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Abstract

The paper is concerned with the spherically symmetric static problem of the General Relativity Theory (GRT).
The classical interior solution of this problem found in 1916 by K. Schwarzschild for a fluid sphere is generalized
for a linear elastic isotropic solid sphere. The GRT equations are supplemented with the equation for the stresses
which is similar to the compatibility equation of the theory of elasticity and is derived using the principle of
minimum complementary energy for an elastic solid. Numerical analysis of the obtained solution is undertaken.
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1. Introduction. Theory of Elasticity Solution

To introduce the proposed approach to GRT problem for elastic solid, consider the problem of the classical theory

of elasticity for a sphere whose gravitational field is described by the Newton theory. For a solid sphere with

constant density 4 andradius R, the Newton gravitational potential ¢ is the solution of the Poisson equation
1 N
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Here, 7 is the radial coordinate (0<7r<R), (---)’=d(---)/dr and G is the classical gravitational constant.
For the external (r > R)space, 4 =0 and Equation (1) has the following well known solution:
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,
Where index “e” corresponds to the external space and
m= %ﬂ',uR3 3)

is the mass of a homogeneous solid sphere whose internal space is Euclidean. For the internal (0 <7 < R) space
the solution of Equation (1) which satisfies the regularity condition at the sphere center is

2
4 = EzryGrz +C, “)
Here, index “i” corresponds to the internal space. The integration constant C,is determined from the boundary
condition on the sphere surface according to which ¢@,(R) =¢,(R). Using Equation (2), we can present Equation
(4) in the following final form:
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The gravitational body forces which act inside the sphere are
fo=—ug =~kr, k= %ﬂGﬂz (6)

Then, the theory of elasticity equilibrium equation for the sphere element can be presented as
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ro. +2(c, —o,)—kr’ =0 (7

Here, o, and o, are the radial and the circumferential stresses which are accompanied by the corresponding
elastic strains following from Hooke’s law, i.e.

€, :%(q -2vo,), g, :%[(l—v)crg -vo, | @)

in which £ and v are the elastic modulus and the Poisson’s ratio of the sphere material. The strains are
expressed in terms of the radial displacement u as
e =u, g, =ulr )

Substituting u from the second of these equations in the first one, we arrive at the following compatibility
equation for the strains:

re,+€,—€,=0
Using Equations (7), we can write this equation in terms of stresses, i.e.
r(l-v)o, —-rvo. +(1-v)(o,-0,)=0 (10)

Thus, we have two equations, Equations (7) and (10), for two unknown stresses. To reduce these equations to one
equation with respect to the radial stress, express o, using Equation (7), i.e.

O'H:cr,,+g(o;’—kr) (1D
and substitute it in Equation (10) to get

-V

ror 40’ —>Vir=0 (12)

The solution of this equation must satisfy the following boundary conditions:
o (r=0=0,r=0), o (r=R)=0 (13)

Using Equation (11), we can transform the first of these conditions to o/ (r =0)=0. The final solution for the
stresses is

10(1-v) 10(1-v) -y

Having in mind to obtain the solution of the problem under study within the framework of GTR, we should take
into account the GRT equations are formulated in the Riemannian space in which the displacement u , as well as
the strain-displacement equations, Equations (9), do not exist. Thus, we cannot derive the compatibility equation,
Equation (10) using the traditional approach. However, theory of elasticity provides another way to obtain this
equation not attracting Equations (9). As known, the compatibility equation formulated in stresses follows from
the principle of minimum of the complementary energy under the condition that the stresses satisfy the equilibrium
equations. The elastic energy of the solid sphere is

U :47r.fwr2dr (15)
where 0
1
w= 5(0,5,_ +20,&,)
is the elastic potential. Substituting the strains from Hooke’s law, Equations (8), in Equation (15), expressing o,

in terms of o, with the aid of Equation (11) and thus satisfying the equilibrium equation, we can reduce the
complementary energy to the following functional:

27 8 ,
U=—|F(r,0,,0,)dr 16
EJ (r.0,.0)) (16)

where
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F=(1-2v)(30> +2r0.0 —2kr*c ) +1_TV[(0;)2 —2krol + Kk ]rt (17)

The Euler equation which provides the minimum value of the complementary energy is

OF _d B_F, =0 (18)
oo, dr\do,

Substituting F from Equation (17), we arrive at the compatibility equation, Equation (12).

In conclusion, transform the obtained results introducing the following dimensionless parameters:

r
g=—2, 7=2, p== (19)
Uc R R
Here, c¢ is the velocity of light and
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2
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(20)

is the so-called gravitational radius. Using Equations (3) and (6) for mand k and applying Equations (19), we

can present the compatibility equation, Equation (12) in the following form:
o o 3-vrr

doz-)+4do-r:( )g

dr dr 2(1-v)
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The normalized stresses become

5 =0y o BV (1—”"72j (22)
20(1-v) 20—\ 3-v

2. Spherically Symmetric Static Problem of General Relativity for an Elastic Sphere

For a spherically symmetric static problem, the line element is traditionally taken in the following form
corresponding to the classical Schwarzchild solution:

ds’ = g, dr’ +r*(d6’ +sin’ 8d¢’) - g, dt’ (23)

Here r,0,¢and ¢ are space spherical and time coordinates, g, are the metric coefficients that depend on the
radial coordinate 7 only. For the spherically symmetric static problem and the line element in Equation (23), the
conservation equation which is analogous to the equilibrium equation, Equation (7) of the theory of elasticity, is
(Synge, 1960)

;2 .

0 ~=(0,-0,)+ 25 (0, - uc’) =0 (24)
r 2g 44

Here, the stresses and the density are expressed in terms of the metric coefficients with aid of Einstein’s equations

which can be presented as (Synge, 1960)

1 1 o1
0, =—2——(&+—j (25)
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where
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is the GRT gravitational constant. As known, substitution of Equations (25)-(27) in Equation (24) identically
satisfies this equation.

Perform some transformations. First, consider Equation (27). The solutions of this equation for the external
(rzR,u4=0) and internal (0<7 <R, =const) spaces are specified by the well known exterior and interior
Schwarzchild solutions which have the form (Synge, 1960)
1 , 1
e _ , R 29
&u l=r,/r Eu l—rgrz/R3 (29)
Here, indices “e ” and “i” correspond to external and internal spaces, whereas 7, is the gravitational radius
specified by Equation (20). Second, introduce function f(r) as

Bu_p o Bu_ (30)
84 Iom

Finally, substituting the second of Equations (29) and Equations (30) in Equations (25) and (26), we arrive at

_}"g 1 I"gl" 31
2w v ) G

R (O s I O s
X006 = 2[1 R’ J(ﬁ 2) [Zr R3]f (32)

Following the approach described in Section 1, express f interms of o, using Equation (31)

r Ty
=——F| -5- X0,
/ l—rgrz/R3(R3 er

and substitute this result in Equation (32), i.e.

1 ) rgrz - ) 3;’;}’2 (33)
Op =5 | 2I o.+t40, —yr o, ———
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According to the basic idea of GRT, the stresses specified by the Einstein equations, Equations (31) and (32),
identically satisfy the equilibrium equation, Equation (24). Transforming this equation with the aid of Equations
(3),(20) and (28) for m,r,, ¥ andsubstituting o, from Equation (33), we can readily prove that the equilibrium
equation is satisfied. Thus, to determine ©, , we can apply the principle of minimum of the complementary energy
discussed in Section 1. In the Riemannian space, Equation (15) for the complementary energy is generalized as

R
U=47TIW g, r’dr
0

Using Equation (32), we can reduce it to the functional in Equation (16). Omitting the explicit expression for the
function F which is rather cumbersome, present the Euler equation, Equation (18), which takes the following
final form:

2r(1-v)(1—- __2) +2(1 v)(1- __2)(4 3__2 do,

+77 [ 4Q2+v) - (T+5v) o,

+37,7 [ 1- 7v+2“2(1+2v)] —9 P (1-v)& —iF(3-v-27,7") =0 (34)

To simplify this equation, we use dimensionless parameters in Equations (19) and Equations(3), (21) and (28) for
m,r, and . Neglecting the terms with 7, in comparison with unity and omitting nonlinear terms, we arrive at
equation (21) of the theory of elasticity.

3. Numerical Analysis

For the numerical analysis, we take v =0 and reduce Equation (34) to

11
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27 (1 - “2) +2(1 74— 3——2
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This equation is numerically integrated under the boundary conditions that follow from Equations (13), i.e.
G.(r=0)=0 and &,.(F =1)=0. The circumferential stress is found from Equation (33) which can be
transformed to

o, = ;__Z{Zr(l _72)d—+46 3rr 0 —r,r } (36)
a1-77) ar

It is interesting to compare the results that follow from Equations (35) and (36) with the theory of elasticity solution
specified by Equations (22) and with the interior Schwarzchild solution obtained for a sphere of perfect
incompressible fluid. This solution has the following form (Synge, 1960):

p=-"L i (37
He 1ll—rgr —3\/—7}:

and demonstrates a specific behavior. Taking 7 =0 in Equation (37), determine the pressure at the sphere center,
ie.

1- ,/
D=~ 7— (38)
1-31-7,

The denominator of this expression is zero for the sphere with radius 7, =8/9=0.8888, and the pressure
becomes infinitely high at the sphere center. This result is sometimes used to support the existence of the objects
referred to as the Black Holes (Thorne, 1994).

The results of the numerical analysis are presented in Figures 1, 2. Figure 1 demonstrates the distributions of the
normalized radial (solid lines) and circumferential (dashed lines) stresses over the radial coordinate for
7,=0.2,0.4,0.6,0.8,0.99.

0 0.2 0.4 0.6 0.8 1

(a) (b)
Figure 1. Distributions of the normalized radial (solid lines) and circumferential (dashed lines) stresses over the
radial coordinate for (a) 7, =0.2,0.4,0.6 and (b) 7,0.8,0.9,0.99

Figure 2 shows the normalized stresses at the sphere center as functions of the normalized gravitational radius.
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Figure 2. Dependences of the normalized stresses at the sphere center on the radial coordinate

As can be seen, in contrast to the pressure specified by Equation (38) which becomes infinitely high at 7, =8/9,
the stresses are finite for the sphere with the radius R=9/8r,. For 7, =1, the numerical solution does not
converge. However, it does not look like the stresses are singular in this case. It seems that the tolerance of the
applied numerical procedure is not as high as should be. The last result & =—0.5886 is obtained for 7, =0.99.
Dashed line in Figure 2 corresponds to the theory of elasticity solution specified by Equations (22).

4. Conclusion

The solution of the Schwarzchild spherically symmetric static problem for a fluid sphere is generalized for a linear
elastic sphere. The equation for the stresses missing in GRT is derived using the minimum complementary energy
principle of the theory of elasticity. In contrast to the singular Schwarzchild solution for the pressure in the fluid,
the stresses do not demonstrate singular behavior for the elastic sphere whose radius is equal to the gravitational
radius.

References
Synge, J. L. (1960). Relativity: the General Theory. Amsterdam, North Holland.

Thorn, K. S. (1994). Black Holes and Time Warps — Einstein’s Outrages Legacy. New York, London, W.W.
Norton and Company.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution
license (http://creativecommons.org/licenses/by/4.0/).

13



