prior and posterior information are combined in a ratio that provides evidence in favor of one
model specification verses another. By dividing posterior odds under null and alternative hypotheses we get Bayes Factor.
Bayes Factors are very flexible, allowing multiple hypotheses to be compared simultaneously and nested models are not

112 ISSN 1927-7032  E-ISSN 1927-7040



www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 1, No. 1; May 2012

required in order to make comparisons — it goes without saying that compared models should obviously have the same
dependent variable.

The Bayes factor can be interpreted as the ‘odds for H; to H, that is given by the data’. While the Bayesian approach
typically avoids arbitrary decision thresholds, Jeffreys (1961) gives the following typology for comparing H; vs H>.

B> 1 H, is supported 1072 < B <1 minimal evidence against H;, 10~'< B <1072 substantial evidence against H; 1072 <
B <107! strong evidence against H; B < 1072 decisive evidence against H;. Here B is used for Bayes factor.

<Table 3>

For the smaller parameter value than Bayes Estimator value we does not get strong support for H; but when we go further
from it we get strong evidence support for H;. For testing 4 < 6.0 we observe that decisive evidence againstH; for all
priors, 4 < 7.5 we have strong evidence againstH, for informative priors. Minimal evidence against H; occur in case of
A <9.0 and in case of 4 < 11.0, H| is strongly supported especially for Inverted Gamma prior. Similarly for censored data
testing 4 < 15.0 we observe that minimal evidence against H; for all priors, 4 < 16.5 we have minimal evidence against
H, using informative priors. We have strong evidence against H; occur in case of 4 < 18.0 and A < 19.5, H; is strongly
supported especially for Gumbel prior. The values taken in complete data cannot be taken here because using that values
we have decisive evidences due to involvement of time, we are using less information about data.

7. Bayes Estimators Under Different Loss Functions

This section spotlight on the derivation of the Bayes Estimator (BE) under different loss functions and their respective
Posterior Risk (PR). The results are also compared their results for informative prior. Bayes decision is a decision d which
minimizes risk function then d is the best decision. If the decision is choice of an estimator then the Bayes decision
is a Bayes estimator. The Bayes estimator for different loss function is given below: we use four loss functions name
as squared error loss function (SELF), weighted squared error loss function (WSELF), precautionary loss function and
modified (quadratic) squared error loss function (M/QSELF).

The squared error loss function (SELF) was proposed by Legendre (1805) and Gauss (1810) to develop least square
theory. Later, it was used in estimation problems when unbiased estimators of parameter were evaluated in terms of the
risk function which becomes nothing but the variance of the estimators. It was also observed that SELF is a convex
loss function and, therefore, restricts the class of estimators by excluding randomized estimators. The difficulty with
unbounded loss function, like SELF is that Bayes estimates may change enormously when the observation of the random
variable changes infinitesimally. Therefore, the investigator has to be absolutely precise about his probability statements.
Furthermore, in real life situations, it is usually being impossible to lose an infinite amount of money. The extensive form
of analysis provides Bayes estimate under SELF, as E(A|x). Also note that squared error loss function is not the only loss
function for which posterior mean is the Bayes estimate. The natural exponential family f(A|x) = a(1)b(x) exp(4Ax), the
Bayes estimates under entropy loss function is the posterior mean. The Bayes estimate under the weighted SELF may
not exist if the weight function w(1) i ncreases too fast to infinity. Norstrom (1996) introduced an alternative asymmetric
precautionary loss function, and also presented a general class of precautionary loss functions as a special case. These loss
functions approach infinitely near the origin to prevent underestimation, thus giving conservative estimators, especially
when underestimation may lead to serious consequence. Since in risk analysis, both the potentiality of an undesired event
and its consequences are investigated. This potentiality is usually measured by either a probability or a failure rate. The
Bayes approach is widely applied to estimate this failure rate. When dealing with disastrous consequences, it can be worse
to underestimate the potentiality of an event than to overestimate it. This is important when risk-level is the basis of a
risk-reducing initiative, either by reducing the potentiality or the consequences. An erroneously low estimated risk-level
can lead to the absence of necessary initiative to reduce the risk level. It is unreasonable to use a loss function that allows
one to estimate a failure probability of zero. A positive loss function at the origin allows estimating zero, and in a risk
analysis, estimating zero failure probability simply means that no risk is anticipated. Hence, a precautionary loss function
is used. Also optimal policy selection has traditionally been discussed in relation to symmetric and often quadratic loss
functions. So by using non-symmetric loss functions one is able to deal with cases where it is more damaging to miss the
target on one side than the other.

7.1 Bayes Estimate and Posterior Risk Under Different Priors

Following tables gives the comparison of Bayes estimates and Posterior risk under different priors.
<Table 4>

7.2 Simulation of Bayes Estimates (BE) and Posterior Risk (PR)

Simulation is a flexible methodology, we can use it to analyze the behavior of a pattern of proposed business activity, new
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product, manufacturing line or plant expansion, and so on (analysts call this the ‘system’ under study). In simulation one
generates a sample of random data in such a way that mimics a real problem and summarizes that sample in the same
way. It is one of the most widely used quantitative methods because it is so flexible and can yield so many useful results.
There are different method such as Monte Carlo simulation and Bootstrap to simulate the data. Here we did simulation in
Minitab for non-informative prior. Following tables contains the Bayes estimates and their posterior risks.

It is immediate from appendix Table 17-24, as we increase sample size posterior risk comes down and also with the
increase of parameters values posterior risk also increase. For censored data posterior risk is greater than the complete
data because of time contribution. The choice of loss function as concerned, one can easily observe that modified squared
error loss function has smaller posterior risk than other three loss functions.

7.3 Real Data Bayes Estimates (BE) and Posterior Risk (PR)

Following tables shows the Bayes Estimates (BE) and their Posterior Risk (PR) in brackets for real data

<Table 5>

Modified squared error loss function has smaller posterior risk than other three loss functions using Gumbel Type-II prior.
8. Model Comparison

The comparison of model performances is proposed to be based on the generated posterior predictive distributions. The
criterion used to compare them is based on the use of the logarithmic score as a utility function in a statistical decision
framework. This was proposed by Bernardo (1979) and used, for example, by Walker and Gutiérrez-Pefia (1999) and
Martin and Pérez (2009) in a similar context. In situations where the uncertainty is contained in the value of a future
observation y = x,., the logarithmic score log (p(y|x)) is used, where py(y|x) denotes the posterior predictive density
under model M. Then, the posterior predictive expected utility is given by:

Ui = f log (pr(ylx)) px(ylx)dy. The optimal solution to the decision problem of choosing among the competing models M

0; M 1, ....; My is given by the model My, such that: Uy, = i %?x ) Uy. From a practical viewpoint, U, can be estimated
€{0,1,...,

as: f/k = # 2t log (pi(yilx)), where yi; y2, ... , ¥ are an independent and identically distributed random sample from

Pr(ylx).

In order to illustrate this and the applicability of the proposed approaches, a performance comparison between posterior
distribution using Inverted Gamma and Inverted Chi-Squared priors, a random sample of size 10 generated from laplace
distribution with mean 0 and scale parameter equal to 4 using Minitab v 12 (0.97289, 4.02645, 5.07323, 0.75942, 2.09396,
0.98549, 2.22772, 5.06832, 0.40607, 3.74112). We get U;=-2.734129, U;cs=-2.732629 U,,,=-2.721256 and Ugr;=-
2.714222 so Gumbel Type-II prior is best.

9. Conclusion and Suggestions

We consider the Bayesian analysis of the Laplace Model using complete and censored data assuming informative prior.
Based on different properties of posterior distribution, hypotheses testing, HPD and credible intervals, we conclude that
Gumbel Type II prior results are more precised than other prior. The choice of loss function as concerned, one can easily
observed based on evidence (different properties as discussed above) that modified squared error loss function has smaller
posterior risk. Model comparison method also suggest that Gumbel Type II prior is best. One thing is common as we
increase sample size posterior risk comes down. Also note that we cannot compare the result of complete data with
censored data because in censored data we are using less information than the complete data set. In future this work can
be extended using truncated Laplace model and considering location parameter.
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Table 1. Properties of posterior distribution using real data set

Prior Mean Mode Variance  Skewness Excess Kurtosis
IGP 9.642985 9.080899  3.0369759 0.738423 1.050505
ICSP  9.664608 9.097899 3.002612  0.740996 1.058037
Levy  9.498996 8.948329 2.864474  0.736064 1.043623
GTII  9.360482 8.825597 2.738082  0.729917 1.025806
For Censored data, r = 16, T = 10
IGP 17.420240 15.407660 21.904380 1.136782 2.583209
ICSP 17.571010 15.516860 21.884360 1.146198 2.628963
Levy 17.023700 15.078140 19.986650 1.128263 2.542222
GTI 16.502870 14.669220 18.156310 1.106567 2.439560
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Table 2. HDR and CI using complete real data set; Parentheses contain credible intervals, Curly braces HPDR and brackets

classical intervals

Prior 90% 95% 99%

IGP (7.1894,12.7594) (6.8420,13.5622) (6.2258,15.3328)
[7.1787,12.7754] [6.8304,13.5836] [6.2128,15.3672]
{7.1909,12.7499} {6.8421,13.5619} {6.2299,15.3227}

ICSP (7.1989,12.7989) (6.8500,13.6071) (6.2315,15.3902)
[7.1787,12.7754] [6.8304,13.5836] [6.2128,15.3672]
{7.1998,12.7898} {6.8501,13.6070} {6.2320,15.3891}

Levy (7.0882,12.5592) (6.7465,13.3468) (6.1403,15.0833)
[7.0845,12.5528] [6.7431,13.3400] [6.1372,15.0756]
{7.0883,12.5522} {6.7469,13.3386} {6.1409,15.0732}

GT2 (7.0005,12.3509) (6.6652,13.1188) (6.0701,14.8105)
[6.9929,12.3375] [6.6580,13.1046] [6.0635,14.7944]
{7.0012,12.3305} {6.6668,13.1038} {6.0730,14.7901}

For Censored Data

IGP (11.3633,25.9382) (10.6148,28.4342) (9.3342,34.2887)
[11.4218,26.2865] [10.6632,28.8462] [9.3669,34.8632]
{11.3695,25.9228} {10.6170,28.4336} {9.3350,34.2880}

ICSP (11.4288,26.2273) (10.6719,28.7708) (9.3780,34.7448)
[11.4218,26.2865] [10.6632,28.8462] [0.3669,34.8632]
{11.4299,26.1867} {10.6722,28.7700} {9.3850,34.7431}

Levy (11.1327,25.2910) (10.4038,27.7074) (9.1544,33.3686)
[11.1313,25.2855] [10.4016,27.7014] [9.1524,33.3614]
{11.1330,25.2800} {10.4039,27.7010} {9.1590,33.3618}

GT2 (10.8656,24.3761) (10.1623,26.6628) (8.9562,32.0030)
[10.8558,24.3543] [10.1532,26.6390] [8.9482,31.9744]
{10.8657,24.3559} {10.1631,26.6321} {8.9559,32.9609}
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Table 3. Posterior probabilities under null and alternative hypotheses, Bayes factors using IG and ICS for real data

Null Hypothesis ~ Alt. Hypothesis  Prior Posterior Probabilities Bayes
H, H, Distribution P(H,) P (H>) Factor B
1<6.0 1>6.0 IG 0.0023779 0.997622 0.002384
ICS 0.0023379 0.997662 0.002384
Gumbel 0.0039733 0.996027 0.003989
Levy 0.0031591 0.996841 0.003169
A<175 A>175 IG 0.083724 0.916276 0.091374
ICS 0.082374 0.917626 0.089769
Gumbel 0.112830 0.887170 0.127180
Levy 0.098252 0.901748 0.108957
1<9.0 1>9.0 IG 0.389080 0.610920 0.636876
ICS 0.384700 0.615300 0.625223
Gumbel 0.455220 0.544780 0.835603
Levy 0.422580 0.577420 0.731842
1< 11.0 A>11.0 IG 0.803010 0.196990 4.076400
ICS 0.799060 0.200940 3.976610
Gumbel 0.846710 0.153290 5.523583
Levy 0.825490 0.174510 4.730331
For Censored Data
1<15.0 A1>15.0 IG 0.331460 0.668540 0.4957970
ICS 0.320480 0.679520 0.471627
Gumbel 0.410820 0.589180 0.697274
Levy 0.365120 0.634880 0.575101
1<16.5 A1>16.5 IG 0.481430 0.518570 0.928380
ICS 0.468720 0.531280 0.882247
Gumbel 0.565640 0.434360 1.302238
Levy 0.517500 0.482500 1.072539
1<18.0 A1>18.0 IG 0.617240 0.382760 1.612603
ICS 0.604510 0.395490 1.528509
Gumbel 0.695460 0.304540 2.283641
Levy 0.651040 0.348960 1.865658
A<195 A>19.5 IG 0.728020 0.271980 2.676741
ICS 0.716500 0.283500 2.527337
Gumbel 0.794250 0.205750 3.860267
Levy 0.756870 0.243130 3.113087
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Table 4. Bayes estimators and respective posterior risk under different loss function for complete data set

Squared Error Loss Function=L; = L(4,d) = (1 - d)?

Posterior Distribution Using Prior Bayes Estimator Posterior Risk
d = E(1x) EyxLi(A,d) = Var(A|x)
b+ 3 il (b+30 1xl)
Inverse Gamma Tan-1) m
y by b (43 1x1)
Inverse Chi-Squared (Tn-1) Gont)’ (%m D
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Bayes Estimator Posterior Risk
_ E0' N )
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Table 5. BEs and PRs using IC and ICS priors under different LFs
Complete Data Censored Data Complete Data Censored Data
LF IG ICS 1G ICS Levy GTII Levy GTII
Ly 9.6430 9.6502 17.420237 17.571007  9.5009 9.3568 17.023701  16.502870
(2.969753) (3.002612) (21.9044) (21.8844)  (2.865598) (2.735934) (19.9866)  (18.1563)
L, 9.0809 9.0979 15.407665 15.516856  8.9483 8.8256 15.078135 14.669217
(0.029345) (0.029319) (0.058765) (0.058453) (0.028986) (0.028571) (0.057143) (0.055556)
Ls 9.3535 9.3727 16.352259 16.531939 9.2154 9.0852 15.991961 15.532112
(0.299480) (0.291913) (1.097978) (1.097931) (0.283552) (0.275308) (1.031739) (0.970757)
Ly 9.7958 9.804538 18.018575 18.183088  9.650528 9.501876 17.600937  17.044090

(0.308550) (0.308677) (1.196677) (1.224162) (0.299257) (0.290151) (1.154473) (1.082441)
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Table 6. Posterior Distribution Properties via IGP for complete data

n 1=0.5 1=1.0
Mean Mode Variance Mean Mode Variance
25 0.634249 0.586038 0.014256 1.142528 1.055682 0.055997
50 0.482757 0.464850 0.004577 0.959504 0.923913 0.018081
100 0.505960 0.495941 0.002612 1.008485 0.988515 0.010378
500 0.500441 0.498443 0.000503 1.002525 0.998523 0.002018
1000  0.499920 0.498921 0.000250 1.000841 0.998841 0.001004
n A1=3.0 1=4.0
Mean Mode Variance  Mean Mode Variance
25 3.206086 2.962383 0.440942 4.249382 3.926375 0.774610
50 2.893189 2.785872 0.164391 3.870105 3.726552 0.294151
100 3.027071 2967129 0.093502 4.025859 3.946139 0.165383
500 3.003206 2.991218 0.018111 4.004609 3.988623 0.032203
1000  3.004404 2.998402 0.009045 4.000901 3.992907 0.016039
Table 7. Posterior distribution properties via ICSP for complete data
n 1=0.5 1=1.0
Mean Mode Variance  Mean Mode Variance
25 0.586962 0.541998 0.014909 1.099535 1.015304 0.052319
50 0.494853 0.476055 0.004932 0.983546 0.946184 0.019484
100 0.505960 0.495941 0.002612 1.008485 0.988515 0.010378
500 0.500441 0.498443 0.000503 1.002525 0.998523 0.002018
1000  0.499920 0.498921 0.000250 1.000841 0.998841 0.001004
n 1=3.0 1=4.0
Mean Mode Variance  Mean Mode Variance
25 3.180520 2.936875 0.437762 4.232628 3.908385 0.775285
50 2.965684 2.853026 0.177148 3.967078 3.816380 0.316977
100 3.027071 2967129 0.093502 4.025859 3.946139 0.165383
500 3.003206 2.991218 0.018111 4.004609 3.988623 0.032203
1000  3.004404 2.998402 0.009045 4.000901 3.992907 0.016039
Table 8. Posterior distribution properties via IGP for censored data
n 1=0.5 1=1.0
Mean Mode Variance  Mean Mode Variance
25  0.625303 0.571655 0.019250 1.210194 1.070379 0.102336
50  0.584629 0.558242 0.008274 1.089618 1.024198 0.039169
100 0.545618 0.533120 0.003531 1.064532 1.031426 0.018483
500 0.508678 0.506330 0.000601 1.012137 1.005758 0.003259
1000 0.503393 0.502231 0.000294 1.006078 1.002901 0.001606
n 1=3.0 1=4.0
Mean Mode Variance Mean Mode Variance
25 3.079968 2.815723 0.467038 4.529387 4.083393 0.211624
50  3.168282 3.025281 0.242984 4.106361 3.902629 0.086218
100 3.101677 3.030629 0.114106 4.159384 4.053157 0.043284
200 3.025270 2.990558 0.053425 4.063137 4.011150 0.020533
300 3.032845 3.009543 0.035747 4.028638 3.994250 0.013466
500 3.019045 3.005110 0.021181 4.024768 4.004091 0.008063
1000 3.003221 2.996288 0.010447 4.006019 3.995725 0.003989
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Table 9. Posterior distribution properties via ICSP for censored data

n

1=0.5

1=1.0

Mean

Mode

Variance

Mean

Mode

Variance

25 0.571209
50  0.557316
100 0.532012
500 0.505974
1000 0.502043

0.519347
0.530748
0.519154
0.503512
0.500821

0.016227
0.007556
0.003365
0.000595
0.000292

1.142500
1.055953
1.047588
1.008764
1.004392

1.002617
0.988944
1.013202
1.002061
1.001048

0.092524
0.037035
0.017959
0.003240
0.001601

n

1=3.0

1=4.0

Mean

Mode

Variance

Mean

Mode

Variance

25 3.049553
50  3.153462
100 3.094186
500 3.017527
1000 3.002460

2.772676
3.003133
3.019406
3.002845
2.995154

0.462496
0.241908
0.113830
0.021170
0.010445

4.510230
4.094997
4.153836
4.023606
4.005435

4.039965
3.880368
4.041896
4.001816
3.994586

0.209604
0.085695
0.043155
0.008058
0.003988

Table 10. Posterior distribution properties via LP for complete data

n

1=0.5

A=1.0

Mean

Mode

Variance

Mean

Mode

Variance

25  0.512586
50  0.506343
100 0.503417
500 0.499940
1000 0.499670

0.473901
0.486680
0.493498
0.497946
0.498672

0.011181
0.005286
0.002573
0.000501
0.000250

1.016954
1.006384
1.003417
1.001522
1.000340

0.940202
0.967301
0.983645
0.997527
0.998342

0.044008
0.020883
0.010222
0.002012
0.001002

n

1=3.0

1=4.0

Mean

Mode

Variance

Mean

Mode

Variance

25 3.064627
50  3.034545
100 3.011859
500 3.000200
1000 3.002901

2.833334
2.916699
2.952512
2.988235
2.996905

0.399657
0.189865
0.092094
0.018057
0.009031

4.099892
4.059192
4.005628
4.000601
3.998899

3.790467
3.901553
3.926700
3.984646
3.990914

0.715282
0.339733
0.162894
0.032106
0.016015

Table 11. Posterior distribution properties via GTIIP for complete data

n

1=0.5

1=1.0

Mean

Mode

Variance

Mean

Mode

Variance

25  0.509476
50  0.501280
100 0.500900
500 0.499440
1000 0.499420

0.471737
0.482000
0.491078
0.497450
0.498423

0.010815
0.005128
0.002534
0.000500
0.000250

1.003756
0.996320
0.998400
1.000520
0.999840

0.929404
0.958000
0.978824
0.996534
0.997844

0.041980
0.020258
0.010069
0.002006
0.001001

n

1=3.0

1=4.0

Mean

Mode

Variance

Mean

Mode

Variance

25  3.010476
50  3.004200
100 2.996800
500 2.997200
1000 3.001400

2787478
2.888654
2.938039
2.985259
2.995409

0.377624
0.184188
0.090715
0.018002
0.009017

4.025036
4.018600
3.985600
3.996600
3.996900

3.726886
3.864038
3.907451
3.980677
3.988922

0.675038
0.329574
0.160455
0.032010
0.015991
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Table 12. Posterior distribution properties via LP for censored data

n A1=0.5 A1=1.0

Mean Mode Variance  Mean Mode Variance
25 0486743 0.445318 0.011557 1.010882 0.895352 0.070475
50 0.514714 0.491581 0.006384 0.992266 0.933026 0.032282
100  0.510952 0.499273 0.003090 1.015542 0.984052 0.016770
500 0.501825 0.499509 0.000585 1.002464 0.996149 0.003195
1000 0.499974 0.498820 0.000289 1.001247 0.998086 0.001590
n 1=3.0 1=4.0

Mean Mode Variance  Mean Mode Variance
25 2919877 2.671377 0.415887 4.328560 3.906262 1.070653
50  3.086903 2948165 0.229614 4.011932 3.813811 0.429216
100 3.061373 2991398 0.110911 4.111730 4.006973 0.223925
500 3.011095 2.997203 0.021061 4.015425 3.994807 0.041717
1000 2.999257 2.992334 0.010418 4.001362 3.991082 0.020646

Table 13. Posterior distribution properties via GTIIP for censored data

n 1=0.5 1=1.0

Mean Mode Variance  Mean Mode Variance
25 0.483796 0.443480 0.011146 0.990451 0.880401 0.065400
50  0.512882 0.490087 0.006263 0.982341 0.924556 0.031129
100  0.510057 0.498465 0.003061 1.010316 0.979229 0.016464
500 0.501657 0.499345 0.000584 1.001443 0.995144 0.003184
1000 0.499891 0.498738 0.000289 1.000737 0.997580 0.001587
n 1=3.0 1=4.0

Mean Mode Variance  Mean Mode Variance
25  2.861632 2.623163 0.389950 4.224048 3.821758 0.991255
50  3.055161 2919376 0.222238 3.965075 3.771656 0.413732
100 3.045650 2.976431 0.109129 4.087350 3.983872 0.219821
500 3.008023 2.994161 0.020994 4.010711 3.990143 0.041565
1000 2.997729 2.990814 0.010401 3.999017 3.988750 0.020608

Table 14. Skewness and excess kurtosis of posterior distribution assuming different prior for complete data

Prior IGP ICSP LP GTIIP
n Skewness Excess Skewness Excess Skewness Excess Skewness Excess
Kurtosis Kurtosis Kurtosis Kurtosis
25 0912720 1.622659 0.898291 1.571810 0.853655 1.417511 0.838324 1.365766
50 0.555161 0.587239 0.569644 0.618607 0.583428 0.649236 0.577350 0.635638
100 0.408227 0.315077 0.408227 0.315077 0.406133 0.311837 0.404061 0.308647
200 0.179605 0.060581 0.179605 0.060581 0.284987 0.152904 0.284268 0.152130
300 0.126745 0.030145 0.126745 0.030145 0.232103 0.101282 0.231714 0.100942
500 0.912720 1.622659 0.898291 1.571810 0.179424 0.060459 0.179244 0.060338
1000 0.555161 0.587239 0.569644 0.618607 0.126681 0.030114 0.126618 0.030084
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Table 15. Skewness and excess kurtosis of posterior distribution assuming IG for censored data

Prior IG

ICSP

n 1=0.5
Skewness

Excess
Kurtosis

1=1.0
Skewness

Excess
Kurtosis

A1=0.5
Skewness

Excess
Kurtosis

1=1.0
Skewness

Excess
Kurtosis

25  0.933504
50  0.637774
100 0.440858
500 0.193276
1000 0.136295
n A1=3.0

25  0.933504
50  0.637774
100 0.440858
500 0.193276
1000 0.136295

1.706192
0.778282
0.367969
0.070173
0.034863

1.706192
0.778282
0.367969
0.070173
0.034863

1.136782
0.751322
0.519315
0.226341
0.159578
1=4.0

1.020316
0.672880
0.467127
0.204041
0.143841

2.583209
1.088564
0.512514
0.096303
0.047808

2.055418
0.868301
0.413619
0.078224
0.038834

0.938710
0.639430
0.441404
0.193322
0.136311
A=3.0

0.938710
0.639430
0.441404
0.193322
0.136311

1.726108
0.782411
0.368890
0.070206
0.034871

1.726108
0.782411
0.368890
0.070206
0.034871

1.146198
0.754033
0.520209
0.226415
0.159603
1=4.0

1.027119
0.674826
0.467777
0.204095
0.143860

2.628963
1.096653
0.514302
0.096366
0.047823

2.084350
0.873443
0.414783
0.078265
0.038845

Table 16. Skewness and excess kurtosis of posterior distribution assuming LP for censored data

122

Prior LP

GTII

n 1=0.5
Skewness

Excess
Kurtosis

1=1.0
Skewness

Excess
Kurtosis

1=0.5
Skewness

Excess
Kurtosis

A=1.0
Skewness

Excess
Kurtosis

25 0.928757
50  0.636252
100 0.440354
500 0.193234
1000 0.136280

1.688150
0.774496
0.367120
0.070142
0.034855

1.128263
0.748838
0.518492
0.226273
0.159554

2.542222
1.081178
0.510869
0.096245
0.047793

0.916515
0.632267
0.439026
0.193121
0.136240

1.642105
0.764634
0.364888
0.070060
0.034835

1.106567
0.742369
0.516328
0.226092
0.159490

2.439560
1.062069
0.506557
0.096091
0.047755

n 1=3.0

1=4.0

1=3.0

1=4.0

1=3.0

1=4.0

25 0.928757
50  0.636252
100 0.440354
500 0.193234
1000 0.136280

1.688150
0.774496
0.367120
0.070142
0.034855

1.014133
0.671093
0.466527
0.203991
0.143823

2.029326
0.863593
0.412546
0.078185
0.038825

0.916515
0.632267
0.439026
0.193121
0.136240

1.642105
0.764634
0.364888
0.070060
0.034835

0.998268
0.666423
0.464949
0.203858
0.143777

1.963235
0.851351
0.409730
0.078084
0.038800
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Table 17. BEs and PRs using IGP under L,

Prior IGP ICSP

n A1=0.5 A=1 A=3 A=4 1=0.5 A=1 A=3 A=4

25 0.634249 1.142528 3.206086 4.249382 0.586962 1.099535 3.180520 4.232628
(0.017490) (0.056755) (0.446912) (0.785098) (0.014909) (0.052319) (0.437762) (0.775285)

50 0.567465 1.069417 3.105335 4.133900 0.543974 1.048008 3.092367 4.125197
(0.006709) (0.023826) (0.200898) (0.356024) (0.006151) (0.022830) (0.198777) (0.353732)

100 0.533760 1.034710 3.046966 4.042622 0.522051 1.024030 3.040420 4.038122
(0.002907) (0.010925) (0.094735) (0.166763) (0.002778) (0.010689) (0.094224) (0.166209)

500 0.505974 1.007745 3.007178 4.007957 0.503637 1.005613 3.005862 4.007049
(0.000514) (0.002039) (0.018159) (0.032256) (0.000509) (0.002030) (0.018139) (0.032235)

1000 0.502685 1.003449 3.006389 4.002575 0.501517 1.002384 3.005731 4.002120
(0.000253) (0.001009) (0.009056) (0.016053) (0.000252) (0.001007) (0.009052) (0.016047)

For Censored Data

25 0.625303 1.210194 3.079968 4.529387 0.571209 1.142500 3.049553 4.510230
(0.019250) (0.102336) (0.277969) (0.482817) (0.016227) (0.092524) (0.272060) (0.475945)

50  0.584629 1.089618 3.168282 4.106361 0.557316 1.055953 3.153462 4.094997
(0.008274) (0.039169) (0.132667) (0.191173) (0.007556) (0.037035) (0.131189) (0.189492)

100 0.545618 1.064532 3.101677 4.159384 0.532012 1.047588 3.094186 4.153836
(0.003531) (0.018483) (0.061720) (0.093415) (0.003365) (0.017959) (0.061357) (0.092993)

500 0.508678 1.012137 3.019045 4.024768 0.505974 1.008764 3.017527 4.023606
(0.000601) (0.003259) (0.011564) (0.017216) (0.000595) (0.003240) (0.011550) (0.017199)

1000 0.503393 1.006078 3.003221 4.006019 0.502043 1.004392 3.002460 4.005435
(0.000294) (0.001606) (0.005720) (0.008517) (0.000292) (0.001601) (0.005717) (0.008513)

Table 18. BEs and PRs using IGP under L,

Prior IGP ICSP

n 1=0.5 =1 A=3 =4 1=0.5 =1 A=3 =4

25  0.586038 1.055682 2.962383 3.926375 0.541998 1.015304 2.936875 3.908385
(0.038006) (0.038006) (0.038006) (0.038006) (0.038303) (0.038303) (0.038303) (0.038303)

50  0.545346 1.027734 2.984297 3.972771 0.522687 1.006996 2.971354 3.963766
(0.019489) (0.019489) (0.019489) (0.019489) (0.019566) (0.019566) (0.019566) (0.019566)

100 0.523223 1.014283 2.986815 3.962816 0.511725 1.003774 2.980278 3.958244
(0.009871) (0.009871) (0.009871) (0.009871) (0.009890) (0.009890) (0.009890) (0.009890)

500 0.503955 1.003724 2.995181 3.991967 0.501627 1.001600 2.993865 3.991056
(0.001995) (0.001995) (0.001995) (0.001995) (0.001996) (0.001996) (0.001996) (0.001996)

1000 0.501681 1.001445 3.000384 3.994580 0.500515 1.000381 2.999726 3.994125
(0.000999) (0.000999) (0.000999) (0.000999) (0.000999) (0.000999) (0.000999) (0.000999)

For Censored Data

25  0.571655 1.070379 2.815723 4.083393 2.785611 4.061625 2.785611 4.061625
(0.042897) (0.057765) (0.042897) (0.049233) (0.043275) (0.049732) (0.043275) (0.049732)

50  0.558242 1.024198 3.025281 3.902629 3.010473 3.890798 3.010473 3.890798
(0.022568) (0.030020) (0.022568) (0.024807) (0.022672) (0.024933) (0.022672) (0.024933)

100 0.533120 1.031426 3.030629 4.053157 3.023143 4.047475 3.023143 4.047475
(0.011453) (0.015549) (0.011453) (0.012770) (0.011480) (0.012803) (0.011480) (0.012803)

500 0.506330 1.005758 3.005110 4.004091 3.003593 4.002925 3.003593 4.002925
(0.002308) (0.003151) (0.002308) (0.002569) (0.002309) (0.002570) (0.002309) (0.002570)

1000 0.502231 1.002901 2.996288 3.995725 2.995527 3.995140 2.995527 3.995140
(0.001154) (0.001579) (0.001154) (0.001285) (0.001155) (0.001285) (0.001155) (0.001285)
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Table 19. BEs and PRs using IGP under L;

Prior IGP ICSP
n 1=0.5 A=1 A=3 A=4 1=0.5 A=1 A=3 =4
25  0.609191 1.097390 3.079420 4.081498 0.563584 1.055742 3.053846 4.064050
(0.025058) (0.045139) (0.126666) (0.167884) (0.023378) (0.043793) (0.126675) (0.168578)
50 0.556186 1.048161 3.043613 4.051734 0.533118 1.027093 3.030653 4.042870
(0.011279) (0.021256) (0.061722) (0.082166) (0.010856) (0.020915) (0.061714) (0.082326)
100  0.528439 1.024395 3.016591 4.002321 0.516836 1.013801 3.010049 3.997784
(0.005321) (0.010315) (0.030375) (0.040301) (0.005215) (0.010229) (0.030371) (0.040338)
500 0.504962 1.005731 3.001168 3.999946 0.502630 1.003602 2.999852 3.999036
(0.001011) (0.002014) (0.006011) (0.008011) (0.001007) (0.002011) (0.006010) (0.008012)
1000 0.502182 1.002446 3.003383 3.998573 0.501015 1.001381 3.002726 3.998118
(0.000503) (0.001003) (0.003005) (0.004001) (0.000501) (0.001002) (0.003005) (0.004002)
For Censored Data
25  0.597276 1.136001 2.941924 4.294842 0.545371 1.071572 2911613 4.274189
(0.028026) (0.074193) (0.106498) (0.149708) (0.025837) (0.070928) (0.105796) (0.149336)
50  0.571131 1.055896 3.095131 4.001903 0.544388 1.023065 3.080309 3.990287
(0.013498) (0.033722) (0.054052) (0.067938) (0.012928) (0.032888) (0.053871) (0.067805)
100 0.539297 1.047718 3.065741 4.105584 0.525833 1.030988 3.058252 4.099966
(0.006322) (0.016814) (0.026429) (0.034308) (0.006178) (0.016600) (0.026382) (0.034274)
500 0.507501 1.008938 3.012061 4.014403 0.504803 1.005573 3.010544 4.013239
(0.001177) (0.003200) (0.005160) (0.006641) (0.001171) (0.003191) (0.005158) (0.006640)
1000 0.502811 1.004487 2.999751 4.000866 0.501463 1.002803 2.998990 4.000281
(0.000582) (0.001591) (0.002568) (0.003306) (0.000580) (0.001589) (0.002568) (0.003306)
25  0.597276 1.136001 2.941924 4.294842 0.545371 1.071572 2911613 4.274189
(0.028026) (0.074193) (0.106498) (0.149708) (0.025837) (0.070928) (0.105796) (0.149336)

Table 20. BEs and PRs using IGP under L4

Prior IGP ICSP
n 1=0.5 A=1 A=3 A=4 0.599528 1.123074 3.248610 4.323242
(0.025131) (0.047079) (0.136181) (0.181229)
25 0.647890 1.167101 3.275042 4.340777 0.549599 1.058844 3.124341 4.167851
(0.027282) (0.049146) (0.137912) (0.182790) (0.011249) (0.021672) (0.063949) (0.085308)
50  0.573346 1.080499 3.137515 4.176739 0.524705 1.029236 3.055876 4.058650
(0.011762) (0.022164) (0.064361) (0.085679) (0.005308) (0.010412) (0.030912) (0.041056)
100 0.536476 1.039976 3.062472 4.063195 0.504142 1.006622 3.008878 4.011069
(0.005432) (0.010532) (0.031013) (0.041146) (0.001010) (0.002018) (0.006031) (0.008040)
500 0.506482 1.008756 3.010196 4.011979 0.501768 1.002886 3.007236 4.004124
(0.001016) (0.002022) (0.006035) (0.008044) (0.000502) (0.001004) (0.003011) (0.004009)
1000 0.502936 1.003952 3.007895 4.004580 0.599528 1.123074 3.248610 4.323242
(0.000503) (0.001005) (0.003011) (0.004009) (0.025131) (0.047079) (0.136181) (0.181229)
For Censored Data
25 0.640511 1.251761 3.124767 4.582375 0.585241 1.182299 3.093838 4.562688
(0.030415) (0.083134) (0.089599) (0.105977) (0.028064) (0.079597) (0.088569) (0.104915)
50  0.591663 1.107446 3.189150 4.129573 0.564054 1.073346 3.174195 4.118069
(0.014068) (0.035656) (0.041736) (0.046424) (0.013476) (0.034786) (0.041465) (0.046144)
100 0.548844 1.073178 3.111610 4.170598 0.535165 1.056125 3.104085 4.165014
(0.006452) (0.017292) (0.019867) (0.022429) (0.006306) (0.017074) (0.019798) (0.022357)
500 0.509268 1.013746 3.020959 4.026906 0.506562 1.010369 3.019440 4.025743
(0.001181) (0.003217) (0.003829) (0.004276) (0.001175) (0.003209) (0.003826) (0.004273)
1000 0.503685 1.006876 3.004173 4.007082 0.502334 1.005189 3.003412 4.006497
(0.000584) (0.001596) (0.001904) (0.002126) (0.000581) (0.001593) (0.001904) (0.002125)
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Table 21. BEs and PRs using LP under L,

Prior LP GTIIL

n A1=0.5 A=1 A=3 A=4 1=0.5 A=1 A=3 A=4

25 0.512586 1.016954 3.064627 4.099892 0.509476 1.003756 3.010476 4.025036
(0.011181) (0.044008) (0.399657) (0.715282) (0.010616) (0.041587) (0.376441) (0.673457)

50  0.507502 1.007543 3.035704 4.060351 0.505998 1.001038 3.008918 4.023318
(0.005310) (0.020931) (0.190010) (0.339927) (0.005177) (0.020354) (0.184478) (0.329961)

100 0.503994 1.003994 3.012436 4.006205 0.503259 1.000759 2.999159 3.987959
(0.002579) (0.010234) (0.092130) (0.162941) (0.002546) (0.010093) (0.090787) (0.160550)

500 0.500055 1.001636 3.000315 4.000715 0.499912 1.000992 2.997672 3.997072
(0.000502) (0.002013) (0.018058) (0.032108) (0.000500) (0.002007) (0.018005) (0.031013)

1000 0.499727 1.000398 3.002959 3.998957 0.499656 1.000076 3.001636 3.997136
(0.000250) (0.001002) (0.009031) (0.016016) (0.000250) (0.001001) (0.009018) (0.015992)

For Censored Data

25 0.486743 1.010882 2.919877 4.328560 0.483796 0.990451 2.861632 4.224048
(0.011577) (0.070475) (0.240887) (0.418715) (0.011146) (0.065400) (0.226266) (0.388698)

50  0.514714 0.992266 3.086903 4.011932 0.512882 0.982341 3.055161 3.965075
(0.006384) (0.032282) (0.123442) (0.177967) (0.006263) (0.031129) (0.119595) (0.171766)

100 0.510952 1.015542 3.061373 4.111730 0.510057 1.010316 3.045650 4.087350
(0.003090) (0.016770) (0.059521) (0.090120) (0.003061) (0.016464) (0.058594) (0.088527)

500 0.501825 1.002464 3.011095 4.015425 0.501657 1.001443 3.008023 4.010711
(0.000585) (0.003195) (0.011481) (0.017093) (0.000584) (0.003184) (0.011445) (0.017033)

1000 0.499974 1.001247 2.999257 4.001362 0.499891 1.000737 2.997729 3.999017
(0.000289) (0.001590) (0.005700) (0.008487) (0.000289) (0.001587) (0.005691) (0.008472)

Table 22. BEs and PRs using LP under L,

Prior LP GTII

n 1=0.5 =1 A=3 =4 1=0.5 =1 A=3 =4

25 0473901 0.940202 2.833334 3.790467 0.471737 0.929404 2.787478 3.726886
(0.037736) (0.037736) (0.037736) (0.037736) (0.037037) (0.037037) (0.037037) (0.037037)

50 0.487793 0.968415 2.917813 3.902667 0.486537 0.962537 2.893191 3.868575
(0.019417) (0.019417) (0.019417) (0.019417) (0.019231) (0.019231) (0.019231) (0.019231)

100 0.494063 0.984210 2.953077 3.927265 0.493391 00981136 2.940352 3.909764
(0.009852) (0.009852) (0.009852) (0.009852) (0.009804) (0.009804) (0.009804) (0.009804)

500 0.498061 0.997642 2.988350 3.984760 0.497920 0.997004 2.985729 3.981147
(0.001994) (0.001994) (0.001994) (0.001994) (0.001992) (0.001992) (0.001992) (0.001992)

1000 0.498729 0.998400 2.996962 3.990971 0.498659 0.99808  2.995645 3.989158
(0.000999) (0.000999) (0.000999) (0.000999) (0.000998) (0.000998) (0.000998) (0.000998)

For Censored Data

25  0.445318 0.895352 2.671377 3.906262 0.443480 0.880401 2.623163 3.821758
(0.042553) (0.057143) (0.042553) (0.048780) (0.041667) (0.055556) (0.041667) (0.047619)

50 0491581 0.933026 2.948165 3.813811 0.490087 0.924556 2.919376 3.771656
(0.022472) (0.029851) (0.022472) (0.024691) (0.022222) (0.029412) (0.022222) (0.024390)

100 0.499273 0.984052 2.991398 4.006973 0.498465 0.979229 2.976431 3.983872
(0.011429) (0.015504) (0.011429) (0.012739) (0.011364) (0.015385) (0.011364) (0.012658)

500 0.499509 0.996149 2.997203 3.994807 0.499345 0.995144 2.994161 3.990143
(0.002307) (0.003150) (0.002307) (0.002567) (0.002304) (0.003145) (0.002304) (0.002564)

1000 0.498820 0.998086 2.992334 3.991082 0.498738 0.997580 2.990814 3.988750
(0.002307) (0.003150) (0.002307) (0.002567) (0.001153) (0.001577) (0.001153) (0.001284)

Published by Canadian Center of Science and Education 125



www.ccsenet.org/ijsp International Journal of Statistics and Probability Vol. 1, No. 1; May 2012

Table 23. BEs and PRs using LP under L3

Prior LP GTIIL
n A1=0.5 =1 A=3 A=4 A1=0.5 A=1 A=3 A=4
25 0.492485 0.977073 2.944446 3.939112 0.489881 0.965150 2.894689 3.870227
(0.020101) (0.039881) (0.120181) (0.160780) (0.019595) (0.038606) (0.115788) (0.154809)
50  0.497453 0.987591 2.975591 3.979948 0.496077 0.981410 2.949920 3.944430
(0.010050) (0.019951) (0.060113) (0.080403) (0.009922) (0.019628) (0.058998) (0.078889)
100 0.498979 0.994004 2.982461 3.966342 0.498276 0.990851 2.969464 3.948474
(0.005015) (0.009990) (0.029974) (0.039863) (0.004983) (0.009909) (0.029695) (0.039485)
500 0.499056 0.999635 2.994320 3.992722 0.498914 0.998994 2.991688 3.989094
(0.000999) (0.002001) (0.005995) (0.007993) (0.000998) (0.001998) (0.005983) (0.007978)
1000 0.499228 0.999398 2.999957 3.994960 0.499157 0.999077 2.998637 3.993143
(0.000499) (0.001000) (0.003001) (0.003997) (0.000499) (0.000999) 0.002999) (0.003993)
For Censored Data
25 0.465110 0.949616 2.790105 4.106583 2.737214 4.012846 2.737214 4.012846
(0.021633) (0.061266) (0.098765) (0.138817) (0.094775) (0.132255) (0.094775) (0.132255)
50  0.502882 0.961734 3.015939 3.910364 2.985725 3.865948 2.985725 3.865948
(0.011833) (0.030531) (0.052032) (0.065402) (0.050937) (0.063870) (0.050937) (0.063870)
100 0.505045 0.999549 3.025981 4.058676 3.010643 4.034948 3.010643 4.034948
(0.005907) (0.015993) (0.025927) (0.033658) (0.025652) (0.033254) (0.025652) (0.033254)
500 0.500664 0.999297 3.004133 4.005090 3.001076 4.000401 3.001076 4.000401
(0.001160) (0.003167) (0.005140) (0.006616) (0.005129) (0.006600) (0.005129) (0.006600)
1000 0.499396 0.999664 2.995791 3.996215 2.994268 3.993876 2.994268 3.993876
(0.000578) (0.001583) (0.002563) (0.003300) (0.002560) (0.003296) (0.002560) (0.003296)
25 0.465110 0.949616 2.790105 4.106583 2.737214 4.012846 2.737214 4.012846
(0.021633) (0.061266) (0.098765) (0.138817) (0.094775) (0.132255) (0.094775) (0.132255)

Table 24. BEs and PRs using LP under Ly

Prior LP GTIL

n A1=0.5 A=1 A=3 A=4 A1=0.5 A=1 A=3 A=4

25 0.523379 1.038366 3.129152 4.186215 0.519790 1.024262 3.072362 4.107843
(0.021586) (0.042823) (0.129051) (0.172646) (0.020628) (0.041012) (0.123771) (0.165613)

50  0.512707 1.017877 3.066840 4.101997 0.511088 1.011153 3.039419 4.064117
(0.017426) (0.020668) (0.062272) (0.083291) (0.010180) (0.020231) (0.061001) (0.081598)

100 0.506546 1.009078 3.027689 4.026490 0.505782 1.005789 3.014256 4.008038
(0.005104) (0.010167) (0.030506) (0.040569) (0.005046) (0.010060) (0.030195) (0.040157)

500 0.500557 1.002640 3.003323 4.004726 0.500412 1.001994 3.000674 4.000949
(0.001003) (0.002009) (0.006016) (0.008021) (0.000999) (0.002004) (0.006003) (0.007755)

1000 0.499977 1.000899 3.004462 4.000954 0.499906 1.000576 3.003138 3.999136
(0.000500) (1.001351) (0.003007) (0.003994) (0.000500) (0.001001) (0.003004) (0.003999)

For Censored Data

25 0.498493 1.045159 2.960839 4.376659 0.495181 1.022934 2.900897 4.269810
(0.003501) (0.068554) (0.081924) (0.096199) (0.022771) (0.064965) (0.078530) (0.091524)

50  0.520878 1.008402 3.106833 4.034051 0.518952 0.998059 3.074671 3.972429
(0.012329) (0.032271) (0.039860) (0.044237) (0.012139) (0.031437) (0.039021) (0.014708)

100 0.513967 1.023765 3.071079 4.122674 0.513049 1.018431 3.055254 4.098165
(0.006030) (0.016447) (0.019412) (0.214499) (0.005984) (0.016231) (0.019208) (0.021630)

500 0.502407 1.004056 3.013001 4.017553 0.502239 1.003031 3.009925 4.012834
(0.001165) (0.003185) (0.003812) (0.004256) (0.001163) (0.003177) (0.003804) (0.004246)

1000 0.500263 1.002041 3.000207 4.002422 0.500180 1.001530 2.998678 4.000076
(0.000578) (0.001587) (1.900170) (0.002121) (0.000578) (0.001585) (0.001898) (0.002118)
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Figure 1. (i) For complete data set (i)  Using IG prior where IG(c) denote censored data
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Figure 2. (i) For censored data set (i)  Using IG prior where IG(c) denote censored data
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Figure 3. (i) For censored data set (ii))  Using IG prior where IG(c) denote censored data
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Figure 4. (i)  For censored data set (ii))  Using IG prior where IG(c) denote censored data
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