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Abstract

Scientists and engineers have developed the use of Homotopy Perturbation Method (HPM) in non-linear problems
since this approach constantly distort the intricate problem being considered into a simple problem, thus making it
much less complex to solve. The homotopy perturbation method was initially put forward by He (1999) with
further development and improvement (He 2000a, He, 2006). Homotopy, which is as an essential aspect of
differential topology involves a coupling of the conventional perturbation method and the homotopy method in
topology (He, 2000b). The approach gives an approximate analytical result in series form and has been effectively
applied by various academia for various physical systems namely; bifurcation, asymptotology, nonlinear wave
equations and Approximate Solution of SIR Infectious Disease Model (Abubakar et al., 2013).
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1. Model Equations

Considering the following systems of non-linear ordinary differential equation given as;

B-p +a.S,c —a;¢cS —uS
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o= meS = (1= )S, — S,

dSyc
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dSper
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We let,
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gr=(c+w, g.=0-9), g3=(:+w,
ga=0—e)d gs=(@ata+q+tu), ge=0-e)A, g;=(gs + 1),
gg =2+ 1), Go=A=y), gGro=A—-y+u), gnu=0U+w

Rewriting (1) in a more compact form, we obtain;

\
as
o= bt aiSee—agiS
ds,
By 1S - gsS,
dSyc
a 925y — J5Suc
dSyer >
T qSve — 97Sver (2)
dSye
i aSvec + 96Sver — 98Sve
dl
i P2Sve — Grol
dl
d_tt = gol — g111; ’

3. Basic Idea of He’s Homotopy Perturbation Method

To demonstrate the basic idea of He’s homotopy perturbation method, we consider the non linear differential
equation, [He, 2000].

Aw) —f(r)=0 ren 3
Subject to the boundary condition of:

B(w3) =0, rer (4)

Given that;

A: the general differential operator,

B: the boundary operator

f () ; aknown analytical solution and

I': the boundary of the domain () , Taghipour, (2011)

The general operator, A can be divided into two parts viz; L and N in which L is the linear part and the nonlinear
part being N. Hence (3) will now become;

Lw)+Nuw)—f@r)=0 reN 5
We shall now construct a homotopy V(r,p) such that
V(r,p):Q x[0,1] - R satisfing that;

H(r,p) = 1= p)IL(W) — L(up)] + p[L(w) + N(v) — f(r)] = 0 (6)
Pe[01], req
Or
H(r,p) = L(v) — L(uo) + pL(uo) + [N(v) — f(r)] = 0 Q)
Where
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L(u) is the linear part
L(u) = L(v) — L(ug) + pL(uy) and N(u) is the non-linear term.
N(u) = pN(v)

P € [0,1] is an embedding parameter, while u, is an initial approximation of equation (3) which satisfies the
boundary conditions.

Obviously, considering equations(6) and (7), we have
H(v,0) =L(v) — L(uy) =0 (8)
Hw,1) =AW) - f(r)=0 9

The changing process of p from zero to unity is just that of V(r,p) from u, to u(r). Intopology, this is called
deformation while L(v) — L(uy), A(v) — f(r) are called homotopy.

According to Homotopy perturbation method (HPM), we can first use the embedding parameter, p as a small
parameter and assume solution for equation (6) and (7) which can be expressed as;

V = vy +pvy + p%v, + - (10)

If we let p = unity, an approximate solution of equation (10) can be obtained as;

U=lim, ,,v=vy+v; +v, + 11
Equation (11) is the analytical solution of (3) by homotopy perturbation method.
He (2003), (2006) makes the following suggestion for convergence of (11)
(a). The second derivative of N(v) wrt V' must be small because parameter, p must be relatively largeie p —» 1
(b). The norm of L™! Z—Z must be smaller than one so that the series converge.
We now apply HPM on the system (3) by assuming the solution as;
S =ug + Puy + P?u, + - \
Sy =wo + Pwy + P2w, + -
Sye = Xo + Pxqy + PZxy + -+

Sver = Yo + Pyy + P2y, + - > (12)
Spe =z + Pzy + Pz, + -

I=m0+Pm1+P2m2+"'
I, = ng + Pny + P?n, + - J
From the the first equation of (12),

ds
= bt aiSee—agiS

The linear part is

ds _

—=0
dat

and the non-linear part is
b + alsvc _gls =0
We now apply HPM

ds ds
- G-n el b-asn] o
Expanding, this gives
ds s La)
E_pE+PE—P(b+a15w—g15) =0
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=2~ P(b+a;S, — g:5) =0

=2~ Pb — Pa;S,c + PgiS = 0 (13)

Substituting the first and third equations of (12) into (13) gives
(ug + Pui + P*uby + -+ +) — Pb — Pay(xy + Pxy + P?x, + -++)
+Pg1(u0 +Pu1 +P2u2 + ) = 0

Collecting the coefficient of powers of P, we have;

Po%uy =0

Pl:ui—b—a1x0+g1u0 = 0 ( (14)
P2:ub — ayx, + giug =0

Applying the same approach, we have the following ;
Powi=0

PLiw] — aycuy + gswy =0 * (15)

P2:w) — aicuq + gswy, =0

Poxi=0
Plix] — g,wo + gsxg =0 (16)

P%:x) — g,w; + gsx; =0

P%yi=0

Pl:y; —qxo+ g7y =0 17)

P2:y; —qx; + g7y, =0

Pz, =0

Pl:zi — g4Xo — geYo + gszo = 0 (18)
P?:2; — gaX1 — ge¥1 + gsz1 = 0

Pmy=0

PY:m; — pyzo + g1omo = 0 (19)

P2:my — pyzy + mygio =0

P%ny =0

P':ny — gomg + g11419 =0 (20)
P?:ny — gomy + g1y =0

From the first equation of (14),
uy =0
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dug
dt

=0

=duy, =0

Integrating gives us

[duy =S,

“Ug = Co

Where ¢, is constant of integration. Applying the initial condition we have

uy(0) = S

=cy =35

“Ug = So

Similarly, we have that; )
“ Spo = Wo

“ Speo = Xo

“ Spero = Yo e
“ Speo = Zo

g =my

“lyy=mg /

From the second equation of (14),
uy —b—ayxq+ guy =0,
up =b+ayxy— giug

du
= _dtl == b + a1X0 - g1u0

= du, = (b + a;xy — g1up)dt

Substituting the first and third equations of the system (21) into (22) we obtain;
duy = (b + a;Syc0 — 9150)dt

Integrating with respect to t, we have;

Uy = (b + a1S,c0 — G1S0)t + ¢7

Where c, is constant of integration. Applying the initial condition we have;
u,;(0)=0, =2c¢, =0

Uy = (b + aySyco — 91S0)t
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Similarly, we have that;

Wy = (@160 — g3Spo)t

X1 = (92500 = g5Svcolt

“ Y1 = (qSpco = G7Sverolt

“ 21 = (9aSvco + G6Svero — JaSveo)t
My = (P2Sve0 — rolo)t

=y = (golo = Gr1ole0)t

From the third equation of (14),

Uy — 41X + g1uy =0

U, = a1, — g1y

duy _
= T MXs T gt

= du, = (a;x; — g1uq )dt

Substituting the first and third equations of (23) into (24) we obtain;
du; = [a1(925v0 = 95Swco)t — g1 (b + a1Syc0 — 9150)t]dt

du; = [a1(925v0 = 95Svco) = G1(b + a1Syco — g1 So)]tdt

du, = [~bg, — (a191 + a195)Svco + A1925w0 + g1 So]tdt
Integrating both sides with respect to t, we have;

t2
Uz = [~bgs — (@191 + A195)Svco + A1 92Sv0 + GiSol 5 + C1a

Where ¢y, is constant of integration. Applying the initial condition we have;

uz(o) = 0, =1 C14, = 0

tz
“ Uy = [=bgy — (@191 + 195)Spco + @192500 + 91S0] Y

Similarly, we have that;

tZ
~wy = [a;be — (aicgq + a;1€g3)sg + a1 Q1S + 9551;0]7

tz
Xy = [@1926S0 — (9293 + 9295)Svo + 95Sucol Py

t2

Yo = [q928v0 — (qQS + qg7)5vc0 + g%SvurO] >

t-2
2y = [9294Sp0 — (9aGs + 9298 — 496)Svco — (G697 + G698) Svero + 94 Sveo) Y

tZ
“ My = [p294Spc0 + P296Svero — (P298 + P2910)Sveo + 930l0] Y

2
2

“ My = [P299Sve0 — (G910 + Jo911)1o + gi1lt0]

(23)

(24)

(25)

J

Substituting the first equations of (21), (23) and (25) into the number one equation of system (12), we
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obtain;
S@) =

tZ
So + P(b + a;S,c0 — 91S0)t + P?[~bg; — (a191 + 195)Spco + 019250 + 97S5] St
Setting p = 1, we obtain;

2
S(t) = So + (b + a1Spco — g1S)t + [=bgy — (a191 + a195)Spco + a1925v0 + 95S0] % + - \
2
Sp(t) = Sy + (@1¢Sy — g3Sp0)t + [a1bc — (aycgy + a1093)So + a121¢Syco + 95Sp0] % +
tZ
Svu(t) = Svco + (925170 - gSSvco)t + [a192C50 - (9293 + 9295)51;0 + ggsveo] ? + > (26(1)

2
Svcr(t) = Svcro + (qsvco - g7Svcr0)t + [qusvo - (qgs + qg7)5vco + g%SvcrO] P + -

Spe(t) = Speo + (9aSvco + G6Svero — JaSveo)t + [9294Sv0 — (9ags + 9493 — 496)Svco — (G697 + j

tZ
9698)Svcro + 9&Sveol 5 + -+
tZ
1) = Io + (p2Sve0 — G10l0)t + [P2945vco + P296Svero = (P28 + P2910)Sveo + Giolol 5 + (26b)

tZ
1.(8) = Lo + (golo — .91191to)t + [0299Sve0 = (Gog10 + Gog11)1o + gF11ro] St

Hence, equations (45) to (51) are our model equations in HPM.
4. Conclusion

In this paper, we solved some nonlinear time dependent ordinary differential equations analyticall to obtain
approximate solutions using Homotopy Perturbation Method. We considered a system of nonlinear ordinary
differential equations arising from the developed mathematical model of an infectious disease. We applied He’s
same approach in handling the model equations when applying Homotopy Perturbation Method (HPM) to obtain
approximate solutions. The result shows the efficiency of homotopy perturbation method in solving nonlinear
equations.
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