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Abstract 

The constitutive relation of granular aggregate is one important aspect in solid mechanics research, since many 
problems involved are nothing like the ordinary mechanical problems. Using the energy method, this paper sets 
up the constitutive model for the granular material through the homogenization of granular material with 
structural characteristics. Several important factors that are influential to the characteristics of such material are 
fully considered by this model: performance of granular connector, its geometric position, directional 
distribution, morphology and size of statistical domain and the density of the connectors. The analysis of the 
model reveals that the mechanical properties of the granular material are not only related to the properties of the 
granular material but also to the arrangement of the granular aggregate, i.e. its fabric characteristics. In addition, 
the morphology of granules determines how the granules will be connected, which in turn modifies the 
mechanical performance of connection among granules and hence the performance of the granular aggregate. 
Besides, the couple stress is an important stress component, which makes classical theory no longer applicable to 
the granular material. Therefore, the constitutive model for the granular material is a generic model reflecting the 
granular material performance.  
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1. Introduction  

There is an agreement reached in recent years over the fact that the structural characteristics of granular materials 
are important factors affecting the macroscopic properties of the materials (Hu, 1999; He & Shen, 2003; Shi, 
1996). Large amount of researches have dealt with the structural properties of soil composed of granules (Hu, 
1999; He & Shen, 2003; Hu, 2000). The microstructure of the material will influence its macroscopic properties, 
which has also been generally accepted by many. The major problem is how to relate the microscopic properties 
of the material with its macroscopic properties and to decide what specific microscopic properties actually affect 
the macroscopic properties, especially the macroscopic mechanical properties. The theoretical study on these 
problems is still far from adequate, going blindly especially for the microstructure of granular materials. Despite 
much work done on microscopic parameters of the granular materials, the influence of these parameters on the 
macroscopic properties remains to be clarified (Zhang, 2008; Shi, 1996). What is important is to set up both 
micro- and macroscopic models for granular materials to be used in understanding the specific role that each 
parameter plays. Then we will be able to finally establish the methods for analysis and determination of these 
microscopic parameters. The paper attempts to establish the homogenization theory for granular structures by 
using the energy method based on the composition characteristics of the granular material. Next the constitutive 
model for granular structure on the macroscopic scale under static state is set up in the presence of external force. 
The static state here refers to that the granular system remains constant in terms of structure under the action of 
external force. That is to say, there is no slipping or separation (reconnection) among granules in the system, or 
the system is under elastic state (the dynamic problem is discussed in another paper). 

2. Basic Assumptions 

The performance of the granular system is mainly subject to the influence of connection and composition among 
the granules. Therefore, the connection among granules is a key factor affecting the macroscopic properties of 
granular material. In light of this, our discussion is based on the following assumptions:  

1) When a stress is applied, the granules themselves will not be damaged, and their surfaces may deform only 
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to a negligible amount. The surface layer of the granules can be regarded as elastic, and the interaction 
among granules is mainly controlled by the performance of this layer; 

2) When two granules act upon each other, there is only one point of action (plane or line) (Figure 1);  

3) The contact between two granules can be simplified as a connector resembling an elastic beam, which may 
deform under external force (Figure 2). 

 

   

Figure 1. Connection among granules    Figure 2. Simplified model of the connection 

 

According to Assumption 3, the relation of the deformation of the two ends of the connection point with the 
external force can be written as:  
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This corresponds to the case where the stress acts on the ith connector, causing deformation, and can be 
transformed to a global coordinate system:  

    i i iF K                                    (3)  

where  

  1 1 1 2 2 2, , , , ,x y z x y z
i i i i i i iF F F M F F M    ,   1 1 1 2 2 2, , , , ,x y z x y z

i i i i i i iu u u u       

  TT e T
i i i iK R K R             

T
iR    is the coordinate transformation matrix for the ith connector.  
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3. Equivalent Energy Homogenization in the Statistical Domain  

The constitutive relation of granular system is subjected to the influence of granular morphology, granular 
connection and the fabric of granular system. It is a very complex static elastic problem, for which a solution is 
difficult to find. In order to simplify the problem, we can only estimate the constitutive relation on the 
macroscopic scale through homogenization. The essence of homogenization is taking an average, i.e. the mean 
values of parameters on mechanical properties such as stress and strain. The constitutive relation obtained on the 
macroscopic scale is an equivalent relation represented by the mean values. 

Granular material is a highly heterogeneous material because it is composed of granules of variable sizes 
according to the arrangement in different sections of the material. The connection varies with the position, 
leading to discrepencies in granular size, gradation and also its performance. In order to get the characteristic 
parameters of a specific point on the macroscopic scale, the statistical values of the characteristic parameters 
including granular morphology and connection within a certain area near this point are taken as the 
representative values; and the area from which the values are taken is know as the statistical domain (Figure 3) 
(similar to representative unit RAV). 

 

   

Figure 3. Connection distribution in statistic area  Figure 4. Local coordinates of the connection 

 
There may be many methods to get the representative values of the statistical domain (Hassani & Hinton, 1998; 
Xie & Liao, 2001). But for any of these methods, the equivalent effect principle should be satisfied. Here 
according to the equivalent energy principle, the following equation is established with V as the volume of the 
statistical domain:  
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And: 

1

2ij ij ijw                                        (5) 

where ij , ij and ijw  are respectively the average strain, average stress and average strain energy density in 

the statistical domain. And 
*
ij , 

*
ij  and 

*
ijw  are respectively the strain, stress and strain energy density for 

each connection point in the statistical domain. 
The strain energy of the ith connector is:  
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    1

2
T

i i i iw K                                     (6) 

If there are n connectors in the statistical domain, then the strain energy of the entire domain is given by:  
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According to the principle of energy conservation, the strain energy (or the work done by the external force) 
generated from the overall deformation in the statistical domain under external force should be equal to the sum 
of the strain energy produced from all connectors of the statistical domain; or the average energy density 
calculated between the two should be equal. 

4. Constitutive Model in the Statistical Domain 

For elastic system composed of uniform medium, the following relation applies:  

2
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where w is the strain energy density.  

Based on Formula (7) the strain density of the statistical domain can be obtained, and equivalent strain density is 
found by considering the size of the statiscal domain : 
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Thus, the above formula can be used to get Cijkl, the parameter in equivalent stress-strain relation.  

For 2D situation:  

   

1,111 11

2,222 22

2,112 12

1,221 21

,113 13

,223 23

,

u

u

u

u

m

m

 
 

 
 

 



    
    
    
    

          
    
    

        

 and ：                           (9) 

The stress-strain relation is represented by:  

    D                                      (10) 

The strain energy density is known by:  
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That is to say, if the displacement of the two ends of the connections among all granules in the statistical domain 
is known, the corresponding deformation energy and deformation energy density can be calculated to obtain the 
equivalent stress-strain relation, i.e. the equivalent constitutive relation.  
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If the statistical domain is a relatively small domain in relation to the granular system, then the displacement of 
the central point of the statistical domain can be used to approximately represent the displacement of each point 
of the statistical domain by Taylor expansion:  
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where ui and θi are respectively the displacement of any point of the statiscal domain; u0 and θ0 are the 
macroscopic displacements of the central point of the statistical domain; Lα is the distance from the center of the 
statistical domain; tα is directional derivative. 

The expression above is in vector form. Its component form is written as:  
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where ux, uy and θz are respectively the displacement and angular displacement of the central point of the 
statistical domain in X, Y and Z direction:  

When there is a big size difference between the statistical domain and the granular system with neglibile higher 
order terms, the displacement of the ith connector in the statistical domain is given by:  
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After sorting out: 
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Formula (16) can be simplified as: 
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Substitution into the expression of strain energy yields: 
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Figure 5. Connection parameters 
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In consideration that the size of the 2D statistical domain is Ac, the summation of strain energy of all connectors 
in statistical domain is given by:  

 2 3 4
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Ki is the stiffness matrix after 3×3 segmentation: 
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From Formula (18) we can see that the strain energy density is related to the displacement and strain as well as to 
connector stiffness Ki, which depends on the morphology of granules and the action force among granules. 

2 3 41K K K K， ， ，  represent not only the action among granular connectors but also the influence of the position 
on the granular connector. The constitutive relation of the granules varies according to the specific position.  

The equivalent constitutive relation in the statistical domain can be derived based on strain energy density from 
Formula (12):  
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The derivative of the composite function is taken with respect to σ12 and σ21.  
From formula (19) it can be seen that the stress and couple stress are not only related to the strain but also to the 
displacement. We can prove that when stiffness matrix Ki among granules can be simplified as a unit matrix of 
beam, the couple stress is independent of angle θz and other stress components are also not related to the 
displacement. However, if coordinate transformation is required for the unit matrix of beam, the expression of 
each stress component will include the displacement components. 

Formula (19) shows that the equivalent constitutive relation in the statistical domain is determined by 3K  and 
4K , which are in turn related to two factors: one is Ki, the stiffness matrix of granular connector, affected by the 

interaction among granules; another is the position of the connector in the statistical domain, affected by the 
position and direction of the connector in the statistical domain. Apparently, the constitutive relation of the 
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granular material is subjected to the influence of both the connection properties of granules and the distribution 
of the connectors among granules microscopically. 

For the convenience of calculation, the coordinates of the midpoint of the connector is assumed as (ξ, η), its 
length hi; and the angles with respect to X and Y axis are α and β respectively. Thus:  
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Here I = [1 1]T. 

Obviously, Gi is the spatial characteristic matrix for the connector that includes three parameters: position, angle 
and length of the connector. Thus, statistical process is necessary for the three parameters when we analyze the 
distribution characteristics of the granular material. 

5. Discussion  

Formula (19) gives the equivalent constitutive relation of the granular material. In the following, the meaning of 
the parameters in this relation and their respective roles will be examined. 

5.1 Meaning of the Parameters 

Formula (20) can be decomposed into:  
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i i i i iK K K K   K ; 



www.ccsenet.org/esr Earth Science Research Vol. 1, No. 2; 2012 

311 
 

3 11 12 21 22
i i i i iK K K K   K  and 4 11 12 21 22

i i i i iK K K K   K  

Where 11 12 21 22
i i i iK K K K、 、 、  are the block submatrices of the stiffness matrix of the connector respectively. 

If the stiffness matrix of the connector is assumed to be similar to that of the elastic beam, then 
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By substituting into the expressions of 43K K、 , it is found that for 3K  only the third column is non-zero; it is 

the angular displacement that corresponds to the displacement matrix. That is to say, what 3K  represents is the 

stress changes due to rotational displacement, since translational displacement will not cause stress changes. 

Then we examine the influence of the statistical domain. If the position of the connector with respect to the 

coordinate origin is symmetrical having the same stiffness matrix for each connector, then 
1 1

0
n n
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means rotational displacement will not cause the couple stress. Meanhile, 
1 1

cos cos 0
n n

i i
i i

 
 

    will not lead to 

normal stress and shear stress components. Thus, 3K  represents the changes of stress components resulting 

from statistically eccentric and non-uniform action. The classical theory generally assumes that the material is 

uniform and continuous, and the material can be regarded as completely symmetrical, especially when the stress 

state of a point is considered. Therefore, the stress problems arising from the displacement of a non-uniform 

rigid body cannot be accounted for.  

4K  in the formula is composed of four terms. For the first term, only the subterm that is related to the angle 
gradient in the influence maxtirx of the connector is non-zero. So the term is the mean value of the couple stress 
components in the changing statistical domain of each point caused by angle gradient. For the influence matix in 
the second item, only the third column is non-zero, which is only related to the angle gradient when the 
arrangement of strain vector is considered. Therefore, the second term is in fact represents the contribution of 
angle gradient to other stress components. The contribution of strain to couple stress component can be found by 
examining the influence matix of the third term. For the influence matrix of the last term, only the four positions 
towards the upper left corner have values, while the rows and columns related to the angle have none. This 
indicates that the term represents the relation of other strain componments with the corresponding stress 
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components except the angle. In addition, if the morphology of the statistical domain and the stiffness matrix of 
the connector are symmetrical, we will find that the second and the third terms may be zero. This indicates that 
the two terms are related to the coordinates as well as the asymmetry of the system. This is an important feature 
of the constitutive relation of granular materials that is not represented in the classical theory. 

5.2 Further Analysis of Influential Parameters 

From the expressions of 43K K and it can be found that the influential parameters are basically related to the 
following three aspects:  

1) The characteristics of granular connectors;  

2) The geometric position, direction and distribution of granular connectors;  

3) The morphology and size of the statistical domain, as well as the density of the connectors in the statistical 
domain.  

The mechanical interaction among granules is influenced by the characteristics of granular connectors. The 
higher the stiffness of the connector, the higher the equivalent stiffness in the statistical domain will be. And the 
stiffness of the connector is also affected by the characteristics of the connection plane. For instance, the plane 
with friction action is very different from the plane with cementing action. Even the connection planes of the 
same type have variable stiffness characteristics due to the morphology of the connection plane. The plane with 
friction action has different impact for point-to-point contact and plane-to-plane contact. The anti-bending 
performance of the plane-to-plane contact is much higher than that of point-to-point contact. 

The geometic position and directional distribution of granular connectors reflect the fabric relation of granules, 
which is an important aspect that affects the properties of granular materials. The geometic position and 
directional distribution are two important parameters that quantitatively describe the properties of granular 
materials. However, we have not yet understood how structural parameters of granular materials affect its 
macroscopic mechanical properties. Through the analysis of the constitutive relation of granular materials it can 
be found that the position of the granular connectors and the connection direction are two parameters that reflect 
the fabric characteristics of granular material. 

The morphology and size of the statistical domain are also important influential parameters for the equivalent 
constitutive relation. The discrepancy in the morphology and size of the statistical domain may lead to different 
results. And this characteristic related to morphology and size of the statistical domain is also different from 
what is implied in the classical theory. That is, the characteristics of granular material have certain scale effect. 
Even given the same morphology and size of the statistical domain, the quantity of the connectors in the 
statistical domain or the density of the connectors may be greatly different due to different granular scale in the 
statistical domain. This explains the difference in the calculation results. 

6. Conclusion  

Through the above analysis we can see that the constitutive relation of the granular material is very complex and 
have much more influential factors compared to uniform and continuous materials. After the analysis of the 
model, conclusions that are very different from those obtained for uniform and continuous materials based on 
classical theory are reached:  

1) Several important factors influencing the performance of granular material are fully considered in the 
constitutive model for the granular material: the performance of the connectors, geometic position and 
directional distribution, morphology and size of the statistical domain and the density of the connectors. The 
role of these factors can be analyzed quantitatively by this model;  

2) The constitutive model for granular material is a generic model that reflects the material performance. The 
parameters in the model represent the properties of granular materials quite comprehensively. When some 
parameters degenerate to a homogenization state, the model is automatically adapted to the classical theory;  

3) We have found out relevant parameters that can fully reflect the essential properties of granular structures by 
the model. This lays a theoretical foundation for validation tests of granular materials by reducing the 
blindness of parameter screening for the tests;  

4) The equivalent stress-strain relation of granular material is directly related to the positon and directional 
distribution of granular connectors. This means that the non-uniform distribution of the connectors will 
influence the equivalent constitutive relation. If the properties of granular material are studied by assuming 
that the granules are continuous, then geometric position and directional distribution of the connectors will 
inevitably affect the constitutive relation;  
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5) Model analysis reveals that the couple stress in the equivalent constitutive relation of granular materials is 
an important stress component, which is not otherwise accounted for in classical theory. Therefore, the 
analysis method used in classical theory can not be directly borrowed for their applications in macroscopic 
study of granular materials. Cosserat theory is recommended for such cases since it considers the effect of 
the couple stress.  

This paper has proposed and discussed the constitutive model for granular materials, but the research is still 
preliminary. Many problems need to be more thoroughly investigated, especially the description of the 
distribution of the connectors and the influence of granular morphology on the connection properties. 
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