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Abstract

A standard quadratic optimization problem (StQP) is to find optimal values of a quadratic form over the standard
simplex. The concept of possibility distribution was proposed by L. A. Zadeh. This paper applies the concept of
possibility distribution function to solving StQP. The application of possibility distribution function establishes
that it encapsulates the constrained conditions of the standard simplex into the possibility distribution function,
and the derivative of the StQP formula becomes a linear function. As a result, the computational complexity of
StQP problems is reduced, and the solutions of the proposed algorithm are always over the standard simplex.
This paper proves that NP-hard StQP problems are in P. Numerical examples demonstrate that StQP problems
can be solved by solving a set of linear equations. Comparing with Lagrangian function method, the solutions of
the new algorithm are reliable when the symmetric matrix is indefinite.

Keywords: standard quadratic optimization, standard simplex, fuzzy number, possibility distribution,
P-completeness

1. Introduction

StQP problems are widely used in game theory, operating research, system control, financial mathematics, and
etc. It is very important branch in applied mathematics and computer science. Note that StQP is NP-hard when
the matrix is indefinite (Bomze, 1998, 2002).

Fuzzy sets theory has been applied to quadratic programming. According to Silva, Cruz, Verdegay and
Yamakami(Silva et al., 2010), Tang and Wang study quadratic programming problems with a type of fuzzy
objective and resource constraints, and it is an interactive approach (Tang & Wang, 1997); Liu proposed an
approach to solve quadratic programming problems with fuzzy costs and fuzzy coefficients in the restrictions set
(Liu, 2007); Ammear and Khalifa proposed an approach to solve quadratic programming problems with fuzzy
costs, fuzzy matrix coefficients and the restrictions set vector (Ammear & Khalifa, 2003); Tonon and Bernardini
described an approach to solve fuzzy convex programming with fuzzy costs and fuzzy coefficients in restrictions
set (Tonon & Bernardini, 1998).

Bomze studies gradient projection methods for solving StQP problems (Bomze, 1998). He reviewed on
traditional gradient projection methods and proposed gradient-like method. Generally speaking, the gradient
projection method is to calculate the derivative of the Lagrangian function, and find the
Karush-Kuhn-Tucker(KKT) points. The difficulty with traditional gradient projection methods is to obtain a
feasible direction via projection onto the feasible constrained conditions of the standard simplex (Bomze, 2002).

Zadeh indicated that” The possibility distribution function associated with a variable is defined to be numerically
equal to the membership function of a fuzzy subset” (Zadeh, 1978). He claimed that the membership function of
a fuzzy set could serve as a possibility distribution. That is, the membership functions of fuzzy subsets (fuzzy
numbers) over a domain can be considered as the possibility distribution of a variable that is defined in the
domain.

Drakopoulos proved that if the domain sets are uncountable, the probability measure, possibility measure and the
associated fuzzy set system class are equivalent in terms of expressiveness (Drakopoulos, 1995). Drakopoulos
also concluded” Over-simplifying a probabilistic model so that its computations can be easily performed may
reduce the information conveyed to such a level that possibilities would be preferable not only for their
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simplicity and efficiency advantage but also for their information content.”(Drakopoulos, 1995).

Dubios, Foulloy, Mauris and Prade showed that if a fuzzy confidence interval is induced by a probability
distribution function(PDF), then the possibility distribution that consists of the fuzzy number is consistent with
the PDF (Dubios et al., 2004).

Singpurwalla and Brooker indicated the similarities and differences between membership functions of fuzzy sets
and the probability of fuzzy sets, and concluded that the membership function of a fuzzy set is a likelihood
function rather than a PDF (Singpurwalla & Brooker, 2004).

Zadeh presented the definitions of possibility distribution and probability distribution, and denoted the similarity
between the possibility distribution and the probability distribution (Zadeh, 2014).

In this paper, instead of using PDFs to describe probability distribution of variables over the standard simplex,
possibility distribution functions are used to describe the uncertainty of variables over the standard simplex.
Similar to the Lagrangian function, the proposed algorithm calculates the derivative of the quadratic form, and
find the KKT points directly. It improves the weakness that the solution of Lagrangian function method is not
always over the standard complex (please refer to the example 4 and 5 in section 4). Unlike gradient projection
algorithms, the new algorithm does not require iteration for calculating the solutions of StQP problems. As a
result, it removes the difficulty that requires to obtain a feasible direction via projection onto the constrained
conditions of the standard simplex when gradient projection algorithms are used. This paper also proves that for
a given arbitrary possibility distribution, there exists an associated possibility distribution that satisfies the
constrained conditions of the standard simplex. This paper is organized as follows. Section 2 describes StQP
problems, fuzzy numbers and possibility distributions. Section 3 describes the main results of this paper. Section
4 shows examples. Section 5 discusses the computational complexity of StQP problems. Section 6 is the
conclusion.

2. Preliminary
2.1 Notation

A StQP problem consists of finding optimal values of a quadratic form over the standard simplex. It is described
as follows.

T
max f(z) = 2" Qa @.1)

where Q is an arbitrary symmetric #n X n matrix; and A is the standard simplex in n-dimensional Euclidean space
R", such that,

A={xER"|x;=0; ) x;=1}

Note that for a positive definite Q the ellipsoid method (Kozlov et al., 1979) solves the StQP problems in
polynomial time. However, if Q is indefinite, then the StQP is NP-hard. In fact, even if Q has only one negative
eigenvalue, the StQP problem is NP-hard (Bomze, 2002).

2.2 Fuzzy Numbers
Definition 2.1 A fuzzy number is a fuzzy set which is defined in real number set R (Kaufmann & Gupta, 1998).

Trapezoidal fuzzy numbers and triangular fuzzy numbers are two representative fuzzy numbers (Kaufmann &
Gupta, 1998). Triangular fuzzy numbers(TFNs) are discussed and used in this paper.

Definition 2.2 A TFN & is denoted as & = (d', d”, d"), where d* €R (k= [m,r); and (d'< d"< d"); d"is called the
mean value of the TFN d.

The membership function A(¢) of TFN @ is as follows:

o
£4 tesupp (Ma, (1))
(Aa

Aa(t) = ﬁ t € supp (Aap(t))
0 t ¢ supp(Aa(t))

where A,1(f), 1-r(?) is left, right site part of TEN @, respectively; supp(A(?)) is the support of function A(?).
According to the definition of a TEN @, its membership function has the following property.

0</(f) <1, tER.
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When suppA(f) = [0, 1], there are two special TFNs. One is “az= (0,0,1). It is denoted by R-TFN. The other is “o;
=(0,1,1). It is denoted by L-TFN. The membership functions of R-TFN and L-TFN are as follows.

) J1—t, tefo,1] )t teo,1]
/\aR(t)_{O, t¢[0,1],’AaL(t)_{O’ tg,f[o,l],

2.3 Possibility Distribution

The concept of possibility distribution was proposed by Zadeh (Zadeh, 1978). A possibility distribution function
associated with a variable was defined to be numerically equal to the membership function of a fuzzy set.

Serrurier and Prade indicate that a possibility distribution z is a mapping from Q to [0,1] (Q may be a discrete
universe, i.e., Q = {C,Cy,--- ,C,4}, or a continuous one, i.e. = R), and the value z(x) is called the possibility
degree of the value x in Q(Serrurier & Prade, 2013). In this paper, the possibility distribution is defined as
follows.

Definition 2.3 Let X € R”. Each element x; € X can be represented with a TFN “x; which is characterized by
its membership function A~(7 = 1,2,-+- ,n). The possibility distribution function associated with the variable X is
defined with Ax= (A1, A2, -, Aea), Where R"is a n-dimensional Euclidean space. It is also called triangle
possibility distribution due to that their shapes are triangle.

For instance, the Rock-Scissors-Paper game in the game theory, X = (rock, scissors, paper) € R>. Rock,
scissors, paper can be described with a TFN &, @, d,, respectively (Gao, 2015).  Suppose that & = (0, Y4, 1),
a,= (0, 2, 1), &= (0, %, 1). Then the possibility distribution associate with the variable X is given as 1x= (4,, 4,
Jp). where the membership functions 4, (/ = #s,p) of the three TFNs are as follows.

4t telo, 1] 2t telo, 3
M) =S 3(1—t) te[d1] M) =S2(1-t) te[i ]
0 otherwise 0 otherwise
3t tel0,3]
M) =4(1—t) te[2,1]
0 otherwise

Note that for a given t € [0,1], a specific possibility distribution is obtained. For example,

s, 208) = (1,0.5,0.3)

)‘X (t) |t:%: (rock’ scissors’ paper

3. Fundamental Results

Note that for a finite set X = {xi, x»,-*- ,x,}, a probability distribution px(x) over the set X has the following
properties:

n
(Dpx (w:) > 0,Va; € X;(2) > px(wi) =1
i=1
such that, px(x;) (i = 1,2, -+ ,n) is over the standard simplex.

n
{px(z) € R" | px(z:) 2 0,Y px(ai) =1} = A
i=1
Dubois, Foulloy, Mauris and Prade study probability-possibility transformation theory (Dubois et al., 2004).
They indicate that if the probability distribution px(x) over the set X is denoted by probability values p = (pi,
P2,  ,pn). Then there exists a triangle possibility distribution 4 = (1, 42, -+ ,A,), and p and 1 are
order-equivalent(Dubois et al., 2004). In this paper, we give the following theorem that indicates that for giving
an arbitrary triangle possibility distribution 4, there exist an associated possibility distribution yu that is also over
the standard simplex, such as 4 €A.

Theorem 3.1 Suppose X = (X1, X2,"** ,Xn) ER". For a given arbitrary triangle possibility distribution A(t) over
variable X, then there exists an associated possibility distribution p(t), and p(t) is over the standard simplex, such
that u(t) EA.
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Proof. For X = (x1, x,-*, x,) € R", one can define a triangle possibility distribution by mapping x; €X to an
arbitrary TEN “a;. The m lgLershlp functlon of "a;is denoted by Ao{f). Based on the property of TFNs, it is clear
that 1,~(#) € [0,1], and ezz 1 Aa; () > 0(Vt esupp(Aa(t ))) (we suppose that suppi.{H)Nsupplai+1(f) # @ (i
=1,2,---n—1)). Let us normalize /(7). The normalization of A.~(7) is denoted by u.(?), such as,

Aai(t)
Haill) = S N o
where 1€ supp(Loi(?)). It is clear that p, )€ [0,1] and>_i—1 Ma () =1 (t€supp(uq(r))). Thus, for a
given arbitrary possibility distribution A(f), there exist an associated possibility distribution u(f) that
satisfies the following.

Uty € A={u(® € R'| uft)=0; Sudt) =1}

Ai(t) (4 (1))
For simplicity purpose, we consider that A¢(7)(¢(7)) is identical to O

For each membership function A(7) of TFN (&, d™; d";), it is not differentiable at the point # = @";. However, A(?)
is differentiable in intervals [d; d";] and [d";,d";] according to the definition of TFNs. The following lemma is
used for proving Theorem 3.3.

Lemma 3.2 For arbitrary TFNs o5 (i = 1, 2, ==, n) = (d, d™;,d%), if their mean values d™ (i = 1,2,"-- ,n) satisfy
the following.

dr<dy<-- <d.r<d,,
then VA()(k = 1,2,-- n) € Mt) = {M(0), (0, (D)}, M(t) is a monotonic and continuous function in

domainDi = [ z‘nzlvdzm](i =1,2,---,n,n+

l _
1), wheredo’ = @1 and dp'y1 = d;. The union of all D; is denoted by

D = [dy,dy] = [dy, df"] U [dT, d5"] U -~ U [diy, di?] U dy, 7]

Proof. According to the definition of the membership function of TFNs, Ax(?) is a continuous function in D. Let

us use reverse method to prove this lemma.

(1) when & < i — 1, that means@r < iy, Suppose that membership function A(?) of TFN ~a; is not
monotonic in domainD 1= [diwih d;‘n]. Based on the definition of TFNSs, the mean value d” of TFN ~oy
must be in D;, such as ", € D;. That is,

AdY) =1,d7" ) < df* < di*

m m
That contradicts to the fact ofdk < di—l.

(2) when ks either i — 1 or 4, that is, citherds = di%y or di* = di"
Suppose that the membership function A«(#) of TFN “axis not monotonic in domain D; = [d", d:n]. Based on
the definition of TFNs, the mean value d?of TFN “oixmust be in D;. That means
ity <dp' < d”
That contradicts to eitherh = di~1 Or di" = di",
(3) k& > i, that means d”x> d”;. Suppose that the membership function A7) of TFN “oxis not monotonic in

domainDi = [y, di”]. According to the property of TFNs, the mean value d”xof TFN "oz must be in D,
such as? € Di_that means

ity < dp' < d

m m
That contradicts to the fact ofdk 2 di—l.

Therefore, the membership function AW¢) (K = 1,2,--- ,n) is monotonic and continuous in domain
D; =[d",,d"(i=1,2,---n+1).

For StQP problems, * € A={z€R" |2 >0, 2 =1} Tha is,
0<x,<1(@=1,2, ---, n). x is usually described with PDFs (Chen et al. 2013; Ohlson & Koski, 2012).
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Theorem 3.1 proved that for an arbitrary possibility distribution A(f), there exist an associated possibility
distribution u(f) that is over the standard simplex. Because both x and u(f) are over the standard simplex, x is
considered as a probability distribution, u(f) is a possibility distribution. The possibility distribution u(?) is
considered to be equivalent to the probability distribution x by using the probability-possibility transformation
theory, such that,
x =0, X2 X)) = (D) = (a0, pu2(®), o pal0), tEDi (= 1,2, ,m, nt 1) (3.2

If one substitutes x in equation (2.1) with u(¢), equation (2.1) becomes the following

max flu(f)) = (@) Qu(®);t € D(i=12,-,n,n+1) (3.3)

HOEA
where u(?) = (u1(f), p2(2), -+, wa(?)); u(H)(i=1,2,--- ,n) is defined by equation (3.1).
Equation (3.3) is considered as an approximation form of StQP (2.1). Instead of solving StQP (2.1), if one can
find an optimal solution #* of equation (3.3) in domain D;(i = 1,2, ---, n + 1), then the global optimal solution of

equation (3.3) can be found by comparing all the optimal values in each domain. As a result, solution x* can be
found by using equation (3.2) and StQP (2.1) is solved.

Note that in the case of the standard simplex, D = [0,1], and o< dit <dy' < ... < dp <y According to
Lemma 3.2, VA(t)(A(?) € A(?)), it is monotonic and continue in D; (i = 1,2, ---, n, n+1). Then one can calculate
the derivative of equation (3.3) in domain D; (i = 1,2, ‘-, n, n+1), and find KKT points in domain D;(i=1, 2, ---,
n,n+1).

Theorem 3.3 StQP (2.1) can be solved by solving n + 1 number of linear equations.

Proof. Suppose that d";is the mean value of an arbitrary TFN “a;, and 0<di" <dy’,---,<dy <14 /\i(t)
is the membership function of TFN “a;. Note that A,(f)(i = 1,2, ,n) is continuous in [0,1] based on the definition

of TFNSs.

Accordin% to Lemma 3.2, we know that Ax(#)(k = 1,2,--- ,n) is monotonic and continuous function in domain
Di=[d |, d"[(i = 1,2, ,n,n+1]), That is, Jx(¢) is differentiable in domain D; (i = 1,2, m, n + 1),
Based on equation (3.1), u(?) is the normalization form of A«(¢). Therefore, ui(?) is differentiable in domain D,(i
=1,2,-- ,n,n + 1) too. Let us calculate the derivative of f{u(¢)) in equation (3.3) regarding t in domain D;(i =
1,2,--- ,n, n+ 1). The optimal value of StQP (3.3) in domain D;satisfies the following equation.

df(gt(t)) _ (d;;(tt))TQu(t) )™ Y o e D=1, nt1)

dt
(3.4)

Since Ax(¢) is the membership function of an arbitrary TFN, Ax(¢) is monotonic in domain D;, and A(¢) is a linear
function of t in domain D;. Thus, A«(¢) is denoted by the following a linear function of ¢ in domain D;. Jx(f)=axt
+by, ar € R, by € R(k=1,2,---,n),t € D(i=1,2,---,n+ 1). Then one can rewrite equation (3.1) as follows.
agt + by art + by
ek (t) - < ] b - < ] oy
> imlajt+b5) i jait+ >0 b;
(k=1,2,---,n),te Di(i=1,--- ,n+1).

Then the possibility distribution u(f) in domain D;becomes the following.

(u(t)T = (i R T
Dot + 300 b Y et by
ant + by,

) t€D(i=1,--- ,n+1)
Do ait+ 325 b; ' (3.5)

One can calculate the derivative of u(f) regarding t in domain D; is as follows.

64



cis.ccsenet.org Computer and Information Science Vol. 10, No. 3; 2017

du(t) o 2 by —bidji ey a2di i bj— b3 i a
Oojorat+ 377 405)% T (i ait+ 3071 b5)%

an " bj— by, —
%g_l J nX:]—l ;),tGDi(i:la"'?n_'_l)
(2oj=1 ast + 2251 bj)

-, (3.6)

dpu(t)
If one substitutes u(7) and 4t  with equations (3.5) and (3.6), then equation (3.4) becomes the following.

%t(t)) =K®)(VTQUut)+ (U®)'QV)=0,t € Di(i =1,2,--- ,n,n+1)
(3.7)
where
K(t) = =7 7 . n n
(i1 ast + 25 bj)g(Zj:I ajt + > 51 b))
7 (3.8)
= %,t €eDi(i=1,2,--- ,n,n+1)

(=1 Ai(®)
n n n n n n
VT: (alzbj —blzaj,aQij —bQZaj,"‘ ,aanj—anaj)
j=1 j=1 j=1 j=1

j=1 J=1
(3.9)
(U)T = (art + b1, a9t + by, -+ ,ant +byp),t € Di(i =1,2,--- ,n,n+1)
(3.10)

We suppose that supp(l(f)) N supp(lii(f)) # OG = 1,2,---n — 1)). Since A(f) € [0,1], then

n
vt € D, Zj:l Ai(t) ~0. Then K(?) in equation (3.7) can be ignored. Then, the left hand of equation (3.7)

becomes as follows.
VITou@ + (UW)QV =0t € D(i =12, .,nn+1) 3.11)
Q is a n X n symmetric matrix, it is easy to prove that equation (3.11) is identical to equation (3.12).
VIQUr =0,¢t € Di(i =12+ ,n,n+1) (3.12)

When possibility distribution A(¢) is given, a;and b;(i = 1,2, --- , n) are given. Therefore, the elements of V are
constant, and the elements of U(¥) are linear functions of t. As a result, equation (3.12) becomes a linear equation
of t in domain D; (i = 1,2, -+, n, n + 1). Suppose that equation (3.12) has a solution #* € D;. One can calculate
the associated value x* by using equation (3.2), and the optimal value f{x*). If one repeats the above algorithm for
each domain D; (i = 1,2, ---, n, n+1), which requires to solve n + 1 linear equation (3.12) in domain [0,1].

In practice, the number of solving linear equations may be reduced by assuming variables x;(i =k, k+ 1,---,))
have the same possibility distribution. For example, if we suppose that the possibility distributions of all the
variables x;are either R-TFN or L-TFN, all the mean values of R-TFNs and L-TFNs take either O or 1, such as
d" € {0,1}(G = 1,2,--- ,n), then D1= D= -+ = D,= D1 = [0,1], and the membership functions of TFNs in
possibility distribution are either A, zor A,z. One can solve the StQP (2.1) by solving only one linear equation in
this case (refer to example 1 and example 2).

The solution of equation (3.7) indicates that function f{u(?)) in equation (3.3) reaches local optimal value. One
needs to know that the local optimal value is a local maximum value or a local minimum value. We have the
following theorem.

Theorem 3.4 S(?) is defined as follows.
U (t)

S =VIQIZ )t €Dii= 12 nn 1)
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where V, U(t) is denoted by equation (3.9), equation (3.10), respectively.

df (u(t)) —
Suppose that t* is a valid solution of equation (3.12), such that = dt =i+ —0.

If S(*) > 0, then flu(t")) is a local minimum value in domain D;. If S(t*) < 0, then flu(t")) is a local maximum
value in domain D;.

Proof. 1t is clear that function f{u(¢)) is a R — R function. The Taylor series of f{u(¢)) at ¢ is as follows.

Au(0) = fu()) (3.14)
o & (u(t)) w2 @ f(u(t))
= (t —t )T |t:t* +(t —1 )27 ’t:t* +HOT
2
= (t — t*)zw |t:t* +H.OT.,te Dz(l =1,2,---,n,n+ 1)
According to equation (3.7), one knows that
df (u(t)) _

K@®)(VTQU(t) + (U(t)"QV =2K(t)VT QU (t)
teDi(i=1,2--,n+1).

dt

One can obtain the following.

& f(u(t))
dt?

dK( ) du(t)
dt

li—tr=2——(VTQU(t)) |i=t+ +2K()(VT Q—) |i=s-

dU(t)

=2K(t) (VI Q—) li=t+

Since equation (3.12) holds at ¢ = #*, equation (3.14) becomes as follows.

Fu(e) — F(u(e) = 2t~ #72EO (V'@ oo o

=20t —t"?K(t")S{t" )+ HO.T.,t € D;(i =1,2,--- ,n+1)
Since K(#*) > 0 and (¢ — #*)*> 0, therefore, if S(¢*) > 0, then fu(t*)) is a local minimum value; if S(#*) < 0, then
flu(r)) is a local maximum value.

3.1 The Algorithm

Theorem 3.1 indicates that the constrained conditions of variable x being over the standard simplex are
encapsulated into the possibility distribution function. This encapsulation technique provides that the users of the
algorithm do not need to consider how to make the variable x meet the constrained conditions of StQP problems.
According to Theorem 3.1 and Theorem 3.3, the algorithm is described as follows.

Step 1. Find a suitable triangle possibility distribution /l(t) The elements of %t) are membe;rslmp functions of
TFNs, and the mean values of the TFNs are d”; (i = 1,2,--- ,n) and oS di* < dy < dy 1). Then the
values of coefficients a; € R(i = 1,2,--- ,n) and b; € R(i = 1,2,--- ,n) in equation (3.5) and equation (3.6) are
known.

Step 2. Determine ¥ and U(¢) in domain D;. One can calculate /" and U(¢) based on equation (3.9) and equation
(3.10) because ai = 1,2, ,n) and b(i = 1,2, ,n) are given.

Step 3. Find solution #*in domain D;. Solve the linear equation (3.12) in domain D;, and find a solution #*.

Step 4. Verify the solution #. If #* € D;, then go to Step 5; if # € D; or equation (3.12) does not have solution in
D;, then ignore the #* and go to Step 2 and repeat the steps for next domain Dj4;.

Step 5. Calculate x* and f{x*). Find the solution x*= u(#*) in domain D; with equation (3.5), and compute f{x*).

Step 6. Determine that f{x*) is a local minimum value or a local maximum value. Calculate S(#*) in equation
(3.13), and decide f{x*) is a local minimum value or local maximum value based on Theorem 3.4.

Step 7. Find the global maximum(minimum) solutions. Compare all the local maximum(minimum) values of f{x*)
that are found in each domain, find the solution x* of the global maximum(minimum) value.
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4. Examples
Example 1. Solve the following StQP problem.

maxf{(x) = xT Ox
XEA

where x € R3and A is the standard simplex, and Q is defined as follows.

01 2
Q=110 1
2 1 0

Note that symmetric matrix Q has two negative eigenvalues and one positive eigenvalue. Q is an indefinite
matrix.

Step 1. A triangle possibility distribution is given by the following three TFNs in D = [0,1].
(0,1,1), (0,0,1), (0,1,1).
The membership functions of the TFNs are as follows.
L=t € [0,1]), L(O)=1—¢t( € [0,1]), 13()=1tt € [0,1]).
The mean values of the three TFNs are dgn =1, d%”: 0, and dgl: 1. Thus,
Di=D,=D3;=[0,1].
Note that the values of a;(i = 1,2,3) and b,(i = 1,2,3) are as follows in this case.
ai=1,b1=0;a=-1, br=1;a3=1, b3=0.
Step 2. Calculate /" and U(#). Based on equation (3.9) and equation (3.10), one calculates ¥ and U(¥) as follows.
V=1, -2, 1), (U@®)T=(1-1t 0.
Step 3. Solve the equation (3.12).

01 2 t
(1,—2,1) |1 0 1| [1-¢t]=0
2 10 t

The solution of the above equation is #*= 1.
Step 4. Verify the value of #*. Since #* € [0,1], the value is valid.

Step 5. Find the solution x*. x* is obtained from equation (3.5).

t 1—-t ¢t 1 1

* 1 — —0—
1+zt’1+1t’1+t)|t*1 (3:0.3)
10

=

Step 6. Determine f{x*) is a local maximum(minimum) value. One can calculate S(f) in equation (3.13) as
follows.

01 2\ /1
St)=1,-2,10)(1 0 1] [-1]=-2<0
2 1 0/ \ 1

therefore, f{x*) = 1 is a local maximum value.

_ (1 1
Step 7. Find the global maximum value. f{x) has a maximum value 1 at % T = (5’ 0, 5)‘

Note that one can find the same value by using Lagrangian function method.

Example 2. Solve the following StQP problem

max f(z) =27 Qux

where x € R* Ais the standard simplex, and Q is as follows.
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01
1 0
11
11

S = = =

1
1
0
1
The symmetric matrix Q is indefinite because it has one positive eigenvalue and three negative eigenvalues.
Step 1. A triangle possibility distribution is given by the following four TFNs.
(0,0,1), (0,1,1), (0,0,1), (0,1,1).

the associated membership functions of the TFNs are

L)=-t+1(t € [0,1]), )=t € [0,1]),

LH)=—t+1(t € [0,1]), () =1(t € [0,1]).
Note that the mean values of the TFNs are @1 = d3'= 0, and dy" = df" = 1.Then domains are as follows. D
=Dy,=D3=D4=1[0,1].
Note that the values of ai(i = 1,2,3,4) and b,(i = 1,2,3,4) are as follows in this case.

a=—1b=1, a=10=0a3=—1b3=1,a4=1, bs=0.

Step 2. Calculate  and U(¢). Based on equation (3.9) and equation (3.10), one can obtain ¥ and U(¥) as follows.

VT=(-2,2,-2,2); (U@®))=(t+1Lt—t+1,).
Step 3. Solve the equation (3.12).

01 1 1\ [~t+1
101 1 t
(=22222 01 1 g 1| |=t4+1] 70
1110 t
t*_l

The solution of above equationis * — 2.

_ 1 _ 1
Step 4. Verify the solution #*. Note that tt=35¢€ [O’l]. Therefore, the solution = 2 is valid.

Step 5. Find the solution x* and f{x*). Find the solution x* by using equation (3.5).

—t+1t —t+1 ¢ 1111 3
—_ —_ = (— - - - d * = - =
2 2 2 Pl (@ pp Phandfe) =7
Step 6. Determine that f{x*) is local maximum(minimum) value. One can calculate S(¢) in equation (3.13) as
follows.

0.75

= (

01
10
S(t) = (_292,_232)
11
11

therefore, f{x*) = 0.75 is a local maximum value.

_ (1111
Step 7. Find the global maximum value. f(x) has the maximum value 0.75 at? = (Z’ D Z)'

Note that one can find the same value by using Lagrangian function method.
Example 3. Solve the following StQP problem

maxf(x) = xTQx
XEA

where x € R3, Ais the standard simplex, and Q is as follows.
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1 1 -1
Q=11 1 3
-1 3 1

The symmetric matrix Q is indefinite because it has one negative eigenvalue and two positive eigenvalues.
A triangle possibility distribution is given by the following three TFNs in D =[0,1].

1
(0707 1)7 (07 Py

1 0,1,1
27)7 (77)

The membership functions of TFNs are as follows.

2t teo,3]
1

M) = —t+1(t € [0,1]), No(t) = { As(t) = t(t € [0,1])

1 _in 1
The mean values are 41 = 0, d3" = 3, d3'= 1, which divides D = [0,1] into two domains, such asD1 = [0, 2]

_ 7l
and D2 = [571]. As mentioned in section (3.1), let us solve the StQP in each domain.
Step 1. Note that the coefficients a:(i = 1,2,3) and b,(i = 1,2,3) are as follows in this case.
a1=—1, b1:1; a2=2, b2:0; a3=1, b3:0.

Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate V and U(¢) as
follows.

VT: (_37 29 1)9 (U(t))T :(_t+1’ 2t9 t)
Step 3. Solve the equation (3.12).

1 1 -1 —t+1
(-3,2,){ 1 1 3 2t =0
-1 3 1 t
. Cooopr =1
The solution of above equation is 8.
. . t*e [0 1 . .
Step 4. Verity the value of #*. Since » 2], the value is valid.

Step 5. Find the values of x* and f{x*). The value of x* is obtained from equation (3.5).

1—¢t 2 ¢ 71 1 4
*: = _ L — . — ). d * :_:O.8
U= o T == (g 1) @) = 5 .

Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(#) in equation (3.13) as
follows.

1 1 -1\ /-1
St =(=3,2,1)(1 1 3 2 | =16>0
-1 3 1 1

_ 4 _
based on Theorem 3.4, fla*) = 5 0'8 is a local minimum value.
(2) Dy = [35,1].
Step 1. Note that the coefficients a:(i = 1,2,3) and b,(i = 1,2,3) are as follows in this case.
a1=—1, b1=1; 022_2, b2=2; a3=l, b3=0.

Step 2. Calculate ¥ and U(f). Based on equation (3.9) and equation (3.10), one can calculate V" and U(¢) as
follows.
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Vi=(-1,-2,3); (U®))'=(t+1,-2t+2,).
Step 3. Solve the equation (3.12).

11 -1\ [ —t+1
(-1,-2,3)( 1 1 3| |-2t+2]=0
-1 3 1 t

tt =

1w

The solution of above equation is

1
Step 4. Verify the value of #*. Since t* e [5 ’1], the value is valid.

Step 5. Find the values of x*and f{x*). The value of x* is obtained from equation (3.5).

1—t —2t+2 t 111 4
= 3= (=, =, =).andf(z*) = =
v=G Ty o) =T gy pad/@) =5
Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(f) in equation (3.13) as
follows.

11 -1\ /-1
St)=(-1,-2,3) 1 1 3 |[-2]=-8<0
-1 3 1 1

Based on Theorem 3.4, 3 is a local maximum value.

Step 7. Find the global maximum(minimum) value. Combining case (1) and

(2) together, one can conclude that f{x) has the minimum Valuef (%) = 5

* (7 1 1 *\ _ 4 ¥ (1 1 1
at? = (E’ 57 10), and has the maximumvaluef(ﬂv ) = zatz = (6’ 3 5)
. Tt = (l 1 . . .
Note that one can find a solution — \292>0) by using Lagrangian function method.

_ _ (11
f(a®) =Tat 2" = (5, 2°0). Comparing with the solutions that are found with the new algorithm, the value

— _ (11
flz*) =Tata® = (5’ 27 0) that is found by using Lagrangian function method is neither a maximum value

nor a minimum value of the StQP. That indicates that the proposed algorithm is efficient and effective.

Example 4. Solve the following StQP problem
minf{x) = x"Ox
XEA
where x € R’ A is the standard simplex, and Q is as follows.
1 -1 12 -3
-1 2 -3 -3 4
o=|1-35 6 -4
2 -3 6 5 -8
-3 4 -4 -8 16

The symmetric matrix Q is indefinite because it has exactly one negative eigenvalue, and Q is copositive (Bolor,
2013).

A triangle possibility distribution is given by the following five TFNs in D = [0,1].
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1 1 3
(07 07 1)a (07 Za 1)a (07 57 1)7 (07 Zu ]-)7 <Oa ]-7 ]-)

The membership functions of TFNs are as follows.

4t telo,1]

M) = —t +1(t € [0, 1)), Mf):{ga—w telp1]’

1 4 3
A(t) = {% fe il = { ¥ 0T xw =t 1)

— _ 1 _ 1 _ 3
The mean values are @1’ = 0, d3' = 7,d5" = 3, dj' = 1, dg'= 1, which divides D = [0,1] into four

_ 1 _ 111 _ 11 3 _ I3
domains, such as Dy = [0, Z]’ Dy = [Z’ 2], D3 = [5’ 4] and Dy = [Z’l]. As mentioned in section (3.1),
let us solve the StQP in each domain.
(1)D1 = [0, 7).
Step 1. Note that the coefficients a;and b;are as follows in this case.

4
ap = —1,b1 :1;a224,5220;613:2,53:0;614:5,5420;615:1,135:0

Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate V and U(¢) as
follows.

25 4 4
VT — (_3,4,2, 3 1); (U@)T = (—t +1,4¢t,2t, gt,t)
Step 3. Solve the equation (3.12).
1 -1 1 2 -3 —t+1
-1 2 -3 -3 4 4t
(—§,4,2,é,1) 1 -3 5 6 —4 2t =0
3 3 2 -3 6 5 -8 14
-3 4 -4 -8 16 t

— 32
The solution of above equation ist* = 161 ~ 0.198.

1
Step 4. Verify the value of . Sincet* € [o, 1], the value is valid.

Step 5. Find the values of x* and f{x*). The value of x* is obtained from equation (3.5).

. (3(1 —t) 12t 6t 4t 3t )|
Tr =
3+ 22t 3+22t" 3+ 22t 3+ 22t° 3+ 22’ "*=1ex
387 384 192 128 96 193481
=( ).and f(x*) ~ 0.137

11877 11877 1187’ 1187 1187 ~ 1408969

Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(#) in equation (3.13) as
follows.

1 -1 1 2 3

=

-1 2 -3 -3 4 4
S:(f?,&z%,l) 1 -3 5 6 -4 2 :% 0

2 -3 6 5 -8 3

-3 4 -4 —8 16 1

f(.’E*) — 193481

based on Theorem 3.4, 1408969 ~ 0'137 is a local minimum value.
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Step 1. Note that the coefficients a;and b;are as follows in this case.
4 4 4
a; = —1,by = 1500 = —§752 =53 = 2,b3 =0;a4 = §,b4 =0;a5 =1,b5 =0

Step 2. Calculate V and U(f). Based on equation (3.9) and equation (3.10), one can calculate V" and U(?) as
follows.

13 52 14 28 7
37 973793
Step 3. Solve the equation (3.12).

vi=(- ); (U@ = (—t+1,§(1—t),2t, ét,lt)

3

1 -1 1 2 =3\ [ —t+1
4
(13 52 14 28 7, PR I ARl
3593 939 3 6 5 -3 14
3 4 -4 -8 16 t

x __ 620
The solution of above equation ist” = a1a7 ~ 0.15.

11
Step 4. Verify the value of 7. Since!” ¢ [Zv 2], the value is not valid.

1 3
(3)Ds =[5, 1l-
Step 1. Note that the coefficients a;and b;are as follows in this case.

4 4 4
a=-Lb=lay=-g5by=g5a3=-2b3=20a4=3,by =005 =1,b5 =0
Step 2. Calculate ¥ and U(f). Based on equation (3.9) and equation (3.10), one can calculate V" and U(?) as
follows.
7 28 14 52 13
3797 37973
Step 3. Solve the equation (3.12).

VT — (- ) (U = (—t+1, %(1 _1),2(1—1), 24, 1)

3

1 -1 1 2 =3 —t+1

4
7 28 145213 |+ 2 =3 =3 4 |[301-7)

(—3-5 3 903) |1 3 5 6 —4|20-1)]=0
2 -3 6 5 -8 3t
-3 4 -4 -8 16 t

* — 662
The solution of above equation ist =305 > L

Step 4. Verify the value of . Since’” # 2> 7], the value is not valid.

(4)Ds = [3,1].
Step 1. Note that the coefficients a;and b;are as follows in this case.
4 4
ap = —1,b1 = 1500 = —5752 =gia3 = —2,b3 = 2;a4 = —4,by = 4505 = 1,05 =0

Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate V and U(¢) as
follows.

4 2 4
324,20 (U()7 = (~t+1,5(1-0),201-0),4(1-1), 1
Step 3. Solve the equation (3.12).

VI =(-1,-
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1 -1 1 2 -3 —t+1
-1 2 -3 -3 4 11 -1
4 25 3
g,—z,—4,§) 1 -3 5 6 —4||20-t)]=0
2 -3 6 5 8|41 -1
-3 4 -4 -8 16 t

(_17_

t* = 4354 (.74,

The solution of above equation is” — 5893

3
Step 4. Verify the value of 7. Sincet” ¢ [Z ’1], the value is not valid.

Step 7. Find the global maximum(minimum) value. Combining the cases (1), (2), (3) and (4) together, one can
conclude that this StQP problem has a minimum value

#\ _ 193481 % _ (387 384 192 128 96
f(@*) = 158069 ~ 0-137 at =™ = (g7, Tig7> 187> 187> T187)-

One can use Lagrangian function method to calculate the KKT point. The solution of Lagrangian function
method is

* (128 46 2 58 17

Example 5. Solve the following StQP problem
maxf{x) = x Ox
XEA

where x € R°, A is the standard simplex, and Q is as follows.

01100
10110
o= 11010
01101
00010

The symmetric matrix Q is indefinite because it has three negative eigenvalues, and two positive eigenvalues.
A triangle possibility distribution is given by the following five TFNs in D = [0,1].

13 1 13 1
y _)7 (07 ) 1)7 (_7 - 1)7 <_7 17 1)

44 2 44 2 .

The membership functions of TFNs are as follows.

1
(0,0, 5), 0

1-2t telo0,4] o t€[0,4]
Al(t) = 1, 2 ))‘Q(t) = % -2t te [%? %]
! €zl 0 te 3]
4)
0 telo,d]
ot telo,: T4
A3(t) = CA ) =2t -1 e[
20-) telz ] 41—t tel3]

S8

m m _ 1 gm _ 1 m _ 3 m
dl —O, d2 '—d3 —5, d4 _Z7 5

The mean values are = 1, which divides D = [0,1] into four

_ 1 111 _ 11 3 _ 13
domains, suchas 21 = 10,71, D2 = [3,3], D3 =1[3, ] and P14 = [:1]. Let us solve the StQP in cach
domain.
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(1)D1 =10, 7).
Step 1. Note that the coefficients a;and b;are as follows in this case.
a = —2, b1= 1; ax = 4, bzz 0; as= 2, b3: 0; as= 0, b4= 0; as= 0, b5: 0.

Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate V and U(¢) as
follows.

VT=(-6,4,2,0,0); (U@®) = (-2¢+ 1,4£210,0).
Step 3. Solve the equation (3.12).

0110 0)=2t+1
10110 41
(-6,4,2,0,0) 11010 200 |=0
01101 0
00010/ 0

* 3
The solution of above equation ist” = 16.

1
Step 4. Verify the value of #. Sincet* [0, 1], the value is valid.

Step 5. Find the values of x*and f{x*). The value of x* is obtained from equation (3.5).

1—2t 4t 2t 5 3 3 63
0.0 = (2.2 2 0.0).andf(z*) = - ~ 0.64
a1 a1 a4 00 =g = (g 7 p 0 0)andf (@) = o2
17

' =(

Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(f) in equation (3.13) as
follows.

0110 0)(-2

10110 4
S(t)=(-6,4,2,0,0)] 1 1 01 0 2 |=-32<0

01101 0

00 01 0)l0

based on Theorem 3.4, 98 64 is a local maximum value.

(2)D2 = [1, 3)-
Step 1. Note that the coefficients a;and b;are as follows in this case.

3 1
a1=—2,bl=1;a2=—2,b2=§;a3=2,b3=0;a4=2,b4=—§;a520,5520

Step 2. Calculate V and U(f). Based on equation (3.9) and equation (3.10), one can calculate V" and U(?) as
follows.

3 1
VT = (=4,-4,4,4,05 (U(E)T = (1-2t,5 = 24,24,2t — 5,0)

Step 3. Solve the equation (3.12).

01 1 0 0\ [1—2t
1 01 1 0| (3—2t
(—4,-4,4,4,00|1 1 0 1 0 2t | =0
0110 1ff2t—-1
00010 0

_ 3 _
The solution of above equation ist* =§ = 0.375.
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11
Step 4. Verity the value of 7. Sincet* € [Z’ 2], the value is valid.

Step 5. Find the values of x* and f{x*). The value of x* is obtained from equation (3.5).

21
— =~ 0.66
32

—2t 3 -2t 2t — 1
x*:(l 22ta 2 9 7%7 2 270) ’t:%: (é?%?%a%vo)'andf(x*):
Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(#) in equation (3.13) as
follows.
0110 0)Y=2
1 0110 -2
S(t)=(-4,-4,4,4,0)| 11 01 0 2 |=-16<0
01101 2
0001 0)l0

_ 21
based on Theorem 3.4, f(a™) = 32~ O'66 is a local maximum value.

(3)D3 = [3, §]-

Step 1. Note that the coefficients a;and b;are as follows in this case.

3 1
ay :0761:O;aQ:—Q,bQ:§;a3:—2,b3:2;a4:2,b4:—5;(15:

2,bs = —1

Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate ¥ and U(¢) as

follows.

3 1
VT = (0,-4,—-4,4,4); (U®)T = (0, 5 2t,2 — 2,2t — 3 2t —

Step 3. Solve the equation (3.12).

01100 0
101 10| [3-2t
(0,-4,-4,4,4)[1 1 0 1 0] |2-2t|=0
01 10 1f|2t—3
00010/ \2t—1

. . . . t€Dz=[3 §]
The solution of above equation does not exist. That is, when 3 204
(4)Ds = [3,1].

Step 1. Note that the coefficients a;and b;are as follows in this case.

1)

there is no solution.

a = 0, b1= 0; a= 0, b2= 0; a3=—2, b3= 2; a4=—4, b4= 4; as= 2, b5:—l,
Step 2. Calculate V" and U(r). Based on equation (3.9) and equation (3.10), one can calculate V" and U(¢) as

follows.
V'T=(0,0,—2,-4,6); (U(®)"=(0,0,2—244—4£2¢t—1).
Step 3. Solve the equation (3.12).

0110 0)O0
1 0110 0
(0,0,-2,-4,6)] 11 0 1 0 2-2t|=0
01101 | 4-4¢
00 01 0){2¢t-1
The solution of above equation ist* = % = 0.75.
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3
Step 4. Verify the value of #*. Since t* e [Z ’1], the value is valid.

Step 5. Find the values of x* and f{x*). The value of x* is obtained from equation (3.5).
0 0 4 —4t 2t — 111

* 0,0, -
=G s w45 4t)|t—% 0.0.3:5:3

Step 6. Determine f{x*) is a local maximum or minimum value. One can calculate S(#) in equation (3.13) as
follows.

1) andf(z*) = % ~05

01100

10110
S(t)=(0,0,-2,-4,6)| 1 1 01 0 -2|=-16<0

01101 -4

00 01 0)(2

Based on Theorem 3.4, /(2*) = 5 = 0.5 i5 a local maximum value.

Step 7. Find the global maximum(minimum) value. Combining the cases (1), (2), (3) and (4) together, one can

conclude that this StQP has a global maximum value fla*) = 32 at pomtx (87 8’ 87 8’ )

One can use Lagrangian function method to calculate the KKT point. The solution of Lagrangian function

1

* — (1112 . o .
method is ¥ = ( 37 3 37 3°0). It is clear that this x* is not a solution of StQP because x* €A.

5. The Analysis of Complexity

Note that if matrix Q is indefinite, the StQP problem is NP-hard (Bomze, 2002). Even if matrix Q has only one
negative eigenvalue, the StQP problem is NP-hard. It is clear that the symmetric matrices O in the examples in
section 4 are indefinite because they have negative eigenvalue(s).

The algorithm shows that solving n + 1 (n is the number of variables) number of linear equations is able to solve
StQP problems. Note that solving #+1 number of linear equations is in P. We claim that StQP problems can be
solved in polynomial time.

Theorem 5.1 StQP problems are in P.

Proof. Note that solving n+1 number of linear equations is in P. According to Theorem 3.3, solving StQP is
equivalent to solving n+1 number of linear equations. Therefore, StQP problems are in P.

Fortnow describes that (1) finding Nash Equilibriums with specific properties in a number of environments is
NP-complete and (2) an efficient solution to any NP-complete problem would imply P = NP (Fortnow, 2009).
The proposed algorithm indicates that NP-hard problem, StQP problem, is in P.

The algorithm can be applied to multiple variables quadratic optimization problems. In fact, paper (Gao, 2015)
can be considered an application of the algorithm to two player games for calculating Nash equilibrium in game
theory.

6. Conclusion

The proposed algorithm uses the possibility distribution functions. The benefits of using possibility distribution
functions are, first the constrained conditions of the standard simplex are encapsulated into the possibility
distribution functions, secondly the application of possibility distribution gives an approximation formula of
StQP problems by mapping variable x € R"into the possibility distribution.

The proposed algorithm does not require iterative method (Bomze, 1998) to find the global maximum(minimum)
solution of StQP problems. It finds StQP solutions by solving a set of linear equations regardless whether the
symmetric matrix Q is indefinite or not. The algorithm reduced the computational complexity of NP-hard StQP
problems into P problems.

The proposed algorithm does not only find KKT points, but it can also identify that the optimal values are either
local maximum or local minimum values. The examples demonstrate the feasibility and efficiency of the
algorithm. Example 3 indicates that the algorithm is able to find out both the maximum value and the minimum
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value for a StQP problem.

When one knows the probability distribution over the standard simplex, by using the probability-possibility
transformation theory to define the associated possibility distribution, then one can find the solutions of StQP
problems in polynomial time by using the algorithm.

Further research may apply this algorithm to solve practical problems, and compare the proposed algorithm with
other methods, for example, gradient projection method, branch and bound approach, to discover the differences.
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