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Abstract

In this paper we consider one dimensional generalized mean-field backward stochastic differential equations (BSDEs)
driven by fractional Brownian motion, i.e., the generators of our mean-field FBSDEs depend not only on the solution but
also on the law of the solution. We first give a totally new comparison theorem for such type of BSDEs under Lipschitz
condition. Furthermore, we study the existence of the solution of such mean-field FBSDEs when the coefficients are only
continuous and with a linear growth.
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1. Introduction

General backward stochastic differential equations driven by a Brownian motion were first studied by Pardoux and Peng
(1992). Later Pardoux and Zhang (1998) introduced the generalized BSDEs,i.e. BSDEs with an additional term-an in-
tegral with respect to an increasing process. Backward stochastic differential equations driven by a fractional Brownian
motion with H € (1/2, 1) were first considered by Biagini,Hu,@ksendal and Sulem (2002), where they studied the stochas-
tic maximal principle in the framework of a fractional Brownian motion. By adapting the four-step scheme introduced by
Ma,Protter and Yong(1994) and the so-called S-transform, Bender (2005) stuided BSDEs driven by a fractional Brownian
motion with H € (0, 1). Indeed, throughout a backward parabolic PDE, he constructed an explicit solution of a kind of
linear fractional BSDE. Hu and Peng (2009) were the first to study nonlinear BSDEs governed by a fractional Brownian
motion.

It is well known that backward stochastic differential equation provided stochastic representation of solution of some
classes of partial differential equations of second order. With the help of backward stochastic differential equations with
respect to a Brownian motion and a Poisson random measure, some authors generalized this result to integro-partial
differential equations. The pioneer result on BSDEs, established by Pardoux and Peng (1990) require Lipschitz condition
on the drift of the equation. Sow study on BSDE with jumps, established by Sow (2014) require non-Lipschitz coefficients
and application to large deviations.

Mathematical mean-field approaches play an important role in many fields, among them, finance and game theory. S-
ince the pioneering of Lasry and Lions (2007) the research on mean-field has attracted a lot of researchers. Buckdahn,
Djehiche, Li and Peng (2009) studied a type of mean field problem by a purely stochastic approach and introduced a
new type of BSDE which they called mean-field BSDE. Buckdahn, Li and Peng (2009) obtained the existence and the
uniqueness of the solution of the mean-field BSDEs when the coefficient f is Lipschitz, and the terminal condition £ is a
square integrable random variable. They also got a comparison theorem. Later, more and more works have been studied
on mean-field SDEs and BSDEs, see Buckdahn, Li and Peng (2009), Buckdahn, Li, Peng and Rainer (2017), Hao and Li
(2016), Li (2017), Li and Min (2016). Du, Li and Wei (2011) considered a special type of one dimensional mean-field
BSDEs with coefficients which are continuous and have a linear growth. They got the existence of the minimal solution.
Recently, Juan (2018) considered general mean-field BSDEs with continuous coefficients. Our aim in the present work is
to extend result to generalized mean-field BSDESs driven by fractional Brownian motion with continuous coefficients.

Let us recall that, for H € (0, 1), a fBm (B” ()0 with Hurst parameter H is a continuous and centered Gaussian process
with covariance

1
E [BH(t)BH(s)] = 5(z2H + 2 ) — s, 15> 0.

For H = 1/2, the fBm is a standard Brownian motion. If H > 1/2, then B (f) has a long-range dependence, which means
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that for r(n) := cov(BH(1), Bf(n + 1) — B (n)), we have },>° | r(n) = co. Moreover, B is self-similar, i.e. B¥(ar) has the
same law as a” B (f) for any a > 0. Since there are many models of physical phenomena and finance which exploit the
self-similarily and the long-range dependence, fBm are a very useful tool to characterize such type of problems.

However, since fBm are not semimartingales nor Markov processes when H # 1/2, we can not use the classical theory of
stochastic calculus to define the fractional stochastic integral. In essence, two different integration theories with respect
to fractional Brownian motion have been defined and studied. The first one, originally due to Young (1936), concerns
the pathwise Riemann-Stieljes integral which exists if the integrand has Holder continuous paths of order @ > 1 — H.
But it turn out that this integral has the properties comparable to the Stratonovich integral, which leads to difficulties in
applications. The second one concerns the divergence operator (Skorohod integral), define as the adjoint of the derivative
operator in the framework of the Malliavin calculus. This approach was introduced by Decreusefond and Ustuiiel (1998).

Concerning the study of BSDEs in the fractional framework, the major problem is the absence of a martingale repre-
sentation type theorem with respect to fBm. For the first time, Hu and Peng (2009) overcome this problem, in the case
H>1/2.

We now introduce a class of reflected diffusion processes with standard Brownian motion. Let G be an open connected
subset of R? , which is such that for some [ € C*(R?), G = {x : I(x) > 0} , G = {x : I(x) = 0} and |VI(x)| = 1 for x € IG.
Note that at any boundary point x € dG, VI(x) is a unit normal vector to the boundary, pointing towards to the interior
of G. If drift coeffcient and diffusion coeffcient satisfying some Lipschitz , then it follows from the results in Lions and
Sznitman (1984) (see also Saisho (1987)) that for each x € dG, there exists a unique pair of progressively measurable
continuous processes (1;, A;), such that

! ! !
=10+ f b(s)ds + f o (s)dB; + f Vi()dA,, 0<t<T,
0 0 0

3
A,:f 1, co6dANs, A is a nondecreasing process.
0

the existence of such a problem driven by fBm was shown in Ferrante and Rovira (2013) and a set D = (0, +0).

In this paper we study the generalized mean-field BSDEs driven by fBm with Hurst parameter H > 1/2. We prove that
kind of equation has an adapted solution under continuous coeflicients. The paper is organized as follows. In section 2 we
give some definitions and results about fractional stochastic integral which will be needed throughout the paper. Section 3
contains the definition of the generalized BSDEs driven by fBm and assumptions. In section 4, we will prove comparison
theorem for the generalized mean-field FBSDE. Finally, section 5 is devoted to prove the main theorem of the paper.

2. Fractional Stochastic Calculus
Denote, for given H € (1/2, 1), ¢(x) = H(2H — 1)|x|*=2, x € R. Let £ and i be measurable functions on [0, T']. Define

& me = fo fo (u — v)En(v)dudy

and ||§-‘||,2 = (¢, &), Note that , for any ¢ € [0, T'], (£, 1), is a Hilbert scalar product.

Let H be the completion of the measurable functions such that ||§||t2 < o0. The elements of H may be distributions (refer
to Pipiras and Taqqu (2000)).

Let (¢,), be a sequence in H such that (&, &;)r = 6;;. By Pr denote the set of all polynomials of fractional Brownian
motion in [0, T], i.e. it contains all elements of the form

T T
F(w)=f( fo £(0dBY,- - fo gkmdB;'),

where f is a polynomial function of k variables. The Malliavin derivative operator D of an element F € Py is defined as
follows:

k 6f T T
DHF = Za_(f &(ndBY,- - f §k(t)dBfI)-§,~(s), se[0,T].
‘= 9% \Jo 0

Since the divergence operator D" is closable from L*(Q, F, P) to (Q, F, H), By D, , denote the Banach space be the a
completion of P with the following norm: ||F||i2 = E|F? + E||D§1F|I2T.
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Now we also introduce another derivative
T
DFF = f ¢(t — s)DY Fds.
0

The following results are well known, refer to Duncan and Hu (2000), Hu (2005).

Theorem 2.1. (Hu (2005), Proposition 6.25) Let F : (Q,F, P) — H be a stochastic process such that

T T
E (IIFll% + f f |]D>§'F,|2dsdt) < oo,
0 0

Then, the Ito-type stochastic integral denoted by fOT F SdB‘;’ exists in L>(Q, F, P). Moreover,
E (fOT FsdBf’) = 0and

T 2 T T
E( f deBf) = E(||F||§ + f f ]D)fF,Df’Fsdsdt).
0 0 Jo
Theorem 2.2. (Hu (2005),Proposition 10.3) Let f, g:[0, T] — R be deterministic continuous functions. If
t !
X =Xo+ f g(s)ds + f f(s)dB, tel0,T],
0 0
where X is a constant and F € C'2([0, T] X R), then

" OF 1 (" 9*F

" OF
F(t,X,) = F(0, Xo) +f oF (s, X5)ds + f (8, X)dXs+ 5 | (s, Xs)—d (IfIds, t€[0,T].
0 s 0 ox 2 0 6x2 ds

Theorem 2.3. (Hu (2005),Proposition 11.1) Let fi(s), gi(s),i = 1,2 arein D, and E fOT(Ifi(s)I + |gi($)ds < oo, Assume
that ]D)fifl(s) and Df{fz(s) are continuously differential with respect to (s, t) € [0, T1Xx [0, T for almost all w € Q. Suppose

that
T T
E( f f IDH ﬁ(s)|2dsd;) < oo,
0 0

Fori=1,2, denote
f !
Xi(t)=fgi(S)dS+fﬁ(S)dB§, te[0,T1],
0 0
Then

X1(0Xa(1)

fo Xi(9)ga(s)ds + fo Xi(0fa(s)dB" + fo Xa(s)g1(s)ds + fo Xa(0)fi(5)dB"

+

[ xiopds + [ pixwsds
0 0

3. Generalized Fractional BSDE

Let (Q,F, (Fosicr, P), T > 0, be a complete stochastic basis, and ¥+ = Ng>0F 145 = F7. Suppose that the filtration is
generated by d-dimensional fractional Brownian motion (B)y<,<r, and T > 0 is an arbitrarily fixed time horizon. We
suppose that there is a sub-o-field ¥y C F, ¥ includes all P-null subsets of ¥, such that

i) the fractional Brownian motion B is independent of #, and
ii) o is “’rich enough”, ie.Pr(RF) = {Pyg, 9 € L2 (Fo: RO}, k> 1.

Recall that P,(IR¥) is the set of the probability measures on (R, B(R¥)) with finite second moment. Here B(R*) denotes
the Borel o-field over R¥. By F = (F;),t € [0, T], we denote the filtration generated by B, completed and augmented by
Fo.
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The space P,(R?) is endowed with the 2-Wasserstein metric

1/2
= inf —_ 2
Wa(u,v) ne}%ﬂ,@{( fR . |x — yl“m(dx, dy)) }

where [](u, v) is the family of all couplings of  and v, i.e., 7 € [](u, v) if and only if 7 is a measure on RY x R with
marginals y, v € Po(RY).

Assume that
e 1 is a given constant;
e b,0 :[0,T] — R are continuous deterministic, o is differentiable and o; # 0,¢ € [0, T].

Note that, since |||} = H2H = 1) [ [/ lu = vP' 20w (v)dudv, we have

%(HO‘H?) =20(t)o(H) >0, where o(t)= f ot —v)o(w)dv, 0<r<T.
0

Remark 3.1. (Remark 6 by Maticiuc and Nie (2015))
There exists a suitable constant M > O which is only dependent H such that

2H-1 =
t ot
0!

<MAH 0<<T.

since

13 I3 1
o () f ot —v)o(v)dv = H2H — 1) f (t —v)*"20(v)dv = H2H - 1) f (1 = w)* 2o (tu)tdu
0 0 0

1
HQH - 1)1 f (1 = w2 (tu)du,
0

then by continuity of o, we get the remark.

We now introduce a class of reflected processes. Let G be an open connected subset of R , which is such that for some
le C?(RY), G = {x: I(x) > 0},0G = {x : I(x) = 0} and |VI(x)| = 1 for x € IG. Note that at any boundary point x € G,
VI(x) is a unit normal vector to the boundary, pointing towards to the interior of G. Let 19 € G and (13;, A;) be a solution
of the following reflected SDE with respect to fractional Brownian motion

! ! !
n=m+ [ boxds s [ oap!+ [ Vimdn. 0<r<T. (1)
0 0 0

By a solution of (1), we mean a pair of processes such that 5. € G, A is a nondecreasing process, Ay = 0, and fOT(r], -
a)dA; < 0 foranya € G,

!
A= f 1.co6dAs.
0

The existence of such a problem was shown in Lions and Sznitman (2007) for a standard Brownian motion.

Remark 3.2. This problem is solved in Ferrante and Rovira (2009) for a fractional Brownian motion and a set G = (0, c0).

Given a final time T > 0, a final condition &, which is a ¥7 measurable real valued random variable and the functions
Fi0,TIXQAXRXP,R")XxRXxR! >R, g:[0,TIxQXxRxP,(R)xR - R,

we consider the following generalized BSDE with respect to fBm with parameters (&, f, g, A) (short name GFBSDE)
whose generators depend on both the solution (¥, Z) and the law of (Y, Z), the law of Y, respectivity, i.e.

T T T
Yi=&+ f f(S, Ms» P(YJ,ZX)’ Y, Z)ds + f g(S, Ms» P(Yg)s Y)dA, — f ngB{I, 0<r<T. )
t t t
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in order to give a probabilistic formula for the solution of a system of elliptic PDEs, this requires the new term—an integral
with respect to a increasing process in this equation (2) which is independent of Z;, the local time of the diffusion on the
boundary.

Next we introduce the following sets:

. C{l)’nzl([O, T]xR) is the space of all C*? functions over [0, T] X R, which together with their derivatives are of polynomial
growth,

« Vior = (Y =t :w € Ci(0.TIXR). G s bounded 1€ [0.7]),

° (Vl%,TJ the completion of V| r; under the following norm (where 8 > 0)

12

T 172 T
||Y||ﬂ=( f tz”“E[eWYflz]dr) =( f tzH-'E[e‘*Aww(r,n,)F]dt) :
0 0

We assume that the coefficients f and g of the GFBSDE are continuous functions and satisfy the following assumption
(H1):
(H1.1) Linear growth: There exists K > 0, such that

L@ n, 1, 3,2l < K(1+ Walu, 60) + Iyl + Il + [2]), dtdP —a.e - for all (n,p,y,2),

lgt, 7, v,y < K(1 + Wa(v,60) + Iyl + ), dtdP —a.e  for all (n,v,y).

where d; is the Dirac measure with mass at 0 € R!*? or 0 € R?.
(H1.2) Lipschitz in (u, y, z): i.e. there exists a constant C € R* such that for all uy, ur € Po(R'*9), vi,v, € Po(R?) and all
i,y €R, 71,220 € RY,

LfCs,m 1,31, 20) = f(8,1, 12, Y2, 22)] < C(Waluy, 12) + |y1 — yal + |21 — z2]) dsdP — a.e.

1gCs, m,vi,y1) — 8(8, 1, v, ¥2)l < C(Wa(vi,v2) + |[y1 — y2l) dsdP —a.e.

(H1.3) A progressively measurable continuous, non-decreasing processes A, has continuous density function.
(H1.4) There exists 8 > 0 and a function  with bounded derivative such that & = y(57), E(e®*|¢]*) < oo and the
integrability condition holds

T T T
E( f AN+ E[(Y,, Z,) )ds + f AMinPds + f eﬁAf(1+E[(YS)2])dAS)<oo.
0 0 0

4. Comparison Theorem for General Mean-Field Fractional BSDEs

Definition 4.1. A binary of processes (Y, Z;)o<i<r I called a solution to (2), if (Y, Z;) € (T/[IO/ZT] X (T/‘[L{)’T] and satisfies (2).

Lemma 4.2. Assume X is a mean nonzero Gaussian with nonzero covariance, if for two continuous functions ky(x), ka(x)
such that k1 (X) = ko(X), then ki(x) = ko(x) for all x e R.

Proof. Let fx(x) denote the density function of X, we have

1 _ a?

fi) = =5

where o denote mean, 6% denote variance. Since k;(X) = k»(X), take expectation in both sides of this equality, we get

f (k1(x) = k2(x)) fx(x)dx = 0,

by density of C7°(R) in C(IR) and fx(x) > O for all x € IR, consequently k;(x) = k»(x) for all x € R. ]

Lemma 4.3. Assume that hy, h, and h3 € Cg’l ([0, T] x R) such that

ol

! ! !
[ mesnoas+ [ hatnpat+ [ Cmenodn =0, 0<i<T.
0 0 0

Then we have

hi(s,x) = ho(s,x) = h3(s,x) =0, 0<s<T, xeR.
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Proof. To simplify notation, we let 7y = b(¢) = 0 for all 7 € [0, T] in (1). Similary to Hu (2005) Theorem 12.3, we have

where

and

s 0
(sim) = Eh(sin)+ f ( f a—pu,m—y)hl(s,nody)a(u)dBf
0 R OX

s ]
+ f ( f a—pu,s(nu—y)hl(s,ns)dy)Vl(nu)dAu,
0 R OX

2

e 2

1
pi(x) = \/2—m

Pus(X) = Plioll—fiol, (%)

Thus, by stochastic Fubini theorem

5
f hi(s,ns)ds
0

t ! S
f Ehy(s,ny)ds + f f ( f 2pu s(u = Y (s, ns)dy) owdB; ds
0 0 Jo \JrOx" "
PN P
+ f f ( f Pl = DI G m)dy) Vi(r,)dA.ds
0o Jo \JrOX
t d ! 0
= f Eh](S, ns)ds + f o(u) (f f _pu,s(nu - J’)hl(s’ nf)dyds) dBLI;I
0 0 u R 6.x
t ! 0
+ f Vi(n.) (f f 6—17,4,s(77u - h(s, ns)dyds) dA,
0 u R OX
t 4 ! 0
= f Ehy (s, Us)ds + f [ha(u, ) + o(u) f f _pu,s(nu - y)hl(s5 Us)dyds)]dBf
0 0 u R ax

! 13 a
- f [h3(u,77u)+Vl(77u)( f f 6—pu,s<nu—y>h1<s,ns)dyds)]dz\u
0 u JR OX

! !
- f (s n)dB f s(ut, ) A
0 0

Thus from assumption, we have

!
f Eh(s,n5)ds =0,
0

5 i3 6
f [hz(u,nu)"'o'(u) f f a—pu,mu—y)hl(s,mdyds]dB{f -0,
0 u R OX

! t 6
f [h3(u, nu) + vz(rlu)f f a_pu,s(nu - y)hl(s» ns)dyds] dAu =0.
0 u JR OX

But hy(ut, 1) + ) [ o 2 pusia = i (s, n,)dyds and hsu, ) + VI [ [, 2 Pus(ra = )hi(s,7)dyds are F, adapted
(since these are a function of 77,). So from Theorem12.1 of Hu (2005), we see that

I3
d
ha(u, 1m,) + o (u) f f a_pu,s(nu = Whi(s,ny)dyds = 0,
u R OX

!
0
ha(u, 1) + VI(7.) f f 3y Pes (e = Vi (s, n5)dyds = 0.
u JR

In our situation, (7,, A,) is a solution of reflected SDE with respect to fractional Brownian motion

N = f O-(M)dBuH +f Vl(nu)dAm 0<u<s,
0 0
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where A is a nondecreasing process, and

s
Auzf lr]u€6GdA14~
0

Although n, is not center Gaussian process, but by Lemma 4.2, we have

! 0
ha(u, z) + o(u) f f 8_pu,s(nu = Vhi(s,2)dyds = 0, 3)
u JR OX

g 0
hs3(u,z) + Vi(z) f f a_pu,s(nu = Vhi(s,2)dyds = 0. “)
u R OX

for all z € R. Next, the step as same as Lemma 4.2 of Hu (2005),and consequently /;(s,z) = Oforall0 < s < T,z € R.
Finally, Bringing /;(s,z) = 0 into the formulas (3) and (4), h,(u,z) = 0, h3(u,z) = 0 are then an immediate consequence
foral0 < s <T,zeR. O

It is well known following Lemma (refer to Hu (2005)).
Lemma 4.4. Let (Y;,Z,)o<i<r be a solution of the GFBSDE (2). Then we have the stochastic representation

7

o(1)

Proposition 4.5. Let & € L*(Q, F7; R). Assume (H1) holds. Then there exists a unique solution of (2). Moreover; for all
te[0,T],

ID)ZHYI‘ = Zt» O < t < Ta

T T
E(eBAs|Y,|2+ f LA 217 Pds + f eBAs|YS|2dAS)<K®(t,T),

t t

where

T T T
o, T) ;=E(eﬁ"r|§|2+2 f AN+ E[(Y,, Z,) ds + f AMnlPds +2 f AN+ E[(Y)*DdAs ).

Proof. First we will show the second part of the above theorem. Assume that (Y, Z) is a solution of (5). By K we will
denote a constant which may vary from line to line. From the It6 formula

T T
AMYP +2 f MY Zds + B f AMY AN,
t t
T T
AP 42 f MY f (5210, Py You Zo)ds +2 f MY g5, s, Py Vo)A,
t t
T
+2 f MY\ Z,dBY.
t

By linear growth of f and g, for all u € P(R*9), v € P,(R?), we have

2yft,n .y, 2l < 2K[yI(1 + Walu, 6o) + In7l + [y| + |z])

MK? 1 _
S+ I+ s el 4 (1 Walu, 60)”

< QK*+2K+

2lyg(t,m, v, )l < 2KII(1 + Wa(v, 80) + Il + [yl) < 2K + 2K3)yP* + Il + (1 + Wa(, 6)))>

There, we can write
2 T T
E(eBA'IY,IZ + 2 f AN PN 7 Pds + B f eBAs|YS|2dAS)
t t

T T
< E(PMIED) +2E f PN\ f(5, 150 Py, 2)s Yo Z)ds + 2E f MY lg(s,m, Py, Yi)dA
t t
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N

T MK2 T
EPMEH +E f (2K* + 2K + —— + DM, Pds + (2K + 2K*)E f AMYPdA,
t S

t

T T
1
v E f A Prds + - f 21N 7, s
t t

T T
+ E f antg! +W2(P(YS,ZS),5O))2ds+E f PN (1+ Wa(Piy,), 80)) dA
t

2Hl

T MK T
< OLT)+E f (2K?* + 2K + eBA s|Y,*ds + 2K + 2K*)E f ANNYPdA,
t

t

1 L
+ ME t sPH1BA 7 12d s

Choosing 8 > (2K +2K? + 1), we get

1 (7 T
E(eﬁAlet|2+M f APz Pds + f eﬁAleslszs)

t t

T
MK
< OULT)+E f (2K? + 2K + )effA Y, Pds.
t

§2H-1

By Gronwall’s inequality,
T2H-1 _ (2H-1
ESMY, P < O, T)exp {(21{2 +2K)T — 1) + MKzW}

and also get

T T
E( f AP 7 Pds + f eﬁAx|YS|2dAs)<C®(t,T).
t t

Now we will prove the existence and uniqueness of the solutlon of (5). The method used here is the fixed point theorem.
We will show that the mapping I : (V[lézr] X (V{é = (V[o % (V[0 7] given by (X, W) — I'(X, W) = (¥, Z) is a contraction,

where (Y, Z) is a solution of the following generalized BSDE:

T T T
Yf = é: + f(S, s, P(XS,WA)’XSa Wé‘)ds + f g(S, Ms» P(Xl), Xs)dAA - f ZédBI:I
t t t

Letke Nand¢; = H T,i=1,---,k+1. First we will show that I" is a contraction on (V[lt/ 71 X”fo o Take X, X’ € (V[II/ZT],
w, W’ e’V’fT,letl"(X W)= (Y, 2),TX’,W)=",Z)andletY=Y-Y',Z=Z-7Z'X=X-X',W =W —W. From

1td formula for t € [t, T], we have
E(eﬁ"r|1/,|2 +2 f MDY )Zds + B f eﬁAleslszs)
t t
T —
= 2F f PMIY (s, 15 Pox,wyys Xoo We) = £(8,115, Poxwiys Xo W)))ds
t

T
v 2E f PNT (g5 s Py Xo) — 85 0 Py XA
t

Note that 2[y || f(s, 75, 1, X5, Ws) = f(8, 05, p2, X, Wl < 2C[yI(1xs] + Wil + Waluy, 12)).
_ , — - 2 —
2[7l18(s, 75 Vi, X5) = 8(5, 15, v2, X)| < 2C|(Wa(vi, v2) + [Xs) < S5, + 2alx,* + 2aW3(v1, v2) for some a > 0.

Choose 8 = %2 + 1. Then by the Schwartz inequality we obtain
— 2 (T _ T —
E(eﬁ’\’IY,Iz + 0 f PN ZPds + f eBAs|Ys|2dAs)
t t

T T
= 2KE f ENNY (X + [Wi)ds + «E f ANNXGPdA,
t t
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T T
< 2k [ (TR (MR W) P ds v ar [N Fan,
t

t

_ 1/2 _
Denote ¢(t) = (EeﬁA»“|Y SIZ) / and ¥ (1) = aE ft T oA |X|?dA, which is nonincrease. Then by above

T
ot < 2K f o) (BN (Xl + W2) 7 ds + ). 1€ 1T,

Applying Lemma 20 in Maticiuc and Nie (1994) to the above inequality we get

T
o) < V2K f (BN X+ WoP) " ds + o@D, 1€ 0. T1.

and therefore for ¢ € [t;, T']

T 2
ESMTP < 4K ( f (B (Xl + W) " ds) + 2000,

Integrate of both sides on [#, T'] of above inequality, we can compute

T
f e(s)’ds <
Ik

N

N

and similarly

fT :
=
s

where

T T 2
()T - 1) + 4K> f ( f (EeﬁA>(|XS|+|WS|)2)”2ds) di

Ir

T 2
20t )T — 1) + 8KX(T — 1) ( f (EPMX L) 2d s)

T 1 2 2
8K2(T — 1) [f (SZH—I EEBATSZH_IIW‘XJZ) dS]
173

T
20t )T — 1) + 8K*(T — t,)°E f ANXPds

173
T 1 T .
BK*(T - 1) f S dSE f AW s
I 173

C-(T - 10, T),

(s)zds <

s T - 8. T),

T T
O, T) = E( f AN PN W Pds + f ANIX P ds + dAS)).
I I

Using above inequalities, we deduce

I

N

T T
E( f A P17 Pds + f eﬁAv|17s|2(ds+dAs))
173

T _ T _ T 1 — 1
E f MY Pds + CaE f PANIXPdA, + CE f eBA‘5|YS|2(2+ Yds
I I

2H-1
17 s

T
v CE f EN (X2 + 2T, P)ds
I

N

N

T
C (T - 1981 T) + < f e(s)(2 + %)ds +Ca®(t, T)
a N

I

C (a +Q2+ é)(T — 1) + é(THH - t,%‘”’)) o, T)
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Choosing a such that Ca < 1/4 and taking k large enough that C(a + 2)(T — t;)/a < 1/4 and c(r*24 t,f‘ZH)/a < 1/4,
we obtain

T T
E( f A P17 Pds + f ANNY P (ds + dAy)
173 73

3
< =0, T
1 (., T)

Thus I' is contraction operator in (V[,/ T (T/[, 1y and (Y™, Z™) is a Cauchy sequence in (V[z . (T/[t 4y where (¥°.2%
T2
Vi X (V[t > and form >0
! T
Yyt =g [ f(sims Pz, YO, Z0ds + f (5,175, Pymy, Y™dA,
' t

T
1 H
- f Z"1aBl,
t

. ar1/2 A H
Then there exists (Y, Z) € (V[tk’T] X (V[, 7]

T
lim E(eﬁA'IY,’” - Y.+ f FMY - Y P+ sz - lez)ds) =
73

being a limit of (Y™, Z™), i.e.

m—+oo

T
lim E( f PMym Yslszs) =0
m—+00 f

Therefore for any ¢ € [#, T],

T T
lim (—Y,’”” +E+ | (s m5s Piymgmy, Y, ZM)ds + f (s, ns,P(y;n),Y;”)dAS)
t t

m—oo

T T
= -YV+&+ S, 1 Py, 2, Ys, Zg)ds + f 8(8, M5, Py, Y)dA
t t

in L*(Q, 7, P) and 2"y = Z1 ) in L*(Q,F,H). We show (Y, Z) that satisfies (5) on [f;, T]. The next step is to solve
the equation on [#_1, #;]. With the same arguments, repeating the above technique we obtain a uniqueness of the solution
of generalized BSDE with respect to fBm on the whole interval [0, T']. m

Now we would like to study the comparison theorem. From the counter examples in Borkowska (2013) (see the example
3.1 and 3.2 therein) and example 2.1 in Juan, Hao and Zhang (2018) (only need to simple modify ), we know that if the
driver f depends on the law of Z or is not increasing with respect to the law of ¥, we usually do not have the comparison
theorem. Now we give two examples here.

Example: Let d = 1. We consider

T T
=¢ +f |Z’|]ds—f ZidBY, i=1,2. 0<t<T.
t

For fz 0,(Y?,7% = (0,0), in particular, Y2 0. We consider two cases for §1
(i) For &' := —((B¥)")* < 0,7} := [DH[§ IIF] = —2E[(B¥)*|F1] < 0. Thus E[|Z}|] = E[-Z]] = 2E[(B¥)'] =

- 2 = —
2 [ x e Ty = 21 € [0.T). And ¥} = Bl + [ EliZllds = =5 + 22 > 0, for T > (“F)7, ie. for
T > ()™, ¥} > 0= ¥} although ¢! <0=¢P-as.
(ii) For ¢' := —™ <0, Z} = EIDI£')F]] = Ele|F}] > 0.1 € [0.T]. Thus E[|Z}|] = E[Z}] = Ele™] =
2
ke \E;Tye*wdx - ﬁ e 2,2H<X+T2”>2dxe’27” = ¢ . 1€[0,T]. and Yy = E[§1]+ftT E[lZids = T +Te'T >

0,for7T > 1,ie.forT > 1, Yg >0= Yé, although fl <0= fz,P —a.s.

We consider now the mean-field BSDE as follows

T T T
Yl = E + f(s’ 77_\‘, PYA’ YS’ZS)dS + f g(S, nsa Pyl\-’ YS)dA.S - f ZSdB{-I’ 0 < t g T (5)
t t t
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Theorem 4.6. (Comparison theorem) Let (f;, g;) = (fi(s, w, 0,14, ¥,2), (s, w,1n,v,¥)),i = 1,2, be two pair drivers satisfy-
ing the assumption (HI1.4). Moreover, we suppose

(i) One of the both coefficients pairs satisfies Lipschitz in (u,y, z) and (v, y).

(ii) One of the both coefficients pairs satisfies: for all 61,0, € L*(Q,F:R), and all (s, 7,9,2) € [0,T] X R X R x R4,
fi(s.1, Py, y,2) = (8,1, Po,, y,2) < LIE[((0) — 62)")*D'?,

gi(s’ n, Pgl’y) - gi(s’ n, PGz’y) g L(E[((el - 02)+)2])1/2'

Let &,& € LH(Q, F7; R) and denote by (Y', Z") and (Y?, Z?) the solution of the mean-field BSDE (6) with data (£1, fi, 1)

and (&, f2, &2), respectively. Then, if &, < &,P —a.s., fi(s,n,4,y,2) < fa(s,n, 14, ,2),dsdP — a.e., and g(s,n,v,y) <
g2(s,m,v,¥),dsdP — a.e.for all (n,u,v,y,2), it holds that also Ysl < YS2 ,forall s € [0,T],P — a.s.

Proof. Without loss of generality, we assume that (i) and (ii) are satisfied by (fi, g1). Let us put ]73 = fi(s,n, Py1, YSl s Zsl)—
(s, Py, Y2, Z2), 85 := g1(s.m, Py1, Y1) = ga(s,m, Py2, Y2), and Z, := Z} = Z2, Y, := Y} - Y2. From It6-Tanakas formula
applied to (Y; ), we have

T T T
—+ d — —+ —_ =+ —
E[(Y, Y]+ E f, %HZ,HEI(YPO)ds:ZE f, Yo 10 fods +2E f, Yy 170/ 8dAs,
Notice that, since (fi, g1) is Lipschitz continuous and f; < f>, 81 < g2, we have
T2 Td — 2
EIY1+E | - (ZI0)1 70
t
T__, _ _
< 2E f Yy Lo (fi(s.m Py YL ZY) = fo(s.m. P2, YE, ZY) + CIY,| + CIZ,) ) ds
t
T
. _
+2E f T 1oy (81057 Pyys Y1) — a5, Py, Y1) + CIT:) A,
t

Moreover, as for all 8;, 6, € L*(Q, F;R) and (s, 17,¥,2) € [0, T] X R X R X R4,
fi(5:1, Po,,y,2) = fi(s,7, Py, y,2) < LEE[((6) — 62))° D',

g1(s,7, Pg,,y) — g1(5,1, Po,,y) < LIE[((6) — 62)")* )2

we have
STARY) Td — 2
E[(Y, I+ E %(”Zr”s)l(f_M))ds
t
T—+ —+ — —
< CE [ T (BUT VD 4T + ) ds
t
T—+ —+ —
+CE f 7 ey (LTS D2 + [F)
t
by Remark 3.1, we obtain, there exists a suitable constant M > 0,
2oz < Lazip) < 2mH Iz
M sl X ds rils) X sl s
Thus

— 2 LN —
E[(Y, )] + E f s1NZP L s ds
t

T
< CE [ T g (BT P 4 T+ ) ds
t
T
+CE [ T 10 (LT P2 4 [T A,
t
T T __, T T __,
< CE f (Y, )Y’ds+ CE f ¥, )2s'Hds + CE f Z*s* 1 s g)ds + CE f (Y, )dA,
t t t * t
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T T
< CE f VO + p(s) + s 2)ds + CE f AR
t t
the last inequality applies assumption (H1.4). Choose suitable M, such that % — C > 0, then we have
v 2 T+ 2 1-2
EIT P < CE [ (R0 pls) + 572,
t
From Gronwall’s inequality, EQY, 2 =0,s€[0,T], ie. Y! < Y2, P-as,s€[0,T]. O

5. General Mean-Field Fractional BSDEs Under Continuous Coefficients

We assume that the coefficients f and g of the GFBSDE are continuous functions and satisfy the following assumption
(H2):

(H2.1) Linear growth: There exists K > 0, such that

lftn,u,y, 2| < K(1+ Wa(u, ) + |yl + gl + |2), dtdP —a.e  for all (n,u,y,2),

|g(t> n,v, y)' < K(l + W2(V’ 60) + |Y| + |77|)’ dth —a.e for all (T]’ v, )’)

where d; is the Dirac measure with mass at 0 € R!*? or 0 € R?.

(H2.2) Monotonicity in y: for all 8;,6, € L2(Q,F:R), and all m,y,2) e RxR x R4,

f(s,n, Po,,y,2) < f(s,1m, Py, y,2), dtdP —a.e,whenever 0, < 0,

g(s, 1, Po,,y) < g(s,1m, Pg,,y), dtdP — a.e,whenever 0, < 0.

(H2.3) Fora.e.(s,w) € [0, T] X Q, f(s,w,, "), g(s,w,, -, ) are continuous with a continuity modulus p : R* — R* for
75

|f(s9 W, 1,41, Y, Z) - f(s» w, 1, 42,Y, Z)l + |g(S, w, 1, Vl»Y) - g(s’ w,1, V2»)’)| g p(WZ(l'll»HZ))'
Here p is supposed to be increasing and such that p(0+) = 0.

Remark 5.1. (H2.2) is equivalent to the following condition:

(H2.2'): Forall uy,u; € Po(R), (s,1,y,2) € [0, T] X Rx R x R4, it holds fls,n,u12,y,2) < f(s,1,11,Y,2), whenever the
distribution functions Fy,, F,, satisfy F,,, < Fy,. Recall that F,,(x) = u((-o0, x]), x € R, u € P>(R).

Indeed, if we let 1y = Py, ,uy = Py, , then from 6, < 0y, P-a.s., we get F,, < Fy, , and (H2.2') implies f(s,n, Py,,y,2) <
f(s,n, Po,,y,z). This shows that (H2.2') = (H2.2).

In order to show that (H2.2)=(H2.2'): We consider i,y € Po(R), with F,,, < F,, . Let ¢ be a random variable
uniformly distributed on [0, 1], and let F;il be the left inverse function of F,, . Then 6, := F;;(f) < Fljll (&) =: 0y, and
P«Q] = M1, Pé’z = M. From (H2'2) we getf(s9naP02sy’Z) < f(s9779P6'1ay9Z)'

Before proving the main theorem in this paper, we need the following lemma which gives the approximation of continuous

functions by the Lipschitz functions and it was presented by Lepeltier and Martin (1997). we have to introduce a new
method to study the relationship between two measures, we define

1/2
Wanuv) = inf f (= ) Patdx.dy)| b
ne[1(u,v) RIxRA

where [](u, v) is the family of all couplings of i and v, i.e., m € [](u, v) if and only if 7 is a measure on RY x RY with
marginals y, v € P, (RY).

The following Lemma is a modified based on Lemma 3.1 in Li, Liang and Zhang (2018).
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Lemma 5.2. Let f : [0,T]x Q x Rx Pr(R'*¥) x R x R? — R be a continuous function in (n, i1, y, 7) and satistying (H2),
Then the sequence of functions

fn(saw’n’llayaz) =ess {f(S,a),f,V, r’b) +nW2,+(ll7V) +n|7]— gl +n|y - r| + n|Z— b|}

inf
(£, v,r,h)ERXP, (RI+)x Rx R4
is well defined for n > K and has the following properties

(i) Linear growth: for all (s,w,n,u,y,z) € [0, T] X Q X R X PR x R x RY, [fn (s, w,m, 10, v, 2)] < C(1 + Wau, do) +
771 + Iyl + [z1);

(ii) Monotonicity in p: f,(s, 0,1, 12, ¥,2) < fu(s, w,m, 11,,2), for pi, o € Po(RY ) with Fy,, > Fy,, for all (s,w,n,y,z) €
[0,TIXQOXRXRxRY n>1;

(iii) Monotonicity in n: for any (s,w,n,14,y,z) € [0,T] X Q X R X PR*HY xR xRY n < m, Ju(s,w,n, 1, y,2) <
Jm(s, w,m, 1, v, 2);

(iv) Lipschtiz condition: for any (s, w,n, 1, y,2) € [0, TIXQXRXPo(RFHYXRXRY, | fu(s, @, 17, 11, ¥, )= (8, @, 71, p11, y1,20)] <
n(Wal, 1) + In=ml+ly =yl +lz—zil);

(V) StrOl’lg COnvergence: I‘f(n”’l’ln’ yn’ Zn) - (TI’M’ y’ Z) ”’l R X PZ(R1+d) X R X Rd asn — oo, then fn(S, w, 77m HMn, yrn Zn) i
f(s,(l.), U,ﬂ,y,Z) asn — oo,

From Lemma 5.2, for fixed s, we consider the sequence f,(s,w,n,u,y,z2), and g,(s,w,v,u,y) n > 1, related to f and
g, respectively. Also consider A(s, w,n, 1, y,z) = K(1 + Wa(u,d0) + |71 + [yl + |z]). It is obvious now that f, and & are
F-progressively measurable functions which are Lipschitz in (u, y, z), uniformly in (s, w). For & € L*(Q, F7;R) we know
from Proposition 4.5, for n > K, that the following mean-field BSDEs have a unique adapted solution

T T T
=&+ f Ja(s, M55 Pyn, Y, Z5)ds +f 8n(s, M5, Py, Y{)dA —f ZldBY, 0<1<T. (6)
t t t

T T T
U=+ f W5, 102 Py, Us, Vi)ds + f 45,170, Py, UpdA, f V.dB!, 0<1<T. )
t t t
From Lemma 5.2, we know that (f;, g,) and (A, g) satisfy the assumptions of Proposition 4.5, therefore we have

U <Y! <Yy < Ug,P-as, sel0,T], for all n>m> K. )

The following two Lemmas have been implied in Proposition 4.5.

Lemma 5.3. There exists a conatant C which depends on K, T and E[eP 7], such that

T T
E(eﬁA“|Y,”|2+ f AN PHN 702 s + f eﬁAs|Y;‘|2dAS)<C,

t t

T T
E(eﬁAs|Ut|2+ f AN PNy Pds + f eﬁAtf|UX|2dAS)<C.
t t

. 1/2
Lemma 5.4. (Y",Z"),n > 1, converges in (V[O/,T] X (V[HO’T].

Now ,we give the main result of this paper:

Theorem 5.5. Let £ € L*(Q, Fr; R). Assume (H2) holds. Then equation

T T T
Y, =&+ f f(s.05, Py, Y5, Zo)ds + f g(s, 15, Py, Y)dAs — f 7'dB", 0<1<T. )
t t t

has an adapted solution (Y,Z). Also, there is a minimal solution (Y*,Z*) of (9), in the sense that for any other solution
(Y. Z) of (9), we have Y; < Ys, s € [0,T], P-a.s. Moreover, forall t € [0,T],

T T
E(eﬁA»v|Y,|2 + f ANz P ds + f eﬁA»v|YS|2dAs) < COt,T),
t t

where

T T T
o T) ::E(eﬁ"r|§|2+2f M1 +E[(Ys,ZS)2])ds+f eﬁ’\3|m|2ds+2f AN+ EN(Y) A, ).
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Proof. From (8) we have Y™ < Y" < U forall n > ng > K. Moreover, Y" — Y converges in (Vllézn, On the other hand,
also Z" — Z in (Vf{) -

Hence, thanks to (i) and (v) in Lemma 5.2, we get

]crz(S,Usaplﬁ:?,Y;l7Z;l)_)f(S,Us,PYA,Ys,Zs), n — oo,

gn(ss Urs PY;’, Y;l) - g(S, urs PYA-’ YS) n — 0o,

Thus

T
E(f eﬁAALfn(s? Urs PY?, Y;lle;) - f(S7 Urs PYA-, Y39ZS)|2dS) - 09 as n— oo,

t

and

T 2
E( f M (g,(s, 15, Py, Y1) — g(s, 75, Py, n))dAs) — 0,as n— oo
t

From Theorem 2.1, Lemma 4.5 and remark 3.2, we can get
T T T T
E( f PNzt - Z)dBH)y? = E( f Pz — 7)) ds + f f DH(z" - z)DH (z" - z,)drds)
t t t t
T T T
= E( f ePN(Z0 — 7o) ds + 2 f f DH(z" - z)DH (2" - Z,)drds)
t 13 s
T T T
< E( f PNz — Z)ds + 2M? f f (sr)?=Y(z0 - Z)(z" —Z,)drds), as n— oo.
t t N

On the other hand, from the BSDE (6) we can prove similarly that E[ fOT |Y] = Y/"|dt] — 0 as n,m — oo. Therefore, Y has

a continuous version, i.e. Y € (V[l(izn and E[fOT |Y] = Y;|dt] — 0 as n — oco. Thus, taking the limit in (6), we get that (Y, Z)
solves (9).

Let (?, 2) € ”V[]({zﬂ X (Vféﬂ be any solution of (9). From the comparison theorem we get that Y < )”;, se[0,T],P-a.s.,
for all » > 1, and therefore Y, < ﬁ, s € [0,T], P-a.s., that is, Y is the minimal solution of (9). O
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