International Journal of Statistics and Probability; Vol. 10, No. 4; July 2021
ISSN 1927-7032  E-ISSN 1927-7040
Published by Canadian Center of Science and Education

SIS Epidemic Model Birth-and-Death Markov Chain Approach

A .H. Nzokem

Correspondence: Department of Mathematics & Statistics, York University, Toronto

Received: February 24,2021  Accepted: May 21,2021  Online Published: May 28, 2021
doi:10.5539/ijsp.v10ndp10 URL: https://doi.org/10.5539/ijsp.v10ndp10

Abstract

We are interested in describing the dynamics of the infected size of the SIS Epidemic model using the Birth-Death
Markov process. The Susceptible-Infected-Susceptible (SIS) model is defined within a population of constant size M;
the size is kept constant by replacing each death with a newborn healthy individual. The life span of each individual in
the population is modelled by an exponential distribution with parameter «; the disease spreads within the population is
modelled by a Poisson process with a rate ;. 4; = BI(1— %) is similar to the instantaneous rate in the logistic population

growth model. The analysis is focused on the disease outbreak, where the reproduction number R = ; is greater than
one. As methodology, we use both numerical and analytical approaches. The numerical approach shows that the infected
size dynamics converge to a stationary stochastic process. And the analytical results determine the distribution of the
stationary stochastic process as a normal distribution with mean (1 — %)M and Variance % when M becomes larger.

Keywords: deterministic model, stochastic model, Birth - Death Markov Chain, Irreducible Markov Chain (IMC), Jensen
inequality, epidemic model

1. Introduction

The Birth and Death Markov Chain is a special class of the continuous stochastic process. The importance of such class
arises from two standard processes (Birth process and Death process). The stationary distribution of the Birth and Death
process was studied in the literature (Karlin,1975). The findings describe the behavior of the stochastic process in the
long run; when the time variable has not to effect on the distribution process.The Susceptible-Infected-Susceptible (SIS)
model is one of the simplest and paradigmatic models in mathematical epidemiology. The stochastic version of the SIS
model was studied by nisell (1996,1999), who is among the pioneers to report the normal distribution nature of the quasi-
stationary distribution when the reproduction number is greater than one and the population size (M) is larger. The major
critic was the methodology. Ovaskainen (2001) argues that the methodology was heuristic. In general, the literature
review (Clancy & Mendy (2011),Wierman & Marchette (2004)) offers different approximations of the quasi-stationary
distribution of the SIS model, due to the difference in methodology or in parametrization. Wierman & Marchette (2004)
consider transmission parameter (§) as a function of the population size (M) in their paper.

The paper is structured as follows; in the next section, we will determine the disease dynamics parameters and analyze the
infected size through sample and distribution simulations; and the last section will focus on analyzing the probabilistic
distribution of the asymptotic infected size.

2. Epidemic Spreading: Death and Infection Process Modelling

The SIS model population is divided into susceptible individuals (S(¢)) and infected individuals (I(¢)) at each time ¢. The
evolution of these quantities is usually described in Epidemiology by the following deterministic differential equations

2.1) (a):

(a) (b)
ds B S a 1
a - Y yTBTR @1
dl B I o 1
—=Cs1—al —=l——=1-=
a - m Y M B R

The parameters 3 and o are respectively the transmission rate and the rate of death and birth. To have population size
(M = S+ 1) constant over time, each individual who dies is replaced by a susceptible individual.

The threshold value R = g, which is a basic Reproduction Number, determines whether the disease will decline and

eventually die out (0 < R < 1) or the disease will develop to an outbreak or epidemic (R > 1); in the special case where
R =1, the disease stay alive and stable, but there is no outbreak or epidemic.

One of the results of the deterministic differential equations is the equilibrium (2.1) (b) of the system (2.1) () in the long
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run with R > 1. At the equilibrium (2.1) (b), the portion infected is constant (1 — %). The deterministic version of the SIS
model was introduced by Kermack and McKendrick and has been fully analysed. For some related deterministic work of
interest, see Nzokem & Madras (2020, 2021).

The stochastic version, called the stochastic logistic epidemic model, is modelled as the Birth and Death Markov Chain
with the transition probability defines as follows.

lIh—&—ol(h) ifJ=I+1
Pry(t,t+h) = uh+o0a(h) it =1—1 (2.2)
1— (N +u)h+os(h)  ifJ=1

with limy,_,g 0 (h) = 0;limy,_,p 02 (h) = 0;limy,_,p 03 (/’l) =0

We suppose the transmission rate § = ¢ can be written as a product of contact rate (¢) and the probability of infection
(0). The transition probability (2.2) can be fully determined by the following set of rules (Clancy, 2011): (a) each
individual gets into contact with another individual after an elapsed time, which follows an exponential distribution with
parameter c¢. And if the contact involves a susceptible individual and infected individual, the probability of infection is 6.
The transmission rate is § = c6. (b) the infected lifetime is also an exponential distribution with parameter ¢, because of
the memoryless property of the lifetime.

For J =1+ 1 in (2.2), all I infected individuals get into contact with another individual according to a Poisson process
with parameter c/, since (1 — %) is the probability to meet susceptible individuals and 6 is the probability of infection, by
thinning the Poisson process, we conclude that the contacts between infected and susceptible individuals that will end up
with infection follows a Poisson process with parameter A; = BI(1 — ﬁ)

For (/ =1—1) in (2.2), the number of infected individuals that becomes susceptible individuals follows a Poisson process
with parameter y; = ol.

2.1 Infected Size Samples

Based on the assumptions and parameters developed previously, a MATLAB program with M individuals was created, and
the main variables were age, health status, and cumulative elapsed time between events. At the death of each individual, a
healthy individual and his life span are automatically replaced in the program code. By controlling the age, we can focus
on the infection process over time.

For R =2 and o = 0.3, we have the infected size as a function of cumulative elapsed time between events. Two sample

paths are presented in Fig 1 with only one infected initially and with 95% infected initially.
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Figure 1. Deterministic versus Stochastic equilibrium of the infected size

0

Only one individual is infected initially for the sample in red colour, the infected size grows at an increasing rate before
fluctuating around the deterministic equilibrium M (1 — %) 95% of individuals are infected initially for the sample in blue

colour, as shown in Fig 1, the infected size decreases rapidly before fluctuating around the deterministic equilibrium.

The impact of reproduction number (R) on the sample path is considered in Fig 2. In fact, when there is only one infected
initially and the reproduction number is greater than 1, the infected size increases rapidly, before fluctuating around
deterministic equilibrium M(1 — %), straight line in black color in Fig 2. The same pattern is observed when there is 95%
infected initially, the fluctuation follows a rapidly decreasing.
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The stability is observed in Fig 2 for R = 2 and R = 4; whereas for R = 1, the process is unstable, and the disease will
eventually die out. In addition, for R > 1, there is a positive relationship between the infected size and the reproduction

number (R). As illustrated in Fig 2, the infected size increases when R increases.
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Figure 2. Impact of the Reproduction Number (R) on the equilibrium
2.2 Infected Size Stationary Distribution

Based on the parameters developed in (2.2), we have a Birth and Death process on the state space {0,1,...,M} with
transition rates (2.3):

g,k:[s<MM_k>k (k—k+1) mw=ak (k—k—1) 2.3)

However, A9 = 0, as shown the following Graph, we have two equivalence classes: {1, 2, ...., M} and {0}. The Markov
chain is not irreducible, but absorbable.

In order to have an irreducible Markov Process, we introduce an external source of disease through a small nonnegative

parameter (€ > 0) in the infection transition rate (2.4). We have a new Process Py ¢ on the state space {0,1,...,M}.
M—i
A}e]:ﬁ(MJHe (i—i+l) w=ai (i=i-1) (2.4)

According to Karlin et al (1975, 1998), we define the quantities (2.5):

glel — AéS]A][S] B 'Ai[f]l

6 =1 = fori=1,....M. 2.5)
M- Wy
Therefore, we have the stationary distribution of Py ¢.

& o i=0

[8]( ) 90+Z}[ ]1 J

oy 1€
917] (i=1,2,....M)
90+Z, 1 /

In order to have an overview of the shapes of the stationary distribution, we look at four cases with Reproduction Number
R):R=1,R=1.5,R=2,and R =2.5. For R = 1, the distribution is mostly concentrated at state 0, but not only at state
0 as shown in Fig 3a.

When R is greater than 1, the density seems continuous and symmetrical. For R = 1.5, the density distribution has a
bell-shaped curve and spreads around the mean of 66 infections, as shown in Fig 3b. For R = 2, as shown in Fig 3c, the
distribution is still bell-shaped, but the spreading is centered at 100 infections.
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Figure 3. Distribution (Py¢) : € = 1073, M =100, oo = 0.3, B =Ra

Given the distribution (Py ¢), we can look at some measures of central tendency and dispersion. Four statistical indicators
(mean, variance, skewness (skew), and kurtosis (Kurt)) are computed to summarize the characteristics of the distribution.

_ M el - 2 u el s =2 u el . J—X 3 u €l . J—X 4
F=Y m(Ni ot =Y m(NG-0 Skew=Y my (N =) Kt =Y my ()~ ")
=0 =0 =0 =0

As illustrated in Fig 4a, the mean (%) of infected size is a function of the population size (M). When the population size
(M) is small, the mean increases at a growing rate before reaching a stable position as M becomes greater than 100. At
this stage, the mean continues to increase but at a constant rate (1 — 1]7). In Fig 4b, the variance(c?) is also a function of
the population size (M) and is unstable when M is not large (M < 100). When M becomes large, the variance reaches a
stable phase where the increasing is at a constant rate (%).

As shown in Fig 4, the results of the Skewness and Kurtosis indicators are independent of reproduction number (R).

The Skewness is an indicator of lack of symmetry, that is, both left and right sides of the distribution (Py ¢) are unequal
with respect to the mean. In Fig 4c, the Skewness (Skew) as a function of M shows that the distribution of the system
lacks symmetry when M is not large enough (M < 100). When M becomes large enough, the Skewness converges to 0;
and the symmetric nature of the distribution appears.

The Kurtosis is a measure of how heavy-tailed or light-tailed the distribution (Py ¢) is relative to a normal distribution. In
Fig 4d, the Kurtosis(Kurt) as a function of M shows that the SIS model alternates between heavy-tailed and light-tailed
before reaching a stable value of 3, when M becomes large enough. It is important to point out that the normal distribution
has kurtosis equal to 3.
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L L
100 150

L L
L L 300 350 400
300 350

(c) Skewness converges to 0

2 L L L L L
0 50 100 150 200 250 400

Figs 3 and 4 provide evidence that the infected size follows a normal distribution when the population size(M) reaches a
certain threshold.

3. Infected Size Distribution: Analytical Results

We revise the continuous-time Markov chain on the state space {0, 1,...,M — 1} with transition rates.

M= B (%A k fork=1..M—1
€ fork=0

In this revision version, the external factor € > 0 is kept only for Ag. Here o and f3 are strictly positive parameters, and €
is a non-negative parameter. We define 6y, 91[8], ey 915] by

(k—k+1) 1y = ak (k—k—1)

Gi[S]ZM fori=1,....M.
M-l

The equilibrium distribution of Py ¢ is derived as follows:

O =1

20

TR i=0
] S0+Ej=0 - j)
oy (0) ol ,
W 1= 1,2, e ,M
0 j=0

M—j)

Lemma 3.1. Assume >0, 00>0,€>0,M>0andR= g We have :

Proof:

[¢] €

=1 67, =

Ra(M —k)

R

(i
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AOAI"'A(Mfkfl) o M—k— 17L € —k— ﬁ
Rl | B e H (%)
Mifly - Uk Ma—k) o WooaM—k 1 e

MﬁlR( _->:Ra<nj—k>(z§) Aki -

3.1 Properties of Poisson Distribution
Some properties of Poisson distribution ( Collis-Bird(1963), Nzokem(2020)) will be stated with proof and the results will
be applied in the next subsection.

Lemma 3.2. Suppose X follows a Poisson distribution with parameter A and

p(d) = EXIX <d) ¥d €N Then: p(d) = 254"
where ) 1
2d) =Y o4 and limg... gfg(;) ) —

Proof:
Let us define the following function p(x,A,d) =P(X =x|X <d) forx=0,...,d
_ px=x) _ _Ar _ A gld-1)
p(x,A,d)=P(X —x|X <d)= W Zﬁlzo%i =@ T @ p(x,A,d—1)
with . . .
RV vk R ‘ (@1 _p_ _lmeefr
8(d) ok Lot limg e X A

s(d .
and limy_,. @ = 1— - =
We also have lj—ﬁ( )= ;’ A /' =2Ag(d—1) and the result follows

d_ A dg
n(d) = EX|X <d) = X4 jplj,A.d) = Fo0E =MD _p el g

Corollary 3.3. Assume R > 1, M > 0, and X follows a Poisson distribution with parameter . Then: E[X X <M] =

1 g(M—2 g(M—2
EEEM*I; with limps_seo 7851"1*]; =1

Proof:
From lemma 3.2, A = % andd =M —1

E[XIX <M =EX|X <M—1]= LEX|X <M—1]= LuM—1)= L2

and E[¥|X <M] =450 O

Lemma 3.4. Assume X follows a Poisson distribution with parameter A and let a > A.
We have:

P(X > a) < e—l+a—alog(%)

Proof:
M(0) = e*"~1) is the moment generating function of the Poisson distribution.
M(8) = E(e%%) = Y\ e P(X = k) > e®®P(X > a) and P(X > a) < " ~1)-a0 yg c R

Therefore, P(X > a) < infgep {e*(®*~1)-a0} — g=A+aaoe(}) The function y(6) = e*(#*~1)~4® reaches its minimum at
6" =log(4) O

Lemma 3.5. Assume X follows a Poisson distribution with parameter A = %

( R)

Then P(X > M 4 8M) < M y§ >0 where ¢()isafunction and ¢(SR) < 0
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Proof:
Let us define ¢ (x) =x— (1+ x) log(1+x) and it can be shown that : ¢(x) <0 Vx>0
For x = 6R, we have ¢(6R) = 6R— (1+6R)log(1+6R) <0

For a = % +O0Mand A = % we apply Lemma 3.4

M M +5M
P(X > M +6M) < oAt R M~ +8M)log( RMM) = eiﬁJr?JréM (R-romog(Fyr % )
R <
L .
3.2 Limit Superior and Limit Inferior of the Expectation
Lemma 3.6. Assume R > 1, M > 0, X follows a Poisson distribution with parameter A = %
Then limsupy,_,.. E(;7255|X <M) < é
Proof: /(X < M) is an indicator function,
E-Mrix < i) = Bl < Mo+ El-M v < x < M)
7 7 * 7
M-X M-X M-X

where Mx = % + 6M and 6 > 0. We assume that M* < M, which is equivalentto 0 < § < %

E[LI(X <Mx)] <

M—X 1,%,5P(XfR+5M) E[z—1(Mx < X < M)] < MP(—; +8M < X)

M—-X

s
By applying Lemma 3.5 on (3.1), E[;M I(Mx <X <M)] < Me" 7'M where ®(6R) <0

M E[-M (X <M PX<MysMm 1 1 0(5R)
M x oy B XS M] PX S mom) 1, petEm
(M —X) P(X <M) PX<M) 1-1-§ P(X<M)
1 1 O(3R) s
< + Me R
— 1
1-1-8 PX<M)
3
limps e P<X<M) Me“FM — 0 and we have
lim li E X < M] < lim for 0< &< &1
550 Mosenh [(M )| } 550 1 — =0
li E| M X <M < !
msupl|——— < —

Lemma 3.7. Assume R > 1, M > 0, X follows a Poisson distribution with parameter A = %

Then liminfy o E (55 |X < M) >
R

Proof:

The function fy;(x) = Miﬂ is convex over 0 < x < M. Using the Jensen Inequality property,

fu(EX|IX <M]) <E[fu(X)|X <M)|

—

From corollary 3.3, E[X|X <M]= %g%j

Z

And from (3.2), we have

M
Bl <Ml = y—Eix < MﬁM(g(Mfz))
R
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We take the limit

M
liminfE[——|X < M] > liminf =
M—so0 M—-X M—e0 8

From lemma 3.6 and lemma 3.7, we have:

M 1
i Ely g <) = (3.3)
3.3 Approximation of the Asymptotic Distribution of Py ¢
Lemma 3.8. Assume >0, @ >0,€>0,M>0withR= g > 1.
M M—1
€ _ ] R (4 _ M (R\M
kzz)ew’k) =1+ kz B¢y ~ COM) 2= le(R) AsM — oo and C(M)= Me (R)
Proof:
M—1 M—1 M—k
€] _ € R M €]
P erk = P W—k) (M) F (erk from Lemma 31)
(M)M_l M 1 (M\* (-3 . Mle (R\M
=c(m)el ];O—M_kf! =) U with C(M) = 325 (%)
M—1
M
= C(M)e(%) ——P[X =k with X ~ Poisson(%)
= M-k
(M) M o .
=C(M)e'r E[mI(X <M)] (X < M) indicator function)
From the conditional expectation:
M
E I(X<M)=PX<ME——X<M 34
(G730 (X < M) = PIX < ME[ < ] (3.4)
We deduce the following relation
L My 1
0 MR o E— (X < M) + (3.5)
M _ M
cmyel®) (L) R M—X c(M)el®) ()
From the results (3.4) and (3.3), we have
1
im (1= RIE (X < M) =1
Nzokem(2020) shows that
1
lim 7 =0 VR > 1 (3.6)
M5 c)e(F) ()
From (3.5) and (3.6), we have :
1+ZM:1 6/
lim =0 (M*’” —1 O

Theorem 3.9. Assume B >0, o« >0, € >0, M >0 with R = g > 1. The infected size has the following equilibrium
distribution.

nﬁ] (k) ~ (k) As M — oo

with
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Proof: Fork=1,2,....M

9[3] _ M-k
26 — A S S e N (M) (%)
]+ZM 19 ) 1+): OGMA;_) R (M k)k
con(pel )
I
=—0" (k)
1+Z/ -0 Q(M /)

We have the following quotient:

The result follows from lemma 3.8 O

Theorem 3.10. Assume 8 >0, a >0, M >> 1 with R = % > 1. The infected size follows asymptotically a normal
distribution with mean jt = (1 — %)M and variance 6* =

=Ix

Proof:
We know that (M — k)! ~ v/2me~M=0) (A — k) M=K)+3 for M — oo

_R—1 M \ME oy R-1 M M\ oy
0= atm(x) 0 it (o) <@

= (k)
For M — o, we have :
7 (k) ~ Y (k) (3.7)
Supposed x =k = (1 — £)M(1+8).
By applying the second order Taylor’s expansion techniques, Nzokem (2020) shows the following expression

M

log((k)) = log( =) +log() — 5 (M — k) + (M —R)log( )~ g + (M=
:—%log(Zﬂ%)—%(R;1)2M52+[(R;3)5+%((R—1)2+2)52+01(53)]
—1)3 —(R—
bt By (LB Lo, s

We have the following expression

2 3
1 {,lMMSZ} (R=3) s 1/ p_1\2 ) 3 {71(R—1)~ M —(LZR=DS 1y (83 }
2R e{—z S+1((R-1)242)82+0,(8 )}e IR (—=% 7)02(8°) (3.8)

Now, we can prove the Local Central Limit Theorem. For k integer, to get a convenient limit, we will choose myy, o)y and
k as a function of M (k = k(M)) that satisfy the following properties:
k— nmpyy 1 2
lim =5  Pr(Xy =k(M)) ~ ———e /2
o (X = k(M)) o
For theorem 3.10, we will choose my; = (1 — %) M and oy = /M /R. Fix areal number s, we choose the sequence k(M)
such as

asM — o

k(M) —
fjm A0 —m_
M—e0 OoMm

(3.9)
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k(M) is provided by the previous Taylor’s expansion condition k(M) = (1 — ) M(1+38) with Min(z+,1) > 6.
The limit (3.9) holds if 6 = §(M) = -2 VR _ In addition, we have the following property

(R-1)VM"®
3Ré
lim & =0 lim M8 = lim —> "~ _
M—so0 M—so0 M—so0 (R_ 1)3 \/M

From (3.7) and the function (3.8), as M — o, we have:

1 1.2
T k ~ 76{_73 } O
(k) V2o
4. Conclusion

The dynamics of the infected size and its distribution at the equilibrium were our main interests in the article. The
stochastic simulations show that the infected size sample paths converge to a stationary stochastic process, which depends
on the reproduction number (R). When the reproduction number (R) increases for R > 1, the infected size sample path
increases as a whole. The numerical results also show a bell-shaped density distribution and provide statistical evidence
that the stationary distribution is symmetric with the same tails distribution as the normal distribution. The analytical
results show that the stationary stochastic process has a normal distribution with mean (1 — %)M and Variance % when M
becomes larger.
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