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Abstract

This paper provides third and fourth-order coverage probability errors of delta method confidence intervals (CIs) for the
covariance parameters of a time series generated by a linear regression model with strongly dependent errors. The Cls are
based on the plug-in maximum likelihood (PML) estimators. Bounds have been established on the coverage probability
errors of one-and two-sided delta method CIs based on the plug-in log-likelihood (PLL) function under some sets of
conditions on the regression coefficients, the spectral density function, and the parameter values. It is shown that the the
fourth order delta method CIs in the case of linear regression model with Gaussian, stationary and strongly dependent
errors have coverage probability errors of O(n~") and that of the third-order has errors of O(n~'/%) which is the same order
of magnitude asymptotically as in the independent and identically distributed (iid) case.
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1. Introduction

Let {w;,i > 1} be a discrete time stationary and Gaussian process with unknown mean g and spectral density fy(1) for
A€ (—=m,m), where § = (d,0,,...,0,) € R" and

fo() = 0(|A7>0) (1.1)

as |4 | 0,6 > 0,d € (0,1/2), and 8, = d. The parameter d is generally termed as the fractional ’differencing’
operator and when 0 < d < 1/2, the process whose spectral density satisfies (1.1) is known as a long-memory process
with long-memory parameter d. The most well known model for long-memory processes satisfying (1.1) above is the the
autoregressive fractionally integrated moving average ARFIMA (p,d,q) process introduced by Hosking (1980) and Grangr
et al. (1981) and defined by

O(B)X; = y(B)(1 - B) e, (1.2)
where ®(B) = 1 + 1B+ ...+ ®,B” and ¥(B) = 1 + ¥\ B + ... + ¥, BY are autoregressive and moving-average operators,
®(B) and ¥(B) have no common roots, d € (0, %), (1 — By is defined by the binomial formula (1 — B)™ = Z;’;O n ij ,

where
I'(j+d)

TG r@
and I' is the gamma function, and ¢ is a white noise sequence with finite variance. The auto-covariance function of the
process in (1.2) is slow decaying leading to the non-summability that corresponds to a pole at the origin in the spectral
density function. In general, a process with spectral density satisfying

Fo) ~ 17 @Ay (1) (1.4)

(1.3)

as 1 — oo, with 0 < a(f) < 1, where ~ indicates that the ratio of the left and right sides tend to 1 and Ag(4) is slowly
varying at 0 in the sense that 1°A4() is bounded for every 6, is referred to as strongly dependent or long memory by
Beran (1992, 1994), Robinson (1994, 1995), Baillie (1996), Taqqu (1986) and others. The ARFIMA (p,d,q) given in (1.2)
satisfies (1.4) with a(6) = 2d because its spectral density function can be written as:

0_2 P |\P(e—i/l)|2
A) = —|2sin = — 1.5
Jold) = 2 2sin S e e (1)
and it can be shown that ) 5
o Y1)l
A) ~ — 1.6
Jl) ~ 50 (1.6)
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for [4] — 0 (see Palma (2007), pp 47.)

Andrews et al. (2006) have determined the coverage probability errors of the delta method confidence intervals for
covariance parameters of the process {w,} described in (1.1) above. In this paper we establish the coverage probability
errors of the delta method confidence intervals for the covariance parameters of a linear regression process whose error
terms are the long-meory process {w,} by imposing an additional condition on the regression coefficients and a mild
condition on the spectral density function.

Our model, which we call the Gaussian long-memory linear regression model is described as follows. Let 8y = (ﬁl B2y ,BP)'
be a vector of deterministic, but unknown real numbers. Let {Y;,i > 1} be a process such that: Y; = Z,8y + w;, where

Z; = (zil 22Dy e ,zi,,> are non-stochastic regressors for i = 1,2,...,n and w; are the stationary Gaussian processes men-
tioned above. With out loss of generality we can assume that the mean of the w; is zreo.

Now, the process {Y;,i > 1} is non-stationary because the mean of Y; is y; = EY; = Z;8y, which varies with i. However, if

Y = (Y, Y,,...,Y,) is an observed sample of size n and ‘W = (w, wy, ..., w,)" , then clearly the covariance matrix of Y

is the same as that of “W.

Let 4 = (1,2, . .., tn) be the true mean of Y. Then, the least square estimate (LSE) 3 = (ﬁl,ﬁz, ... ,/fp)’ of By is given

by =V~'Z'Y, where Z = (zjj) fori=1,..,nand j = 1, ..., p denote the design matrix of our regression model and
Vv=277Z (1.7)

is a p x p matrix. Thus, the estimator of y is ft = (i}, ..., ), where @, = Z,3, t = 1,2, ...,n. We shall assume the rank of
Z is p. Then, the matrix V (and hence V') is symmetric and positive definite.

The n x n (Toeplitz) covariance matrix corresponding to fp(1) is denoted by I',(fy) and has (Jj, k) element defined by:

Co(fo) ik = f ' UL (DdA. (1.8)

ys

The log-likelihood function is

1 1
An(0, ) = —g In(2m) = 2 In(det(n(fo))) = 5 (¥ - W' (Y = . (1.9)

We refer to A, (6, fi), where [ is replaced for u in (1.9) above, as the plug-in log-likelihood (PLL) function. Let A, =
ZV17" and let K, = I, — A, where I, is the n X n identity matrix. We note that there exists an n X p matrix E such that

A, = EE. (1.10)

Using the fact that (Y — 1)’ = Y’'K,,, the PLL function can now be written as

A6, = = In2) ~ £ In@et(T (o)) ~ 3 ¥ Kol (K. (1.11)

Let ®, denote the set of solutions to the first order conditions of the PLL function. That is, H%A,,(@n,ﬁ) = 0 for all
, € (:),,. If no solution to this condition exists, then we define (:)n to contain values that maximize the PLL function.
Let 8, denote an element of ®,. We call 8, a plug-in maximum likelihood (PML) estimator of the true parameter 6.

By Theorem 2.1 of Dahlhaus (1989), the asymptotic covariance matrix of a consistent PML estimator 6, is 2(6y), where

2(0) = [ﬁ f_ 7; % In( fg(/l))a‘—;, In( fg(/l))d/l]_l. A consistent estimator of (6p) is (6,), provided that fy(1) is smooth with
respect to 6. Our goal is to formulate the structure of delta method test statistic and confidence intervals of the true
parameter 6 of the process using 2(6,) and then determine the magnitude of the coverage probability errors.

The remainder of the paper proceeds as follows. Section 2 presents some preliminaries and lists a set of assumptions.
Section 3 describes the delta method and provides bounds on the third and fourth-order coverage probability errors of one

and two-sided delta method confidence interval estimates.
2. Background Preliminaries and Assumptions

2.1 A Brief Description of Delta Method Cls and Tests

Let 6, denote some element of ®, the parameter space. Let 6y, 6, and @n,r denote the r-th elements of 6y, §;, and 9,
respectively. Let 2,,,(@,1) denote the (r,r)-th element of £(6,).
(a) The 1 statistic for testing the null hypothesis Hy : 6y, = 0y, is

\/ﬁ(én,r - Hh,r)

ln(gh,r) = 21/‘2(9 ) (21)
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Let z, denote the 1 — & quantile of the standard normal distribution.
(b) The two-sided delta method CI for 6, with approximate confidence level 100(1—a)% based on the PML estimator 0, is

(é ) é 21,42(6n) é Z},i‘ (6An) ( )
n n,r Q s Yn,r Q, . .
12 = . Za/2 \/_ r T2 /2 \/_ 2.2
(C) The upper one-sided delta method 100(1 - (1)90 CI for Qo,r is
1 (9 ) =10, -2 i'/VZ(A ) o ( )
u n n,r e N . 2 3
14 s \/_

(d) The two-sided delta method t test of Hy : 6y, = 0y, versus Hy : 6y, # 0, with significance level « rejects Hy if

|tn(9h,r)| > Za)2-
(e) The one sided t test of Hy : 6y, < 0y, versus Hj : 6y, > 6, with significance level « rejects Hy if ,,(6;,,) > 24

2.2 Background on Cumulants and Edgeworth Expansion

For a random variable U with a characteristic function ¢(f) = E(e"Y), the jth cumulant, «;, of U is defined to be the
coeflicient of %(it)f in a power series expansion of

1
In () = ; ﬁkj(n)f. (2.4)
Since | 1
o(t) = E("Y) = 1 + E(U)it + 5E(UZ)(n)2 Fot FE(UJ’)(;’:)J + o (2.5)

substituting (2.5) in (2.4) with E(U’) denoted by u; we obtain

| |
Z ﬁKj(ll)J =In|l+ Z ﬁﬂj(ll)j

=1 =1

(2.6)

and using the Taylor series expansion identity In(1 + x) = Zzs; (—1)k*! L the right hand side of (2.6) above equals

k
(o1 .
Z(—l)"“z [Z o j(ir)f] : 2.7)

=1 =1

By equating the coefficients of %(it)j from the left hand side of (2.6) with those in (2.7) we obtain k; = uy, k2 = p —/J%, K3 =

s = 3upn + 2;1?, K4 = pg — 4z — 3;1% + 12/1%/12 - 6/,(‘1‘, and so on, the formula for ko for example containing more than
41 such terms. (See Hall, (1992), pp. 41-46.)

Now, let 8 be an estimate of the parameter 6y, constructed from a sample of size n. Under certain conditions n'2(6 - 6y)
is asymptotically normally distributed with zero mean and variance o> and for many situations of practical interest the
distribution function of n'/2(A — ) is expanded as a power series in n~'/2 as follows:

1/2¢p _
n (9 00) <
(o

P( u) = O(u) + n_l/zpl(u)qﬁ(u) +..+ n_j/zpj(u)qﬁ(u) + ..., (2.8)
where ¢ and © are the Standard Normal density and distribution function, respectively, and p; is a polynomial in terms of
cumulants and is of degree 3j — 1. The expansion on the right hand side of (2.8) is known as an Edgeworth expansion of
the distribution function on the right. For example, if U;, Us, ..., U, are independent and identically distributed with mean
i = 6 and finite variance o> and if f represent the sample mean, then p; and p, are of degrees 2 and 5, respectively, and
are given by

pi(w) = &3’ — 1), and
pa(u) = —2—14/<4(u3 - 3u) - 7—12K§(u5 —10u® + 15u).

Details on more general cumulant and Edgeworth expansion can be found in Hall, (1992), and Barndorff et al. (1989).
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2.3 Assumptions

Most of the assumptions stated below for the PML estimator are standard assumptions of long-memory processes and
have appeared in numerous papers in the literature under different contexts including Fox et al. (1986), Dahlhaus (1989),
Lieberman et al. (2003), Andrews et al. (2006), and Palma (2007) among others. Assumption A1l specifies the parameter
space for which the results of this paper hold. Assumption A2 states that the sequence of estimators 6, for which we
construct confidence intervals are consistent. Assumption A3 is essentially a modified version of Condition NS of
Andrews et al. (2006) and Assumptions A4-A8 are also those of Andrews et al. (2006) restated here for convenience.
This paper includes two additional assumptions, A9 and A10. Assumption A9 is included to impose a mild additional
condition on the spectral density function fy(1), requiring fy(1) to be bounded away from zero. Assumption A10 puts a
restriction on the design matrix Z. Assumptions A4-A8 below depend on a positive integer s > 3 that indexes the order
of the PLL derivatives that are used in the Edgeworth expansions employed in the proofs of the CI coverage probability
results.

Al. The parameter space ® is a subset of R” where r = dim(#) with non-empty interior.

A2. For all & > 0 and all compact subsets O, of ®, the sequence of PML estimators {f, : n > 1} for which the results of
this paper hold satisfy

sup Py, (116, — Ooll > nin(n)e) = o(n'~*"?

0()6@r

) as n— oo

for some integer s > 3.

A3. The matrices D,(6) and D(6) in (2.23) below are positive definite.

A4. For some integer s > 3, fy(1) is s + 1 times continuously differentiable with respect to 6, and all of the derivatives are
continuous in (4, §) for A # 0. In addition, f, () is continuous in (2, §) for all A € [0, 7] and 6 € ®.

A5. The derivatives 2 aifo 1(2) and 2 e fg (1) are continuous in (1, 8) for A # 0. In addition, there exists ¢;(6, §) < oo such
that |(ng W] < ¢1(8,8)|A74* 9 fork =0,1,2 and all 6 > 0, where 6 = (d, 6, ...,6,) and d € (0, 1/2).

AG6. There exists ¢;(0,8) < oo and ¢3(0, §) < oo such that for all § > 0 and A € [0, ]:

(@) | fo(D < ¢2(6,6)|7~ and

(b) for all (ji, ..., ji) with k < s + 1, with duplication among the j; allowed, I(%} 7 157 ] < 18, §)|APF0.

.....

A7. For any compact subset @, of ©, there exists a constant C(®,, §) < oo such that ¢1(6, 9), c2(6, 6), and c3(6,0) in a A3
and A4 are bounded by C(®, 9) for all f € O,.

AS8. (a) There exists a function (1) that is integrable over O, 7r) and a constant ¢4(6) < oo such that for all (jy, ..., jr) with
k < s + 1, with duplication among the j; allowed, |—— (,9 o fo Y| < ¢4(6)Q(2) for A € (0, ). For any compact subset (O

of @, there exists a constant C(®,) < oo such that C4(9) < C (®,) forall 8 € ..

(b) When computing derivatives of the form 7 (, vo(u) for k < s+ 1 and u = 0, 1,2, ..., the derivatives may be taken

.....

inside the integral sign of (1.8), where y(1) = Eg(X — u))(X; — i) and Ey denotes expectation when the true parameter
is 6.

A9. The spectral density function is bounded away from zero on a compact subset of the parametric space.

A10. The design matrix Z is chosen in such a way that for the matrix
E=(ej),i=1,..,nj=1,..,p (2.9),

defined in (1.10) there exists a constant My < oo such that |e;;| < —2 \f Sforl <i<n 1<j<p.

One drawback of the results of this paper is that the design matrix is required to satisfy assumption A10. A natural question
would be whether one can find a design matrix of practical value that satisfies the condition imposed in this assumption.
The next lemma provides such a matrix. The n X p matrix Z given in the lemma is a special case of the so called
Vandermonde matrix which arises in many applications such as polynomial least squares fitting, Lagrange interpolating
polynomials, and the reconstruction of a statistical distribution from the distribution’s moments.

Lemma 2.1. There exists a design matrix Z of rank p which satisfies assumption A10.
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Proof: Consider the Vandermonde Matrix

1
1 a a ay”
-1
1 a a . . &
Z= 2 % 2|, (2.10)
2 p-1
1 a, a; a,

where 1 < a; < ap < ... < a,. We would like to form the matrix E of (1.10) from the design matrix Z above and show
that this matrix satisfies assumption A10. Using the notation U for the analogue of matrix V defined in (1.7), we obtain

n a4 .. T ,_ omn) Oma,) . . Oma’™"
n . n n 2
U=ZT7Z= E.:la, Zl .. ZZ: ; _ O(na,) O(a2) . . O(nab) . @2.11)
o a f” a2 at?) \owmd™) omd) .. Oma’™?)

Looking at the orders of the entries of the matrix U in (2.11) above we see that its inverse should be of the form:

oG OG- . Oz
e N

(L{—l — 0( na,,) O(na ) T 0( mlg) . (212)
O 0Gh) . 0t

Let A,k = 1, ..., p be the distinct eigenvalues and uy = (ux, Uag, ..., i)’ be the corresponding eigenvectors of U A are
the roots of the symmetric characteristic polynomial |1/ — U~!| = 0, which may be written as

))+0( )+0(—)+ .+ 0O(

M) 0. (2.13)

From this we see that the vanishing of the characteristic polynomial |1/ — U~"| is determined by the the first term

(1-0( ))(/1 0(—)) (A=0( 2[, —55)) (2.14)

na,
of (2.13) because all the remaining terms are of order < 0( )) But (2.14) vanishes for A = 0( ), 0(—= ! ) ,0(#).
Thus O(4;) < 0(;) fork=1,2,..,p

Now let’s use the notation U~ = (vij),i,j = 1,..., p for the matrix U" in (2.12). For each k = 1, ..., p, we find the
eigenvectors iy by solving the equations:

Vit = Ay + vplop + ... + VipUpk = 0 (2.15)

fori = 1,2,...,p. Let uy; = 1. From (2.12) we observe that for i,k = 1,2,...,p, vk = O(MQT) and therefore we

may replace each v; by ni;ﬁ*,il and each 4; by & ¥ where N, Ni,; are constants. Replacing these values in (2.15) above

the first equation in (2. 15) becomes: (& - o) + uzk + ..+ ﬂupk = 0 and the second equation in (2.15) becomes:

N—zz + E - —)ugk +o ,,+, upr = 0. Solving for upy in the first of the above equations and substituting in the second we

obtain: —nal Nuy, + nal” (N2 ””N‘ - ””N) +0ma”™) + ...+ 0n) = 0. Looking at the first two terms of the above
equation we see that uy; must have order O(J)' Similarly, us; = O(n_il) obtained from the first and the 3rd equations of
(2 12), and in general uy = O(M%) for i = 2,..., p. Now, the matrix E of (2.9) is given by E = Z8B, where 8 = PDP’,

= (”L;””) i,j=1,.,pand u;; = 1, and O is the matrix whose diagonal entries are VA, for k = 1, ..., p and zero
elsewhere Then we have

P N EI’ i VA 2[’ ”pi‘//Ti
=1 Jluil? =1 || o =1 |lul?
P VA p N r —"2"[‘1’i@
B = | “i=1 TP i=1 ] co =1 (>, (2.16)
P upi VA p ity VA 4 L‘zznx‘/’T
i=1 ]| =1 |l o =1 |lu?
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Using the above notation of matrix 8, we can now form the matrix E as E = Z8 = (¢;;) fori=1,..,n, j=1,..,p. To
show that E satisfies assumption A10, it suffices to show that O(e;;) < O(\/Lﬁ) fori=1,2,..,nand j = 1, ..., p. To this end
it suffices to show that O(e,;) < \/Lﬁ for j=1,..., p(because e,; > ¢;; fori=1,2,..,nand j=1,..., p.) Now, for j = 1 we
have

0(6,,1)

O(EP Rt - e e ))

2.17)

IA

O(L+a(hL+. +al ) = o)

A similar calculation shows that O(e,;) < O(W) for j = 2, ..., p and this completes the proof of the lemma. [

Another drawback of the results of this paper is that the PML estimators are required to satisfy assumption A2, which
implies that these estimators are consistent. The same drawback occurs in Andrews et al. (2006), Bhattacharya et al.
(1978), and Aga et al. (2007). While Andrews et al. (2006) Lemma 1 provides a sequence of estimators that satisfies this
condition, it is generally unknown to date whether or not the result of this paper and those of others in the literature are
valid without it.

2.4 Parameter Values and Log-likelihood Derivatives

We begin by specifying the parameter values 8 for which we establish delta method confidence intervals. To this end we
introduce some additional notations.

Letv = (71, 72,...,1,)" denote a g-vector of positive integers each less than or equal to r = dim(6) for g < s where s is as
given in assumptions A2 and A4. We write the real valued g-th order partial dervative of the PLL function indexed by vas

Ay = DyNy(0, 1) = ml\n(&ﬁ) = Fp(0) + Y’ M, B, , ()M, Y (2.18)
where F,,(0) and B, ,(6) are given by | "
1 b Pk
Frof®) = —3 Do Inel /o)) = 0 akrru:l] L (8, ,-)] (2.19)
Buul®) = —2 D, (f) = zb] a [ﬁ T (ol n(gox »] ' (fo) (2.20)
’ 2 k=1 j=1 B

for some constants b, a;, and p; that depend on v and with gg; ; being certain partial derivatives of the spectral density
with respect to the components of 6 of order q or less. Note that, when computing the partial derivatives of I',(fy) jx, we
have used assumption A8 (b) to take the derivative in side the integral sign of (1.8) and assumption A4 to compute the
derivatives of fj.

Delta method confidence intervals of the PML estimator are based on the Edgeworth expansion of a vector of centered
and normalized log-likelihood derivatives (LLDs). To specify such a vector, let

Zn(g) = (An,v(l)(e)s ey An,v(m)(e))’ (221)
where each vector v(j) is of the same form as v defined in (2.18)-(2.20) above for m = dim(Z,(0)) and j = 1,2, ...,m. Let
W,(0) = n™"*(Z,(6) = E¢Z,(6)). (2.22)

Without loss of generality we may assume that EyZ,(0) = 0. Let
Dy, (6) = E[Wn(0)W,(0)'] (2.23)
and let D(0) = lim,,_,o, D,,(0).
Because W,,(0) is a vector of centeral quadratic forms in Gaussian variables plus a vector of nonrandom quantities we have
Dy(0)ij = tr(Buy, Tl ) By, Ta(f0) (2.24)
and the (i, j) element of D(6) is given by
1 (" _ -
DO = ~ f (Du.fi (DHDy, f3 ') 7 (DdA. (2.25)

(See Anderson (1984) for details of equation (2.24) and Lemma 8 of Andrews et al. (2006) for that of (2.25).)
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3. Delta Method Confidence Intervals

For u € R™ let h,(u, 6) be the density of W,,(6) when the true parameter is 6, where m is as given in (2.22). Let E;’Z(u, 0)
be the formal Edgeworth expansion of #4,(u, 8) of order 7 — 2. Let &,(x,0) = Egexp(ix’'Z,(6)) denote the characteristic
function of Z,(6) when 6 is the true value, and x € R™. Let = (7, ..., 77) be a g-vector of none-negative integers each

of which is less than or equal to m. Define Dy, = ﬁ Let «,,.4(6), denote the 17 cumulants of Z,(6). By definition,
n g

Kns(0)y = i79D,,1In(éx(x, 0))|s=0, where i = V—1. The vector «, () is composed of elements «, ;(6), for vectors 1 of
dimension ¢ < s. The following lemma gives the expilicit form of the Edgeworth expansion of the density function
h=2(u, 6) of W,(6).

Lemma 3.1 Suppose assumptions A1-A10 hold and let W,(6) be as defined in (2.14). Then, the formal Edgeworth
expansion /5~2(u, 6) of the density of W,(6) is given by

T

R (u,0) = m exp{—%u’D;l(G)u} 1+ ; n"UD2P, (x,0) 3.1)
where the polynomial P,,; is as defined in (3.10) below.
Proof.
Let

Ln(x,0) = lng—“n(x 0) + 1x 'D,(0)x, (3.2)

and denote by ,;(x, 8) the Taylor series approximatlon without remalnder term of ,(x, 8) in powers of the components of

x from 3 to 7, that is
a ; 0 x]l ]m
Lue(x,0) = Z [ 4n(,6) ] (3.3)
x=0

o ox)..oxly Jilejm!

where X; denotes summation over integers ji, ..., j,, = 0 such that Z; jx = j, and m is as in (2.22). Thus, combining this
with (3.2) and neglecting the reminder term of the Taylor expansion (3.3), we obtain

X 1 X 1
r(—, 0) = — In{é,(—, 0) exp{=x'D,(6)x}}, 3.4
é“(\/ﬁ)n{f(\/ﬁ)p{2 (O)x}} 3.4
which is equivalent to
X X 1
exp{néy(—, 0)} = &(—=, 0) exp{=x'D,,(0)x}. 3.5
P{J(\/ﬁ i f(\/z)P{2 (O)x} (3.5)
Expanding the left hand side of (3.5) we get
% : by 1
1+ néy, = &,(—=, 0) exp{=x'D,(0)x}. 3.6
;{é“r(\/_ oy 6(\5)1){2 (©)x} (3.6)
We let
-2 1 T )
> ngm( SO = 3 Dl (x,60) + (. 6), (3.7)
J! :
J=1 Jj=3
be the expansion in powers of n~'/2, where 7, is a polynomial in powers of the components of x from 3 to j and

regarded as a polynomial in powers of n~/2, is of degree greater than 7 — 2 with coefficients which are polynomials in the

components of x. Thus «,, contributes an amount of order n~=D/2 which, in fact, we shall neglect.
Neglecting «,,, and combining (3.6) with (3.7) we obtain

T

exp{—%x’Dn(H)x} + exp{—%x’Dn(e)x} ;‘ U DR (x,0) = & ( % 0). (3.8)

We note that the left hand side of (3.8) is only an approximate of the right hand side. Now, let 27>(u, ) be the Fourier
transform of the left hand side of (3.8). Then we have

B2w,0) = e expl=3u' Dy O)u) 59)
+ 3, U212 (2710”1 [ €XPI—ix'u — —x "D, (0)x}7, j(x, O)dx. )
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Now, we define the polynomial P,; by

1 1, 1 o1,
W exp{—zu D, 1(9)14}P,,‘,~(u, 0) = ST me exp{—ix'u — Ex D, (0)x}rm,j(x, O)dx. (3.10)

As shown by Hall (1992) page 244, the polynomial P,; is a polynomial in terms of —D and «,, (), where D = (%,), vy #),
and «, 4(6) is the vector cumulant defined in the paragraph preceding equation (3.1) above. Combining (3.9) and (3.10)

above we see that the explicit form of the formal Edgeworth expansion E;’Z(u, 0) of the density of W,(0) is given by

1+ Y nU22p,(x,0)|. (.11)

=

xp{—lu’D;‘ (O)u}

T2 (u,6) =
7N) >

1
VD@

The following lemma is essentially Theorem 3.2 of Aga (2011) and is an important ingredient in the proof of the main
results of this paper.
Lemma 3.2. Suppose assumptions A1-A10 hold. Then for all compact sets ®, € ® and all T > 3,

(@) SUpg co, SUPegas n(ut, B0) — Ry~ (u, 60)| = o(n™"2/2) and
(b) Pg,(W,(6p) € C) = fc h*2(u, 6o)du + o(n~""2/2), uniformly over all Borel sets C and all 6 € ©,.

Our first main result determines the magnitude of the probability error of a two-sided delta method confidence interval
and is stated in part (b) of the next theorem. We introduce some additional notations. Let ®(-) denote the distribution
function of the standard normal random variable. Let k, ;(6) = KT(H) By Lemma 4.5(c) of Aga et al. (2007), the elements
of kns(0) are O(1). Let p;(, k. 5(0)) be a polynomial in § = 9/9z whose coefficients are polynomials in the elements of
Kn.s(6) and for which p;(8, k, s(8))®(2) is an even function of z when i is odd and an odd function of z when i is even for
i=1,2,...,5—2. The Edgeworth expansion of the delta method t-statistic #,(6p ) given in (2.1) depends on p;(J, K, s(6p)).

Theorem 3.3. Suppose assumption A1-A10 hold and let s > 3 be as given in assumption A2. Then, for all £ > 0,

(2) supaco, SUPcp 1Po(1n(Bo,) < ) = [1+ N7 172 pi(6, & (601D = 0212,
(b) supg,co, Pa(0 € L(B,) = (1— @)+ O(n™") for s =4.

Proof

(a) Let n"Z; (6p) denote the vector n'Z,(6,) of normalized LLDs augmented to include the vector of expected values of
all partial derivatives with respect to 8 of order s of n7'A,(6y). By Theorem 3(b) of Bhattacharya and Ghosh (1978) the
normalized PML estimator and the ¢ statistic #,(6p ) can be approximated by smooth functions of n’lz,j (6p). Specifically,
there is an infinitely differentiable function G(.) that does not depend on 8 that satisfies G(n‘lEgoZ:,r (6)) = 0 for all n large
and all ) € O, and
sup sup | Py, (,(6o) € B) — Py, (n'*?G(n™' Z} (6y)) € B)| = o(n™""272), (3.12)
00€O. BeB,

Now, let P(60) = 1 + 27 07/ pi(8, &y (60)). Then,

|Pg,(t(60,) < 2) = Ps(00)P()| < |Pgy(ta(0o,) < 2) — Py, (n'*G(n™" Z} (6)) < 2)| 3.13)
+ |Pg,(n'?G(n™"Z}(00)) < 2) — Ps(60)D(2). '
The first term of the right hand side of (3.13) is equal to o(n~6=2/2) by Lemma 10 of Andrews et al. [2006]. Thus, we
only need to show that
P, (n'2G(n™'Z;(60)) < 2) = Ps(60)D(2)| = o(n™*~272) (3.14)

uniformly over 6y € ©.. That is, it suffices to show that nl/ 2G(n"Z; (60)) possesses an Edgeworth expansion given
in the present Lemma with remainder o(n~*=?/2) uniformly over 6, € ®.. We note that an Edgeworth expansion of
W,(60) = n"YV2(Z,(60) — EgZ,(6p)) is established by lemma 3.2 above for each 6y € ®.. Now, an Edgeworth expansion
for n'2G(n~'Z;} (6p)) is obtained from that of n='/%(Z,(6p) — E¢Z,(8o)) by the argument of Battacharya and Ghosh (1978),
Theorem 2, p. 436 using the smoothness of G(.), G(n™! Eg,Z5(6p)) = 0foralln > 1 and all §, € ., and assumption A3.
(b) From the definition of I5(6,) given in section 2.1 we observe that

o
=)

Pﬁo(én,r - 2(2/2 ‘m < 9(),r < én,r - Z(y/2 \f
V(o.r—6n.r)
Py (— < = L
90( Z(Y,/Z = \/m) = Za/z)
Py, (It:(60,)| < zay2)

Py, (6 € 1(6,))

(3.15)
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and that
Po,(11:(60,)| < zay2) = Poy(t2(60,1) < 2ay2) — Po,(ta(60,r) < —Za/2)- (3.16)

Denoting 1 + n="/*p(6, k,.4(6p)) + n= pa(s, Kn.4(60)) by Pa(6p) as in (3.13) and substituting z by z,,» and s by 4 in part (a)
of this theorem we obtain

-12

|Pay (It2(00,)] < Zas2) — Pa(00)(@(za/2) = P(=2za2))| = 0(n"). (3.17)

We observe that p; (6, k,.4(60))P(2) is an even function in z which leads to p (9, ,,.4(60))(P(24/2) = P(—z4/2)) = 0. It follows
that

sup |Pay (11260, < Zas2) = [1 + 17" pa(S, Ry a(00))(@(za/2) = P(=za2 )]l = 0(n™"). (3.18)

Because O(z4/2) — P(—24/2) = 1 — @ and n7 py(8, %, 4(00))(D(z4/2) — D(—2a/2)) = o(n~'), this establishes part (b).0]

Theorem 3.4. Suppose assumptions A1-A10 hold and let s = 3. Consider {6, : n > 1} as given in assumption A2 and let
O, be any compact subset of ®, the parameter space. Then,

(a) Supgoeg(_ PQO(Q() € Iz(én)) = (1 — a) + 0(}1_]/2),
(b) supy, o, Po, (b0 € Lp(@n) = (1 —a) + O(n~'7).
Proof.

(a) We apply Theorem 3.3 (a) with s = 3 to obtain (3.18) above with n~!p,(5, Kn.4(68p)) deleted and o(n™") replaced by
o(n~'/?). This yields part (a).

(b) We have Py (6y € Iu,,(én)) = Py, (t,(60,) < zo). Again by Theorem 3.3 (a) with s = 3, and using the fact that
®(z,) = 1 — a we have

sup |P90(00 € Iup(én)) - (1 - CZ)| = sup |P6’g(tn(00,r) < Zar) - (1 - a’)|

6peB,. 60p€B,

< sup (1Pg, (ta(60,) < za) — [1 + 172 p1(8, %0 3(60) 1D (z0)|

6peO,.
H[1 + 172 p1(6, Ry 3(00)]P(z0) — (1 — @))

< sug I(1 — a)n™ 2 py(8, %3 (60))] + o(n™1?) = O~ '1?).
60O,

This proves part (b) of the Theorem. [
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