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Abstract

In this article, we consider two operations of random measures: O-dot product and the convolution product by Morse-
Transue integral. With these two operations, we construct algebras of random measures. Also we investigate further on
the explicit forms of the products of Wiener processes by O-dot operation and by Morse-Transue integral convolution.
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1. Introduction

Convolution is a very interesting subject in classical analysis. The convolution product is of interest to us since the
operation is often closed in the same class. This allows us to build an algebra structure. One of the classical examples is
L? space. Let (X, M, i) be a measurable space and let L*(u) be be the set of all measurable function f : X — C such that
[1fPdp < eo. The convolution of f, g € L? is defined by f * g(x) = [ f(x = y)g(y)dy. f = g is also in L?, therefore L? is
an algebra. L? is also a complete normed space, therefore it is a Banach algebra. A Banach algebra is well-studied area of
functional analysis. By constructing algebra structure of L? functions, the study of functional analysis has expanded since
we can apply thousands of algebra theorems. Then we can ask if similar things can be done in probability, in other words,
’Can we build an algebra of stochastic processes?’ If this can be done, it will enrich the study of statistics and probability.

To build an algebra structure, we need two operations. For instance, we have the addition and multiplication in real
numbers R. In L?, the first operation is addition. If we add f,g € L? then f + g € L? also. However, if we choose the
second operation as multiplication, f - g is not necessarily in L?. Therefore, we need another operation, and that is the
convolution.

Defining the convolution is the key to build an algebra. In the past, some researchers have defined the convolution of
stochastic processes with restricted conditions or something related to stochastic processes. J.E. Huneycutt (1972) has
introduced a convolution of vector measures, and D. Dehay (1991) has shown the product of two L”-harmonizable series
is harmonizable. C. Graham and B. Schreiber (1984) defined a convolution of bilinear forms and built an algebra of
bilinear forms. M.M. Rao (2012) extended a convolution of bilinear forms to a convolution of random measures, and
J.H.J. Park (2016) constructed an algebra of second ordred random measures by using the convolution of M.M. Rao.

In this ariticle, we build two more algebras by using operation introduced from M.M. Rao (2012), namely, O-dot product
© and the convolution by strict Morse-Transue integral. Section 2 mainly consists of preliminary results and definitions of
O-dot product and strict Morse-Transue integral. In section 3 and 4, we build the algebras of random measures by using
O-dot product and strict Morse-Transue integral, respectively.

Remark 1 H.S. Chung, D. Skoug and J. Chang (2014) introduced a convolution product on Wiener Space. Their convo-
lution is the convolution of nonrandom functionals on a Wiener Space which is a vector space of nonrandom integrable
functionals relative to the Wiener measure which is translation invariant in an infinite dimensional space R*. However,
there is no randomness involved in the functions. It is an interesting functional analysis problem, but our interest is in the
convolution of stochastic processes and measures of various types, and is distinct from their works.

2. Preliminaries
2.1 Random Measures and Bimeasures
We introduce definitions of random measures and bimeasures.

Definition 2.1 Let (G, G) be a measurable space, where G is a locally compact abelian group and G is o-algebra of G.
Let Z be a vector-valued o-additive set function such that Z : G — L*(Q,X, P), where (Q,%, P) is a probability measure
space. Then Z is termed a random measure.

The domain of a random measure is a o-algebra G, which is a family of sets G ¢ P(G) that is closed under complements
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and countable unions.

In this article, we focus on the second order random measure. An ouput of Z is a random variable with second moment.
If the range of Z is LP-space, then Z would be a pth order random measure.

Definition 2.2 Let (G, G) be a measurable space, where G is a locally compact abelian group and G is o-algebra of G.

1. A mapping B: Gx G — Cis called a bimeasure if it is separately additive, that is, if B(A, -) and (-, B) are (scalar
valued) additive measures for every A, B € G.

2. A bimeasure 3 : G X G — C is said to be o-additive if it is separately o-additive.

3. A bimeasure 3 : G X G — C is said to have a bounded or finite Vitali variation if

|8l = sup {Z Z IB(Ei, Fj)| : E;, F; € Q} < 0o,

i=1 j=1
where all E;’s are disjoint and all F;’s are disjoint.

4. A bimeasure is called positive definite if
22> aaBA, B)) = 0
i=1 j=1

forallaj,aj € C,A;,Bj€e Gand 1 <i,j<nwhereneN.

A bimeasure is an ‘analog’ of a covariance function. The following lemma states that there is always a corresponding
bimeasure S to Z and vice versa. In this article, if a bimeasure 8 corresponds to the random measure Z then we denote
Z~p.

Lemma 2.3 From Rao (2012) Let (G,G be a measurable space, where G is locally compact abelian group and G is a
o-algebra of bounded Borel sets of G, and 8 : G X G — C be a bounded bimeasure. Then it is positive definite if and only
if there is a probability space (Q, %, P) and a random measure Z : G — L*(P) inducing the bimeasure in the sense that
B(A, B) = (Z(A), Z(B))12(p), A, B € G.

The inner product in L*(P) is defined by (X, Y);2 = fQX)_/dP where X,Y € L*(P). Therefore (Z(A), ZB))12(py =
fQ Z(A)Z(B)dP = E[Z(A)Z(B)].

Lemma 2.4 From Park (2015) Leta € C, Z : G — L*(Q,X, P) be a random measure, and B be the corresponding
bimeasure of Z, in other words, B(A, B) = E[Z(A)Z(B)]. Then aZ has the corresponding bimeasure |a|2,8 (ie. IfZ ~
then aZ ~ |a|*B)

Proof Let 8’ be the corresponding bimeasure of aZ. Then 8/ (A, B) = E[aZ(A)aZ(B)] = |al*E[Z(A)Z(B)] = |a|’B(A, B).
Lemma 2.4 will be useful in section 3.
2.2 Space of Random Measures and Bimeasures

Let RM(G) and BM(G) be the space of random measures and bimeasures, respectively. Then we have the following
elementary results from J.H.J. Park (2016).

Theorem 2.5 From Park (2016)

1. BM(G,+) is an abelian group.
2. BM(G,+) is a unitary C-module.
3. RM(G, +) is an abelian group.

4. RM(G, +) is a unitary C-module.

2.3 O-dot Product

The following proposition motivates the concept.
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Proposition 2.6 From Rao (2012) Let B; : Gi X Gi — C,i = 1,2 be a pair of positive definite kernels and B = 31 - 32 :
(G1XG1) X (G2 X Gr) — C as their pointwise product. Then f8 is positive definite. If we let Hg, Hp, , Hg, the corresponding
reproducing kernel Hilbert (or Aronszajn) spaces, then Hg = Hp ® Hp,, so that Hpg is a tensor product of Hg, and Hg,.

The proof of the Proposition 2.6 is detailed in Rao (2012). The Proposition 2.6 leads to the following definition.

Definition 2.7 From Rao (2012) Let (G,G) be a measurable space and Z; : G — L(Z)(P) be a pair (i = 1,2) of random
measures into L(z)(P) the Hilbert space of (equivalence classes of) centered (complex) random variables on a probability
space (Q, %, P) with covariance bimeasures 3; : G X G — C given by Bi(A, B) =< Z;(A), Z;(B) > using the inner product
notation. Let B =B - B2 : (G X G) X (G X G) — C be the product, pointwise as in Proposition 2.6.

Definition 2.7 leads to the definition of O-dot product of random measures Z; and Z,, where Z;,Z, are corresponding
random measures of bimeasures 3,,, respectively. This is well illustrated in M.M. Rao (2012). However, we will
slightly alter the definition of O-dot product from Rao’s text since the problem with pointwise product occurs immediately.
In fact, the product g, - 3, does not produce the bimeasure of the same class. The dimension of domain gets larger as we
multiply. We will define a new O-dot product with a modification and build an algebra in section 3.

2.4 Convolution of Bimeasures
The integration of bimeasures by M. Morse and W. Transue (1956) is necessary to define the convolution of bimeasures.

Definition 2.8 If (Q;,X)),i = 1,2 are measurable spaces and (., X) is their product (so Q = Q1 X Qy and X = X ® X),
fi + Qi = C (measurable relative to X;,i = 1,2) are given, then the pair (f1, f2) is said to be strictly B-integrable where
is a bimeasure on £ X Z,, provided the following two conditions hold:

1. fiis B(-, B)-Lebesgue integrable for each B € ¥, and f, is B(A, -)-Lebesgue integrable for each A € X, such that
EI A F) = fFfz(a)z),B(A, dw,) is o-additive in A € X for each F € X, and EZ(E, B) = fEfl(u)l),B(dwl,B) is
o-additve in B € ¥, for each E € Q.

2. fiis Bi(, F)-Lebesgue integrable, f> is Bo(E,-)-Lebesgue integrable and
ffl(wl)ﬁl(dwl,F) = ffz(wz)ﬁz(E,dwz) EeX,FeX,.
E F

The common value in above is denoted by J;E J;;,(fl,fz)dﬂ = fE f](a)l)ﬁl (dwy, F) = J; fz(wz)ﬁz(E, dw»).

The following proposition also can be considered as a definition. B([0, 1]) is a o-algebra of Borel subsets of [0, 1].

Proposition 2.9 From Rao (2012) Let Z; : B([0,1]) — L*(P),i = 1,2 are a pair of random measures, and let 3;’s are
corresponding bimeasures of Z;'s, with finite Vitali variations. Then the convolution of 81 and 3, are defined by

1 pl
(B1*B2)(A, B) = f f Bi(A = x, B—y)Ba(dx,dy), A, B € B([0, 1]),
0o Jo
where the integration is strict Morse-Transue integral. Also, (81 * B32)(:, ) is a well-defined positive definite bimeasure on
B([0, 11) x B([0, 11) and there is a random measure Z : B([0, 1]) — L*(P) whose bimeasure is (81 * $2)(:,-).

Existence of such Z is guaranteed by Lemma 2.3. The covolution of bimeasures allows to us define the convolution of
random measures, since there is one-to-one correspondence between bimeasures and random measures.

2.5 Wiener Process
A Wiener process is one of examples of stochastic processes.

Definition 2.10 A process {W(t),t € R*} is called a Wiener process with a positive diffusion coefficient o if

1. Each increment W(s + t) — W(s) is N(0, o7*1)

2. For every pair of disjoint time intervals (t1, t;], (t3, 4] with 0 < t; < t, < t3 < t4, the increments W(ty) — W(t3) and
W(t,) — W(t)) are independent random variables, and similarly for n disjoint time intervals, where n is an arbitrary
positive integer.

3. W(0) = 0 and W(¢) is continuous as a function of t.
Let {W(?)},cr+ be a Wiener Process and G be a o-algebra of Borel subsets of R*. Pick A = (¢, s) € G, where 0 < t < s < oo.

Then we define a random measure Z : G — L3(Q, =, P) by Z(A) = W(s)— W(¢). This is an example of a stochastic process
which can be written in terms of a random measure.
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Definition 2.11 Given a centered L*(P)-stochastic process {X(f) : t € R*), its covariance function, or kernel is given by
C(t,s) = Cov(X(1), X()).

Lemma 2.12 From Park (2015) For the Wiener Process {W(t) : t € R*}, the covariance funtion is Cov(W(s), W(¢t)) =
o min{s, t} for s,t > 0.

Proof Recall E[W()] = 0, and E[W(9)]> = 0t. Then for 0 < s < ¢,

Cov(W(s), W(r)) = E[W(s)W()]
= E(W(s)(W(@) — W(s) + W(s))]
= E[W(s)(W(t) — W(s)] + E[W(s)W(s)]
Since W(s) and W(¢) — W(s) are independent
= E[W()IE[W(t) - W(s)] + E[W*(s)]
=0+ E[W2(s)]

=0'2S.

Similarly, for 0 < 7 < s, we obtain Cov(W(s), W(¢)) = o2t, which leads to the formula

Cov(W(s), W()) = o’ min{s, ¢t} for s, > 0

3. O-dot Product and Convolution of Bimeasures
3.1 O-dot Product

The product 8 = B - 5, in Definition 2.7 does not have the same domain as §;, 8,, therefore  is not in the same class
as f31,5,. Recall the diagonal set of R X R is {(x, x) € R X R|x € R}, which is isomorphic to R. We extend this idea to
(G X G) X (G % G). Let the diagonal set of (G X G) X (G X G) be {(A X B,A X B)JA X B € G X G}. Now, consider the
following definition. Let 8 : (G X G) X (G X G) — C be such that

- { B ondiagonal set of (G X G) X (G X G)

p= 0 otherwise.
B is defined on isomorphic copy of G X G. We rewrite
B(A,B) = B(A X B,A X B).
Now we assert that the /3 is positive definite and o-additive.

Lemma 3.1 Suppose f3 is defined as above.

1. Bis positive definite

2. B: G x G — C is separately o-additive.
Proof

1. Bis positive definite since 8 is positive definite by Proposition 2.6.

2. We consider the disjoint set (A, C) and (B, D). Let ,5’ be the pointwise product of 81,8, € BM(G),and A, B,C,D € G,
where ANC = J,BN D = &. Then

B((AUC),(BU D))

=B(AUC)x(BUD),(AUC)x(BUD))
=B(AXB)UAXD)U(CxB)U(CxD),
(AXB)UAXD)U(CxB)U(Cx D))
=BAXB,AXB)+B(AXB,AXD)+B(AXB,CxXB)+B(AXxXB,C xD)
+B(AXD,AXB)+B(AXD,AXD)+BAXD,CxXB)+BAXD,CxD)
+B(C X B,AXB)+B(CxXB,AXD)+B(CXxB,CxB)+p(CxB,CxD)
+B8(C X D,AX B)+B(C x D,AX D)+ B(CxD,CxB)+B(CxD,C x D)
Note that 3(A x B, A x D) = 0 by the definition of 8
=BAXB,AXB)+BAXD,AXD)+B(CxB,CxB)+p(CxD,C xD)
= B(A, B) + B(A, D) + B(C, B) + B(C. D)

Since 3 is o-additive, 3 is also o-additive. O
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We have now well-defined a product of two positive definite bimeasures. We also define O-dot product of random mea-
sures Z; and Z,, which are corresponding random measures of 5, 3, by Lemma 2.3.

Definition 3.2 Suppose the B = 1 -2 : (G X G) X (G x G) — C as in Definition 2.7. Let B = 8 on the diagonal of
(GXG)X(GXG), and 0 otherwise. Define O-dot product © of bimeasures by B = B10B,. Therefore, B : GXG — C is defined
by B(A, B) = 81 ©82(A, B) = Bi(A, B) - B2(A, B), where A X B € G X G. Moreover, there exist a reproducing kernel Hilbert
space, H of B and a random measure Z such that B(A, B) = E[Z(A)Z(B). If Z\,Z, and H,,H, are the corresponding
random measures and reproducing kernel Hilbert spaces for bimeasures B1, 82, then define the O-dot product of Z, and
7y as Z = Z| © Z, whose bimeasure is B

Remark 2 Note that there is a slight change from the definition of O-dot product in Rao (2012). In this article, we have
restricted domain of the product bimeasure £ so it can have the same domain of 3, 53,.

3.2 Structure of BM(G,®) and RM(G, ®)

We construct an algebra of random measures under O-dot product finally. If Z = Z; ©® Z, and 31,3, are corresponding
bimeasures of Z;, Z,, respectively, then we will denote 5 as the corresponding bimeasure of Z and § = 8 © 3,. Note that
we omit the tilde notation (™) above S for convenience of writing notations.

Theorem 3.3 BM(G, Q) is a ring.

Proof 1) BM(G, +) is an abelian group by Theorem 2.5. ii) We show the associative property. Let A X B € G X G.
B1 © (B2 ©B3)A,B) = Bi(A,B) - (B2 © B3(A, B)) = Bi(A,B) - (B2(A, B) - B5(A, B)) = Bi(A,B) - f2(A, B) - B3(A, B) =
(B10B2(A, B))-B5(A, B) = (B ©82) ©B3(A, B) iii) We show the distributive property. 8; @ (82 +83)(A, B) = B1(A,B)- (B> +
B3)(A, B) = Bi(A, B) - (B2(A, B) + B3(A, B)) = Bi(A, B) - B2(A, B) + B1(A, B) - B3(A, B) = (B1 © B2)(A, B) + (B1 © B3)(A, B).
Remark 3 The multiplicative identity of BM(G) is not trivial. One can think of a bimeasure 6(A, B) = 1 forall A, B € G.
However, this ¢ will not have the additive property of bimeasure.

Theorem 3.4 BM(G, ®) is an algebra over C.

Proof 1) BM(G) is a unitary C-module by Theorem 2.5. ii) Let @ € C. Then a(B8; © 8)(A, B) = a(B1(A, B) - B2(A, B)) =
api(A, B) - B2(A, B) = (a1 © B2)(A, B) = B1(A, B) - aPa(A, B) = (B1 © aPa)(A, B).

Theorem 3.5 RM(G,®) is a ring.

Proof Let Z,,Z,,Z3 € RM(G), and (31, 32,33 be their corresponding bimeasures. (i.e. Z; ~ 1,2y ~ B2, Z3 ~ B3). 1)
RM(G, +) is an abelian group by Theorem 2.5. ii) Note Z; © Z, ~ 81 © 3, by definition. (Z; ©2,)©0Z3 ~ (B1 ©B2) OSB3 =
BrOBrOB3) ~210(£r0Z3) i) 210 +7Z3) ~B1OBr+P3) =B1O0B+B1O0Bs ~Z1 02y + 7 ©Z;3. iv)
210y ~B1OBr=p0B ~2,0Z.

Theorem 3.6 RM(G,0) is an algebra over C.

Proof LetZ,,Z, € RM(G) and k € C. Then i) RM(G, +) is a unitary C-module by Theorem 2.5. ii) Recall kZ ~ |k|2ﬁ by
Lemma 2.4. k(Z; © Z,) ~ [kI*(B1 © 82) = |kI?81 © B> = 81 © kB, ~ kZ, © Z, and ~ Z; © kZ,, respectively.

3.3 O-dot Product of Wiener Processes
In this section, O-dot product of bimeasures of Wiener processes is considered as an explicit example.

Lemma 3.7 Suppose Zw : G — L*(P) is a random measure that represesnts Wiener Process, where G is a o-algebra
of Borel subsets of R*. Suppose By is the corresponding bimeasure of Zy (i.e. Bw is a scalar bimeasure induced from
a Wiener process). If Z = Zw O Zy : G — L*(P), then Z has the bimeasure B =PBwOBw : GXxXG — C such that
B(A, B) = o*u(A N B)?, where o is a positive diffusion coefficient of the Wiener Process.
Proof By the definition of 3,

=PBw(A, B) - Bw(A, B)

= 0'2/,1(A NB)- a'zlu(A N B)

= 0'4/1(14 NB? O

Z © Z has the covariance bimeasure 8 = o*(u(A N B))?, where Z is a random measure of Wiener process. There exist a
unique Gaussian Process corresponding to a given bimeasure. However, Z © Z itself will not be the random measure of
Wiener process.

4. Convolution by Strict Morse-Transue Integral

In this section, we will illustrate the random measure algebra with the convolution by Morse-Transue Integral as in
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Proposition 2.9. The definition of convolution by Morse-Transue Integral is well-defined in Rao (2012). The following
lemma shows the convolution is commutative.

Lemma 4.1 The convolution product of positive definite bimeasures is commutative.

Proof
Bi#BrAB) = [ [ Bi(A~x, B~ y)dBa(x.)
= foi foi foi foi xa5(a+ %, b+ y)dBi(a, b)dBs(x, y)
= fol foI I o xasta+x,b+y)dBa(x,y)dBi(a, b)
= [, Jy B2(A —a,B—b)dBi(a.b)
=B, *B1(A, B) O

4.1 Structure of BM([0, 1])

Let’s denote BM([0, 1]) as a set of positive definite bimeasures 8 : B([0, 1])xB([0, 1]) — C, where B([0, 1]) is a o-algebra
of Borel subsets of [0, 1], and denote RM([0, 1]) as a set of random measures Z : B([0, 1]) — L*(Q, X, P). We investigate
the algebraic structure of BM([0, 1]) and RM([0, 1]) with the convolution.

Theorem 4.2 The set of bimeasure BM([0, 1]) with the convolution by Morse-Transue Integral is a ring with identity.

Proof 1t is trivial to show that BM([0, 1]) is a group under addition. We show that BM([0, 1]) is a monoid space under
convolution * and has the distributive property.

First, we want to show (8 *82) 83 = 1 * (82 *3). We use Fubini’s Theorem for bimeasures and commutative properties.

((B1 *B2) *BAB) = [ [ B *Ba(A — x, B~ y)Bs(dx, dy)
= [ BuA = x—a, B—y - b)dBa(a, b)dBs(x, y)
= [ BIA = x—a, By - b)dBs(x, y)dBa(a, b)
= [ BsA = x = a, B =y — b)dBi (x, ¥)dBa(a, b)
= foi foi [ [ By = x - a, B~y = bydpa(a, bydBy (x, )
= [ o B3 *Ba(A = x, B = y)dp (x.y)
= (B3 ) * B1)(A. B)
= (B1 * (B3 * B2))A, B) = (B1 * (B2 * B3))(A, B)

Simliarly, one can show (8 * (83 * 82))(A, B) = (81 * (B> * 53))(A, B).
BM([0, 1]) has a unit d¢(-, -), where dy(-, -) is defined by

1 if0eAandO€eB
So(4, B) = { 0 otherwise

Observe that dy is a bimeasure since it has the o-additive property do(A, UyerB) = Zne00(A, By). Also B * 0p(A, B) =
1 ol 1
Iy o B(A = x, B=y)déo(dx,dy) = B(A, B), and 6 * B(A, B) = [ [ 6o(A — a, B = b)dB(a, b) = B(A, B).

For the multiplicative distributive property, we have

o B4 = . B = y)d(B + Br)(x.y)
= [, Jy BA=-x,B=y)dB: + [ [ Bi(A - x, B - y)dps
= (B1 * B2+ 1 xB3)(A,B)

B1* (B2 + B3)(A, B)

Therefore, BM[0, 1] is a ring. O

We extend the structure to C-algebra.

Theorem 4.3 BM([0, 1], %) is a C-algebra.

Proof BM([0,1],+) is a C-module. We have the compatibility with scalars, that is (aB;) = (bB2)(A, B) = fol fol aBi(A -
X B~ )dbB)(x,y) = ab [ [ Bi(A~ x, B~ y)dBa(x.y) = abBy * f(A.B). D

4.2 Structure of RM([0, 1], %)

We move on to the structure of random measure algebra, which is our main interest.
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Definition 4.4 Given the Borel measurable space ([0, 1], B([0, 11)), let Z; : B([0,1]) — Lé(P) be a pair (i = 1,2) of
random measures into the Hilbert space of (equivalence classes of) centered (complex) random variables on a probability
space (Q, %, P) with covariance bimeasures 3; : B([0, 1]) X B([0, 1]) — C given by Bi(A, B) =< Z;(A), Z;(B) > using the
inner product notation. Let B = 1 + 3, : B([0, 1]) X B([0, 1]) — C be the convolution product given in Proposition 2.9. If
Z:8B(0,1])) —» LS(P) is the induced random measure by 3, then denote by Z = Z, = Z, : B([0,1]) — Lg(P), the random
measure. It is well defined as convolution of Z, and Z,.

The convolution of the bimeasures is the key to define the convolution of random measures, since a positive definite
bimeasure induces a random measure, and vice versa, by Lemma 2.3.

Theorem 4.5 RM([0, 11, %) is a ring with identity.

Pl’OOf 1) RM([O0, 1], %) is an abelian group. ) Zy % (Z, + Z3) ~ ﬁl * (ﬂz +ﬁ3) = ﬁl *ﬁz +181 +ﬁ3 ~ 7\ %2y + 7y % Z3. iii)
(Z\+22)*Z3 ~ (B1+B2)*B3 = B1*B3+B1+B3 ~ Z1%Z3+ 2% Z3. IV) (Z1xZp)*Z3 ~ (B1+B2)*B3 = P1+(B2%P3) ~ Z1+(Zy%Z3).
V) Zy * Zy ~ Zy * Z) for commutativity. vi) Define a random measure Zyo(E) = 1 if 0 € E, 1 otherwise. Z is finitely
additive since Zy(UE,) = ZZy(E,) = 1 if 0 € E; for any i, 0 otherwise. Let §y be correspoding bimeasure of Z,. Then

00(A,B) = E[Z(A)Z(B)] = 1if 0 € A and 0 € B, 0 otherwise, which is the exact definition of Dirac é-function. (i.e
Zy ~ 00. Zy % Zy ~ By %69 = B1 ~ 7. Similarly, ZoxZy ~ 7. O

Theorem 4.6 RM([0, 1], %) is a C-algebra.

Proof i) RM([0, 1]) is a C-module. ii) k(Z; * Z») ~ |k*(B1 * B2) = |k|*B1 % B> = B1 * |kI*Bs ~ kZy x Z» and ~ Z; xkZ,. O
Finally, an algebra of random measure is constructed.

4.3 Wiener Process

Let {W;}sc[0.1] be a Wiener Process, and Z be the associated random measure, that is Z : 8([0, 1]) — L*(Q, =, P) such that
Z([t;, tiv1]) = W, = W,,,,. Let 8 be the bimeasure of Z, that is 8(A, B) = E[Z(A)Z(B)]. We explicitly compute 5 = S(A, B) if
A =1[t, ], B=1[s1,s2] with 51 <t < 57 < 1.

Theorem 4.7 Let {W,}c0.17 be a Wiener process, and Z be the associated random measure, that is Z : B([0,1]) —
L*(Q, 2, P) such that Z([t;, t;41]) = W, — Ws,,. Let B be the bimeasure of Z, that is f(A, B) = E[Z(A)Z(B)] with A =
[t1,5], B = [s1, s2] with 51 <t < 50 < th. Then

20 3 4 2 3 2 2 22
/Y S ST T RN TN T ST, S
,B*B(A,B)—z tT Tt Ittt e o3 4
hs st [ sity sih sik Sty S S 5
62 ]222+ 3 + 2 + 2 5 6 3+ 2 3+ 24 6 2
sB s e g Cd wd ed
2 4 2 3 6 6 12

Proof We are to compute

1 1
B1#p2(A, B) = fo fo Bi(A = x, B =y)Br(dx,dy),  with A, B € B([0, 1]),

where 81, B, are both bimeasures of random measures from Wiener process. We investigate S(A — x, B — y) by,

B(A—-x,B-y) = E[Z(A - x)Z(B—y)] where Z(-) is as above
= E[(X(2 —x) = X(t1 — x)) - (X(s2 —y) — X (51 — y))]
= E[X(5 — x)X(s2 — )] — E[X(12 — 0)X(s1 — y)]
—E[X(r = 0)X(s2 — y)] + E[X(©1 = 0)X(s1 — y)]
= min{f, — x, s — ¥} — min{t, — x, 51 — y}
—minft; — x, s, — y} + min{t; — x, 51 — y}
by Lemma 2.12.

Therefore, |
Bi#BaAB) = [ [ Bi(A~x,B~y)Ba(dx,dy)

= fo fo minf{t, — x, s, —y} — min{t; — x, 51 — y}
—min{ty — X, 52 =y} + min{ty = x, 51 = y}dBa(x,y)

= fol fol min{t; — x, 53 — y}dBa(x,y)
— [ f min{t - x, 51 — y}dBa(x. )
— [ [ min{ry — x, 5 — y)dBa(x, y)
+ [ minft - x, 51— y)dBa(x. )
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Observe that
h—x ifx—(tg—sz)Zy

“WT*”‘”:{&—yiu—m—m<y

. - ifx—(t, —s1) >
mln{tz—x,sl—y}z{lz x ifx—(r-s1)2y

sp—y ifx—(t-s)<y

th—x ifx+s,-1>y

mm{tl—x,sz—y}z{ so—y ifx+s—t <y

th—x ifx—(—-s))2>
y}:{] H-s)2y

min{t; — x, s1 — .
tn ! sp—y ifx—(t-s)<y

Also dfB(x,y) = d(min(x,y)) = xdxdy if x < y, and = ydxdy if x > y. We will now calculate each of the integrals
explicitly.
n f min{t, — x, 5, - y}dBa(x, y)
1) —S$: 1h—52
= fo Jo sz = y)dady + [ [ y(s2 — y)dxdy
x—(tr—572)
f,z . fx oy Y2 = dydx + [ [T (e - x)dydx
—g+ %
—i—z(sz —1)’(3s; - 1)

+¢(s3 — 5540 + 1) + 6536 + 52(=46 + 355 = 30, + 2) + 1o(53 — 23 + 31, — 2))

+3p(sa =+ 1(s2+ 30, - 3)

Similarly, other integrals can be obtained. Thus,

1 1.
fo f min{t; — x, 51 — y}dBa(x,y)
Yy 1h—S1 [h—S]
—fom wdxdy + [ [*7 y(s1 = y)dxdy
x( s1)
f,2 . fx oy Y51 )dydx+ s B e - xydydx

:——+

(Sl - tz) (Bs1 — 1)
6(s — 5140 + 1) + 65715 + 51(=45 + 365 = 31, + 2) + (5 — 25 + 31, — 2))
+21—4(S1 +3t-3)(s1 -t + ])3,

and

N f? min{z; — x, s = y}dBa(x, y)
ﬁ » fy So+1 (s2 —y)dxdy + J(‘)l 2+ in—sz—t[ x([l _ x)dydx
+ﬁﬂﬁhﬁx%—xﬂwx+kkgﬂh—@@dx
24(1 +1 — S2)3( 341 +3s5)+ 6(1 +1 — S2)2( H+ 5)(=2+1 +257)
12(1‘1 - Sz)z( 6+ l2 +261(=1 + sp) + 857 — 3S2)

oo|—

The last integral is

fo f min{t; — x, 51 — y}dBa(x, y)
—Lgxm wM@+F“ﬂ“Wm y)dxdy
fn s fx - Sl)y(sl y)dydx+ft s sy y(t; — x)dydx

_——+

(Sl - 11) (Bsi —11)
(s1 — s34t + 1) + 6528 + 51(—483 + 362 =31 +2) + 11(£) = 262 + 31 — 2))
+§(s1 +34 =3)s; -t + 1)
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We put these calculated integrals together.

Bi*ByA.B) = [ [ Bi(A~x,B~y)Ba(dx,dy)
= [ [ min{t; - x, 52 = y}dBa(x, )
— [ min{t - x, 51 — y)dBa(x. )
— [ f min{ry = x, 5 — y)dBa(x, y)
in{

_ S s 51 st Sih sin 51 n s
=-l+3-g-3-pt3tT+o+5-7-7
210 51 I o 152 2s; s 52 183 2s2
e e i niat =
AT T T3 T T G !
N5 _ s b oan | SR St s S 5 h
te TRt sttt ettt e 73
L O T - N SO L - B A
2 4 2 4 T37T % 6 12

There exists a unique (centered) Gaussian Process corresponding to a given covariance function and hence for that we just
computed, since it is well known that a Gaussian process is determined by its mean and covariance functions. However,
with such a complex representation, it is not trivial to express the exact representation of the Gasussian Process related
to the covariance function above, although there exists a unique (Gaussian) process, which will not be the (traditional)
Wiener process.
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