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Abstract

In this paper are studied the transforms of operators and functions by the exponentlal operators e, e

gz , RIS , lnatninx D, , JRICLX , o , PRICE +hx)? RICE +Bx)(yD, +§x) RO +x) ezH(D —x%) . where p _i without
using integration. This study is facilitated by the revelation that all relations between a couple of duafloperators
(4,B) obeying the condition [4,8] = 4B— B4 =1 are invariant under substituting (4, B) with any another dual couple.
Compositions and decompositions of the exponential operators e“”*#?) ~ ga(@Pe AP+ making them groups
are obtained. The kernel of the integral transform associated with a differential transform is found. As case study
the differential Fourier transform is highlighted in order to see how it is possible to get in a concise manner the

known properties of the Fourier transform without doing integration.

Keywords: Fourier transform, fractional order Fourier transform, groups of canonical transforms of translation
and dilatation, decomposition of exponential operators, kernels of integral transforms, Green’s functions,
transforms of geometric forms, calculus in quantum mechanics.

1. Introduction

The definition and properties of linear operators in a space of functions have been clearly explained by Eckart
(1926) and in a space of ket vectors each defining a state of a system of particles or waves by Dirac (1930).
Moreover in this book Dirac stipulates that the formulation of the laws of physics requires the use of the
mathematics of transformations.

About the transformation of a function into another one by integration there are the well-known Fourier transform,
the Gauss, Laplace, Mellin, Bargmann, etc...transforms, very well studied and applied (Erdélyi, Magnus,
Oberhettinger, & Tricomi, 1962, Wolf, 1979). Many noticeable references in this field from the early until recent
years are given in Wolf (1979).

On the contrary although differential operators built from the “multiplication by the argument” operator X and the
derivative operator D_ (Eckart, 1926) such as the Laplacian, the Gaussian, the translation, dilatation operators, the
hyperdifferential form of many canonical transforms, the Fourier transform operators, etc... are known (Liouville,
1832, Wilcox, 1967, Miller & Steinberg, 1971, Oldham & Spanier, 1974, Wolf, 1979, etc...) the transforms of
operators by them are often not communicated and their actions onto functions are often performed via
integrations like in an integral transform.

The aim of this work is to study the differential transforms, i.e. transforms by differential operators that do not use
integration, by a method based on the revelation that from and only from the say canonical relation [D,X]=DX-XD=1
between a couple of say dual operators (D, X) and the unity operator I, one firstly get the fundamental relation
describing the transform of the operator D by the operator e/"

ef(X)De*f(X) =pD— fv(X)

Then, as this relation depends only on the canonical condition between the dual couple of operators (D, X) we
may conclude that this relation is invariant under the substitution of (D, X)) with any another dual couple.
Moreover all the relations between operators obtained in this manner are themselves invariant under subsequent
quoted substitutions. Hereinafter relations between operators will be called identities for distinguishing them with
relations between functions called formulae.
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As applications it may be proved easily that the operator e is a translation operator in space and the substitutions
of (D_,X) with two categories of dual couples

( u(X)), Vu(x)

1
s ~ —ADX,
(O’Dx+ﬂX’7Dx+5X)wherea§_ﬂ6:land u'(X)

in the relations concerning it will give rise to an infinity of operators among them are the dilatation operator, the
operators that transform geometric forms, the group of operators e?7*TOPNEHAD) realizing  the
Baker-Campbell-Hausdorff, Bargmann transforms, fractional order Fourier transform newly known in literature
and the famous Fourier transform itself.

Besides, from the integral Fourier transform and the Dirac delta function we may get the Eransforms of operators
and functions by the Gaussian transform, then by those realized by the operators e*“”*#*)"

As for cited translation and Gaussian transform, for each differential transform generated by them we will firstly
calculate the transforms of the operators D_and X , then the transform of an arbitrary function f(x) and that of the
Dirac delta function d(x). The problem of decomposing a differential operator into a product of translation,
dilatation and Gaussian operators is also resolved and will be utilized to obtain the kernel function of the integral
transform associated with a differential transform. The compositions between exponentials of linear as so as
between quadratic combinations of D_and X proving they are groups are performed.

In particular we will highlight the case of the differential Fourier transform in obtaining all its properties without
cumbersome integrations.

2. Background of the Method

In a space of functions let D and X be two operators verifying the so called canonical relation

DX =XD+1 )
where I is the unity operator defined by

f=rf(x) vf

From the identity (1) we may deduce by recursion the following

D"X = XD" +mD"™"', Vme N (2a)
D"XD™" =X +mD™"', Vme N

D"X=XD" -mD™"', VmeN (2b)

In fact (2a) and (2b) are valuable for m rational as we can see when putting Y” = D" in (2a) and calculating the
operator A(D) such that YX = XY + A(D) . Moreover as a real number is the common limit of two sequences of
rational numbers we may assert that (2a) and (2b) are valuable for m real.

Now let f(x) be a function and f"(x) its derivative function

f(x) =Zamx’", me R

m

f'x)=> a,mx""

we get from (2) the identity
f(D)X = Xf(D)+ f(D)
ie.
[/ (D), X]= f(D)X - Xf(D) = f(D) (3a)

where the notation [4,8] designates the so called commutator between A and B.
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Because (3a) is obtained from and only from (1) we may state:

“From and only from the relation [D,x] = 1 between two operators D and X happens the identity [ £(D),x |= 1 (D)
where f(x) is any derivable function. This identity per consequence is invariant under the substitution of the couple
of operators (D,x) with any another couple (D', x") provided that [D'x'] = 7. Moreover, all the identities between
operators created from (3a) by such substitutions are also invariant under subsequent ones*. Remark that in the
above statement (D',x") is not only the couple (eD+8x,yD+5Xx) where ad-py=1 as in a canonical transform but may
be the couple of operators such as (-x>p, x~') as we can see later.

For first example, by substituting (b, x) with (x,-D) we get
[D., £ ()] = fX) (3b)
The identities (3a), (3b) lead to the more familiar ones

e*f(X)Def(X) ED"rf'(X)

(4a)
ef(D)Xe*f(D) = X_}_fi(D) (4b)
which give the transform of D by e/ and of X by ¢/ .
In particular
e“De” =D+a (5a)
e’Xe ™ =X+a (5b)
Applying n times (5a), (5b) we get the transforms of D" by e and of X" by e™ .
By the same manner we see that
e De™ =D +2aX (6a)
e” Xe ™ =2aD+ X (6b)

so that, for f(x) derivable, ¢ transforms an operator £ (D) into f(D+2aX)and e “an operator f(X) into
f(X +2aD).

The meaning of the above identities is that one can factorize /(D +a) or f(aD +bX) into a product of three simple
operators.

In order to generalize the identities (5a), (5b) we substitute (D,X) with (¢D+ 8X,yD+dX) where
(ad - By) =1and get

P (D 4 fX)e ) = (@D + BX)

PP (yD+ 5 X)e PP = (yD +5X) +aal
ie.

QU @D+BX) py pma(aD+BX) D—,Ba]

(7a)

e aD+BX) yroma@D+fX) — x4 oot (7b)

Utilizing (6a) then (5b), we get the identity which governs the decomposition of ¢**”*#*)
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_ﬁ 2 ﬁ 2 _ﬁ 2 ﬁ 2
ea(aD+ﬂX) =e 20/\, ea(lDYeZaX =e ZaX eaaDeZaX efaal)eaal)
By B 2 1 52
- L (X+aal) —offa
=e 20 620, eaaD Eez eﬁaXeaaD (Sa)
Substituting (D, X) with (=X, D) we get another mode of decomposition for e**” A5
—laﬂuz
ea(aD+ﬂX) =e P ea{lDeaﬁX (Sb)
From (5b) and (8b) we get
1 o 1, ;
o@D H@D+BX) 65("ﬁ+“ ﬁ)eﬂ'xw()(m')e(ma')o _ ei(”’ ﬂ’“ﬁ)e(ma'wﬂﬂwﬁ)x (80)

and may conclude that the differential transforms realized by the operators e+~

form a group.
Hereinafter we will utilize essentially (8a) to get the kernel of an integral transform associated with a differential one.
3. The Differential Transforms

aD+BX

3.1 Translation, Group of Transforms by e , Kernel of Integral Transforms

Let D_be the derivative operator and X the “multiplication by the argument X operator in the space of
differentiable functions (Eckart, 1926)

D f(x)=f'(x) Vf (9a)

X()=x/(x) Vf (9b)
Because

Dx)gf(x) =(xf(x)'=xf"(x)+ f(x) V[ differentiable

we have

DX =XD, +1 90)
so that according to (5b)

e f(X)e ™ = f(X +al)
Acting the above identity onto a constant we get the formula

e f(x)= f(x+a) (10)

which means that e”” realized the translation in a one dimensional space.

By substitution of (D,, X) with (aD, + BX, yD, + X)) where (a0 — By) = 1in (7a), (7b) we get the transforms by
e PP of D and X

o@D+ D, e @D +BY) - D, - Bal

(11a)
ea({zDA +ﬂ)?))"(e—a((th+ﬂ)'() = )A(+0(a[ (1 ]b)
and from (8a) the formula
A laﬂaz -
ea(aDgrﬂX) =e 2 ea,@)(eanzDY (1 1C)
i g
PP () =e? P f(x+a) (11d)

Formula (11d) may be useful in quantum mechanics, for example
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D +X

. A ) 1p Ay
e f(x)=e 2 f(x)=e* e f(x+

A,

2

Now, let A(D,, X) be an operator which transforms D_into(aD, +f X)and X into (yD.+0o X)
withad— fy=1 we have

1
—X

Af (x—x,) =A™ A7 Af (x) = ™20 g () = ¢ 2 7 b gD ()

Using a property of the Dirac delta function we may write

AD,, X) ()= AD,, X)[ f(x,)0(x—x,)dx,

(12a)

(12b)

and see that the kernel function of the integral transform linked to the differential transform realized by 4(D,, X )

may be obtained if we can calculate 4(D_, X)8(x) according to (11a), (11c) as follows

K(x,x,)= A(D,, X)8(x—x,) = A(D,, X)e > §(x) = e PP 4(D_, X)&(x)

1 5
Sxoaf _ v - 5
=e2' e e 4(D,, X)O(x)
Inversely knowing K (x, x,) we may calculate
1 5
A —x)of o wBX
AD,, X)0(x)=e*" e e l]ﬁXK(x,xo)
and obtain &, # by demanding the second member to be independent with respect to x, . Then as
AD,, X) XA (D,,X)=(yD, +6X) = (yD, + 6 X)A(D,, X)d(x) =0

we may obtain 7,0 if the second member of (12d) is a Gaussian function or a constant.
3.2 The Dilatation Operator P

Because
[XD,.nX |= X[ D, 0% |+[ X, mX |D, =1
we may substitute the couple (D, X) with (/\A’DX ,In X) in the translation identity (7a)

e Xe™ = X +al
in order to get

e InXe ™ =nX+a
and, successively,

aXD, InX —aXD _ In X+ _ O
e e e = M =X

ea)‘(DY )'(\vefa)A(Dr = eu)gv
Substituting (D, X) with (- X, D_)in (13a) we also have

aXD, -aXD, -
e De“ ™ =e’D

X

From (13a) we may get the formulae

e f(x) = f(e"x)
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e 5(x) = 8(e"x) = e “ S8(x) (13d)

R o(x—x,) = &Ps g7l S(x)=e™ ™ PR o(x)= |e’“

o(x—x,e") (13e)
Formula (13¢) means that e
(13e).

Viewing the way ¢ is obtained we may say that a dilatation e
where the coordinates are rescaled from x, y, z down to Inx, Iny, Inz.

3.3 The Hyperbolic Transform e P
From the fact that

is the operator describing a dilatation. The kernel function related to it is given by

XD, +YD,+ZD.) . . . .
«PHB D) s in fact a translation in a space

[—XZDX,)?“] =_X? [DX,X“J—[)?Z,)?‘]JDX =1 (14)
we may substitute (D, X) with (-X ‘D, X'} in the translation identities (7a), (7b) and obtain successively

—aX’D, -1 _aX’D
e T X e

X" +al

PRRD o ()A("l +al)™ (15a)

—aX?D, {r2 aX*D o2
e *X°De” " =X"D,

e NP e = (X +al)> X°D, =(I +aX)’ D, (15b)
—aX’D, X
e T f(x)=f(—) (15¢)
1+ax
—aX?D —aX?D, _—x,D —x(I+aX)D, X D ak D X
e NP (x—x,)=e ¥ Pe P f(x) = e TIPSy = e e W Ple T 5( )
1+ax 1+ax
1
“Dy _ o i? -1
:e"De XoaXDxa(ax )= 8( * -x,) (15d)
a*x I+ax

From (15d) we get the kernel function of the integral transform related to ¢’P From (15a) we see that

(1—ab)x—ab’

e-a()"prh)2 D,
ax+(1+ab)

transforms the straight line y = x into the hyperbola y =

. Ina X InX D, +Inb¥ In¥ D +IncZ InZ D.
3.4 The Transforms of Geometric Forms e"*" " > " Syrnes et

Because
[X1nX D, IninX |= X %] D, InnX |+| X InX,Inn% | D, =1 (16)
we may substitute (D, X) with (X InX D, InlnX) in (7a), (7b) in order to obtain successively

Ina X InX D, O —Ina X InX D, >

e " InlnXe ™ ™ P =InlnX +1na, a >0

Ina X InX D, o —Ina X InX D >

e *InXe ™ » =qglnX

Ina X InX D, {» ~InaXInX D >

et X =X (17a)

elna)?ln)'(l)r Dxe—lnaXlnX D, Ea—l)}vl—u Dx

(17b)

From (17a) we get the transform of a function
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elna)”(ln)?l)xf(x)zf(x“), a >O, X >0

"M f(—x) = f((—x)), 2> 0,x <0 (17¢)
Because [a’l)A(I’“DX ,)A(“J =] we have

—xga ' X" D,

e 1@ — 4
e x‘=x"=x,

so that, fora >0

elnaA;ln)?Drf(x_ xo) — elna/\}ln)h(DY e*.’anx f(x) — e*xn a ' X' Dxf(xa): f(xa _x()) , x>0
elna)?ln)?Drf(_x_xO) — f((_x)a _xo) R X < 0 (17d)

elna)?ln)?Dra(x_xO) =0((—x)" +x,), x<0

From (17d) we may get the kernel function of the integral transform related to AWk D,

K(x,x,)=0(x"-x,), x>0

K(x,x))=0((—x)"+x,), x<0 (17e)

A particular case is

In2 X InX D,
M EIED: = x? Vx>0

B AP Y(

so that
1n2)”(1n)‘(DXx — x|x| Vx
and the double pyramid

[+l =1

2 X InX D, 2¥ YD, 10277 D,
‘e e .

is transformed by e into the sphere

x2+y2+22=1

In this transformation a point (x,, ¥,,z,) on the double pyramid is transformed into the point (

%o Yo ) )
RN NER
situated on the sphere. Moreover the square|x|+| y|+z, =1 on the upper pyramid is transformed into a circle
intersection between the sphere and the plane z = ,/z,

Another interesting example is that the plane

x+y+z=1
is transformed into a part of the sphere in the subspace (+++) where X, y, z are all positive and a part of a
hyperboloid (x* + y* —z*) =1 in the subspace (++-) where X, y are positive although z is negative and so on. We

see also that a straight line in this plane is transformed into an arc of circle in the subspace (+++) jointed with six
arcs of hyperbola in other subspaces excepted the (---).
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3.5 The Transforms by *“*"x
Let

1
g(x)

u(x) =J-

we have

[2(D)D,,u(X) |= (D) D, u(X) |= g(Xw'(X) =1
so that by substitution of (D_, X) with (g(X )D, ,u(X))in the translation identities we get

D0y (X)e ¥ P = y(X)+al
e g(X)D,e O =g(X)D,
e g(X)D,e P =g(X)D,

¢4 D: Ypmas 0D = 1 (u(X)+al), withu™ (u(x)) = x

) , 1 0

e €D Dxe*“g(X)D* = ; = g(X)D,
: g™ (u(X)+al))

e“g(x)D‘f(X) = f(u_l (u(x)+a))

B g(X)
B D; f(x—xo) = e®BWD; e*XoDxf(x) —e e (X )+al)) xeag(.r)Dxf(x)

The transform of d(x) may be obtained from (20¢) and the formula (23d) due to Wolf (Wolf 1979).

For example, for g(x) = cosx we get

J- 1 J- CoS X 1, 1+sinx
u= = - =— -

COS X l-sin’x 2 l-sinx
acos XD, lnl+sin)(e,ms)~mr Eln1+sinX

~ —+ Za
1—sin X 1—sin X

_ (& +DsinX +( -1)

eacos)‘( D, sin)}vefacos)ﬁ( D, = - — -
(e =1)sinX +(e™* +1)

(€* +1)sinX +(e* -1)
(€ —1)sinX +(e* +1)

"D f(X)e P = f(aresin

Act the above identity onto a constant we get

(€ +1)sinx +(e* —1)
(e =1)sinx +(e* +1)

eacosxDA f(x) = f(aI'CSin

)

(18)

(19)

(20a)

(20b)

(20¢)

(20d)

We see that the transforms of'sinx, cosx =+/1—sin [x then of sinpx, cos px via the de Moivre formula may be

calculated straightforwardly.
3.6 The Gaussian Transform and Its Generalization

According to (6a) and (6b) we get

o2 52 A
e De™ =D +2aX
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-aD* yr_aD,’ >
e Xe"™ =X-2aD,

1b)

In order to calculate the transform by > of the Gaussian e let us begin with the conventional definition of the

Fourier transform (Wolf 1979) denoted hereinafter by the notation FT

1 7
FTf(x)=— | e™ f(x,)dx
/—2” _J; 04X
together with that of the Dirac delta function d(x) (Dirac, 1930)
I(x)= 27['[ e dx,
which has the properties
x0(x)=0

TJ(x)dx =1
S/ () =2 |f @) 8(x=a,) where f(a,) =0, f (@) #0

J@) = [ ()8 (x =, )dxy

From the above definitions we get for a >0 or a =i@

FT1=~278(x)

FTe™ =(2a) e

_1-4ab ,

n2 2 2 _ 2 _1 x
FTe™ e ™ =" FTe™ =(2a) e *

2

1, 1
_aD? ¥ 2 ——X 2 2
FTe ™ e % =™ FTe *¢ =™ \2ae™™ =+2a

so that the transforms of the Gaussian and the Dirac delta functions d(x) are given by the formulae

el = ( —4ab)7% e 1hab” ,(1—4ab)>0if areal

I 5
el =FT\2a =Ana 8(x) a>0ora=i6

In order to obtain the transform by ¢*>" of a function f(x) let us consider the differential equation

(D> =2xD, +2n)y =0

x

(22)

(23a)

(23b)

(23¢)

(23d)

24

(25)

(26)

27

(28)

(29)

of which a particular solution is known as the Hermite polynomial /7, (x) of order n (Abramowitz & Stegun, 1968).

According to (21b) we get

1 1, 1.,

2 1 1 1.2
et (D’ =2xD, +2n)e * " e* y=(D’-(2x+D,)D, +2n)e4D" ¥

1.5

=(2xD, - 2n)eZD;y =0
so that

1.2

et y=H,(x)=cx"
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As the Hermite polynomials verify the recursion relation
H 'n ('x) = 2an—l (x)
we get finally the interesting formula

H,(x)=e " (2x)"

(30)
which has been known (Wolf 1976 ) and is easier to handle than the Rodrigues one.
From (30) we get the transform by e > of x"
() =H, ) (1)

N n(Z\/Z

From (31) we may obtain the transform by ¢
a series of Hermite polynomials.

Now by substituting (Dx,)A( ywith (D, + BX, yD_ + 85X ) where (a0 — By) =1in (21a), (21 b) we get

2 of a function f(x) expandable into Taylor series under the form of

e—a(yDr+§)'()Z Dxea(yuﬂ-&)h? - (1 + 2a75)Dx + 2a52)’(‘v) (32a)
efa(yl)r+5)2)2 )Evea(yl)xa-&)"()z = —2a7/sz +(1 —2617/6))’\( (32b)

From (21a), (21b) also we may write

A Yp2 . _Xp2 U e
YD, +6X =e¥  OXe ¥ =e? yDe”’
and get the decomposition identity for e *7” %"

[ J o

. sy . Y2 _2 ¥ 9 %2
—a(yD )2 D~ _ 2 D, —a(vD.
o UDHOXY = 525 mal0X) 25 2 p 27 pmarDe) 2y (33)
which in turn gives rise to the formulae
D, +6X) LSNP 5 D, ) 5
e (P +0X) f(x) =20 " oTUO) 5 26 f(x)=e 2y omarb)” o2y f(x) (32c¢)
I—ZayJXz

1 4a}'2
—¢
V&Y —4ra (32d)

—a(yD, +6X)*

. vl 4
e P 5 () = ezs”‘z e, 26> 5(x) =

By (32a) then (8a) we get the kernel function the integral transform related to e

_ 2 _ 2 _ 20y 2
e a(yD,+6X) é‘(x_xo) =e a(yD,+6X) e XoD, 5(.)() =e Xy (1+2ay8)D, +2ad X)e a(yD,+6X) 5(x)

1-2ay5 2

1 2\ 2 2
— e§(1+2ay6)(2a5 )% e—x02a52xe—x0(1+20}/5)D,( 1 e 4ay? (32e)
yN—4rwa
so that finally
1 1-2ay5 2 +2ap5 , 1
—a(yD, +SX)* _ s [T Taap O T
e f(x)=——e¢ e e f(x,)dx (34)
yN—4ra j - e
For the Gauss transform e > , we have y =1, 0 =0 so that
e = [T (35)
—Ara "~ e
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3.7 The Group of Transforms Realized by ¢®7*+oP-\@X+5bo
Because

aD. + BX,yD. +6X |=(ad- By)l

[aD, +BX,yD,+6X |= (@5~ By) 6

we may substitute (DX,)? ) with (aD, + BX, yD_ + 8X) where (ad — fy) =1 in the dilatation identities written
under the matricial form

Pl 7 ol .
X 0 €||lX
and get
PP, +8X)aD, +BX) 24 ,B Dx e—B(}/DK+5/\A’)(aDK+ﬁ)A() - e’
y Ol X 0 |y o||x
ee(yDﬁ&)?)(aDﬁﬁf() D, e-e(yDﬁa)"()(aDﬁﬁf() - ade”’ _ﬁyeg —2 /30 sinh@ D, (38a)
X 2aysinh@  —Bye’ +ade’
The above identity gives us the matricial form of the operator A e PP X@¥+52) where 1 is arbitrary
L PRI, ade”® - Bye’ —2 36 sinh@ VieC (38b)
2aysinh® - Bye’ +ade’

Now in order to calculate the transform of a function f(x)we utilize (38a), (21a), (21b) to firstly get, with
y'=ayE’ -e?), §'=ade’ - Bye?, the formulae

ee(wv+5X><auv+ﬂ)?>f(j()e—e<yl),\+6X>(au,\+/v"r> = f(y'D, +8'X)

A A Y e Y p2

=e 7 f(y'D)e” = f(5'K)e 2

B B o
Acting these identities onto the functione 2" which has the property (oD, + ,BX )e 2" =0 we then get

B <2 A 2, ﬂxz
PP HOR @D, */’X)f(x)e @' =g 2 f(y'D, )e27 2a

B > Ay V'Dz_ﬁxz o _1 D} 5:9

eH(J'DJW)(aDﬁ[")?)f(x)e_E‘x =625'D* f(é")?)e_ﬁ “ o 2a =(%)72625 75 X)e 20°

b
Replacing f(x) with f(x)e?* we get finally

5' [ B
. . yD, 2 2y X2
69(7D,+3X)(ﬂDx+ﬂX)f(x) — f(J/ D )eza e e 20"

52 por 0.2

PP HONDABD) £y = f(5 x)eZa o zf@'*‘

- e Lol povsinnox’ _ "5 L2 apip, G
— e 2T f(S1x)PTI 2 1 [lg " O (384)
0 A
0(yD, +6X ) (aD, +BX) _, 2 2y
e o(x)=e ?—
\27y!

e w1th y'=ayE’ -e?), §'=ade’ - Bye’ (38¢)
The transform of J(x — x,) is straightforward from (38a), (38¢) and (8a).
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The formula (38d) leads to the decomposition identity for ¢?7>*0%X@l.+4%)

AT @D +BE) e’gﬂeisz AP, Q%Si“h‘”z (392)
where we define
TC=ay’-e?), A=ade’ - Bye™’ (39b)
Now, let us utilized (39a, 39b) to calculate the product
GO KA DY@ K+ D) . 0 K48 D)@ S4B D,) (7K 6D Nk +4D,) (40a)

Firstly by utilizing (39a) and (21b) we can write

P Gono
A

o r »
Yoy Vo P P o - o P vy 5D 0
eﬂ(yu‘+§ X)a'D+p X)ee(yDA+§X)(aDA+ﬂX) = 2 [Aee(y D, +6'X)a'D,+p X)eZA lnAXQ\e

e
6 r o T o T B6 . o2
-2 —D? 9(y'DA+8(X—D))N@'D+B(K—D,) | \or, T sinhdX
=e 2 JAe?22 e A AT QInAXD, A
Putting

T'=(a'-B'T/A)y'-8'T/A)e" —e)

A'=(@'8'-B'8'T/Ne” —(B'y-B'8'T/ANe”
we get, utilizing (13a),

+9' LI p2 B0 b+ sinng) 52
6'(y' D +8' X)(a' D +B'X) _6(yD,+5X)aD, +BX Gat a2 manvip, Carars® °
e (7' D +6'X)(a' D+ )e (yD+0X)(aD,+p )Ee‘ 2 /AA'e 20 2A P vo AA A

Finally we may define 8",A",T"", 8" 3" as follows

9":9+9',A":AA‘,F—:£+L, B"6"sinh@" _ 5'5'sinhé +ﬂ§smh¢9
A" AA A" ATA A

(40b)

and get

0" ro, B8 o
Wi B wpo pm -Z —n, "o 9 sinhg" X

0" XD XD — 7D [ANG2ATT GIATAD, 7 st (40c)
As conclusion we see that the differential transforms realized by the operators e 2 X@¥+529 form a group. This
group contains the dilatation, the Baker-Campbell-Hausdorff, Bargmann, Fourier, bilateral Laplace transforms
and the subgroup of fractional order Fourier transforms that we will study hereinafter.

For example, witha = -0 = —i/\2, pB= —}/=1/x/§we have

(=D +iX)(=iD, +X) 20 —sin28
. D24 x? -i20——— %~ - COS Sin
e’ ) = 2 =l (41a)
sin26 cos26
o =Dy +iX)(=iD, +X) 1 > 1 >
0 o(D2+X? —i26- . —1826 D, Incos 208D —1g26 x
e = 2 = ¢"+/cos 20e? enerIt g2 (41b)

This identity is equivalent to the Baker-Campbell-Hausdorff relation obtained by multiplication of matrices

1 2
X ~1g20 D,
representing operators e ,e

1
Incos26 XD, Etg?ﬂ
, e

" quoted in Wolf (1979).

From this relation and (28) we get the formulae

5 sindé ,

Y 1 . x
XD, )f(x) — meﬁzw e *  f(xcos26) (41c)
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. 5 1 2 sin46xz 1 2
IS = Joos28 e e+ S(xc0s260)= — 10820 21g20 (41d)

|00529|«/2mg20 ¢

1 2
o2 2 o2 2y _ _ ¢ i v 1 - X
eB(X +D, )a(x_xo) — eH(X +D, )e XoD, §(x) —e X (c0s26 D, —sin26 X) e 2tg26 (416)

The integral transform corresponding to the Baker-Campbell-Hausdorff transform is then obtainable using (8a)
and (24). The Bargmann transform corresponds to the case where 8 = 7 /8 (Wolf, 1979).

Equations (41c), (41d), (41d) may be utilized to get the Green’s function of ¢ *”") obtain the kernel of its
related integral transform and resolve the Schrédinger equation corresponding to a suitable second order potential.

3.8 The Fractional Order Fourier Transforms

2D %)

Consider the operator FT? = ¢”e 2 corresponding to e

a=0=y=-f=1 /N2 According to (38b) we have

eie(y)(+§u‘ NaX+pD,) with

iH(D‘ +X)2(Dx -X)

© _ i cos@ isind
FT =¢e"e = (42a)

isind cos@

From the decomposition identity (39a, 39b) we get

o Det K)(D.~K) ep 5

0 i 2 .
FTOf(x)=e%" > f(x)=e?eosg ™™ e 2™ p(yy

i? L0002 ~Lsinonx? .
=e 2+/cosf e? e f(cosB x) (42b)

6 i., 2 [E i X2
FT98(x) = e 2Jcos Be? o ;5(x) =e? ;ez 5(x) (42c)

|cos 0| W

The above formula gives the Green’s function of FT?

In order to obtain the integral transform form related to F7'? let us use (8a) to calculate firstly the kernel
FT(H)J(x _ xo) — FT(@)eﬂq,Dr 5(x) = (cos@ D, +ising X)FT(H)é‘(x)

ig 1 oL cotgf X2
2 —xy(cos@ D, +isind X) 7 ’
2 e o ( x )62

J27ising

6 .r . i 2 ixxg i 2

i— —z;ﬂn/r 1 Ecotg&xn — —cotgfx
— S

e mHeZ , NE VA (42d)
\27msin @
Finally according to (24) we get

=e

ixx,

e 0 f(x,)dx,, ne Z (42¢)

9 igfiﬁﬂ'n/r 1 i.cotgﬂ)(z +oo icotgb‘xoz

FT® f(x)=e? * e? J' e2
/27 sin@ -

This formula is to be compared with the formulae of Namias V. and of McBride A.C. and Kerr F.H. given in the

Transforms and Applications Handbook (Poularikas, 2000).

4. The Fourier Transform

4.1 Representative Differential Operators

T

. . . <) .
Consider the integral representation of the operator F7 2 . According to (42¢)
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& ] e M
FT? f(x)=e"—| e ! f(x,)dx
f NS [Te T rx)ax,

so that with the choice n pair we get

i D RND )

FT=FT? =¢e

T, 0 o2
Z iZpr-x
o 14( ; )

=e‘e (43)

in accordance with the result obtained by Wolf K.B. when considering harmonic oscillator wave functions (Wolf,
1979).

The Fourier transform must transforms (Dx,)A( )into (iX ,iD_) so that it can’t be decomposed according to (39a).
Instead we may utilized (21a), (21b) to get

2 2 2 D 2 2 2 1_4 b 8 b _2 _2 D
o PP X Ax o~ oD e a aoc a ¢ Ax
X 2b 1—4bc X
Iy ipr iy D Iyt ip2 iy |0 §||D,
e? e? e .le? e ez_.OA
X I X (44)
so that
Ly fpr ige
FT=le? e? e?
The factor A has to be chosen according to the conventional definition (23) of FT.
As this conventional definition implies (27), (28) and FTd(x) = (271')_E we get
g ipr i g ipe O B N
FTo(x)=Ae ? e? e? O(x)=Ae? e? O6(x)=Ae? (2mi) 2e ¥ =(Q2m)?
This gives A= i and
iz ip: ig2
FT=e*e? e e? (45)
Moreover, taking the Fourier transform itself of both members of (45) we get also
iy g ips
FT=e*e? e ? €2 (46)

4.2 Properties of the Fourier Transform

Hereinafter we write down the principal properties of the Fourier transform in a concise but comprehensive
manner utilizing its differential representation.

Utilizing the conventional definition of the Fourier transform in the study the Gaussian transform we have had

[

R ;
o FT1=\278(x), FTo(x)=Q2x) *,FTe > =e¢ 2 47)
From this we get a very useful formula (Wolf, 1979; Si, 1979)

o  FIf(x)= FIf(X)l = f(iD,)FT1 =2z f(iD,)5(x) (48)
which leads to

o FTFTf(x)=FTf(iD,)FT1 = f(i*x)FTFT1 = f(~x) (49)

o  FIf (x)=f (iD,)d(x) = (f (=iD,)d(x))" = (FIf (~x))’ (50)

and the famous formula involving a convolution product
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o FIf(x)g(x)= f(iD,)G(x) = (D]~ G(x,)8(x~x,)dx,

=2z j” G(x,)F (x —x,)dx, =27 F (x)* G(x)
Formula (48) may be use to transform and eventually resolve the Fredholm equation (Si, 1979)
o M¥(2)=A[ W(z)K(z-z))dz, + D(z) = Ak(iD,)¥(z) + D(2)

1
 u—Ak(iD,)
Combination of FT with the translation and dilatation transforms gives

Y(z) o(z) where k(z) = FT 'K (2)

o FTf(x+a)=FTe™ f(x) =€ FTf (x) = ¢“ F(x) where F (x) = FTf (x)

o  FTe™ f(x)=e > FTf(x)= F(x—a)

o FTf(e"x)=FTe"” f(x)=e > FTf (x) = e “P“F(x) = ¢ “F(e"x)
FTf (—e"x) = FTe"™ f(~x) = e e P FTf(-x) = ¢ e “P FT™ f(x)

Only when f(x) is pair that FTf (Ax) = || F(A"'x)

From the property of the Dirac delta function

| .
—_— .[ e IR Gy =278 S(—x, + Yy +2)
N27 =,
we get a generalization of the Parseval formula

3 oo 400 400

o FIWGWH@ =Qm) 2 [ | [ (g (r)h(z, sy dvidz,

1 +o0 400 +oo

[TF WGH@dx=@r) 2 [ [ [ 8(=x,+ 3, + 21 (%) (2, dxody,dz,

=) [T 0y #2080z, )dydz,

1
=) [ [ (e 2@ ()h(y)dxdy
The Parseval formula corresponds to H(x) =1and h(y) = /27 (y) .

(51

(52)

(53)

(54

(55)

(56)

o The calculations of the Fourier transforms of Gaussian functions, of functions related to J(x) are
straightforward from the differential representation (45), (46) of FT together with the formulae (27), (28)

concerning the Gaussian transform.
From (21a), (29), (43) we have

L .
e 2 (D2=2XD, +2m)H (x)=0

)"(Z

1
(D2-X*+2n+1)e 2 H (x)=0)
| Y

——x?
and see that e 2 H, (x)is the solution of the harmonic oscillator differential equation and at the same time the

eigenfunction of FT'” and consequently of FT
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0 —i§(2n+l) Lo

12 i ——X
o FT%e¢? H (x)=e?’e e ? H,/(x) (57)
4.3 The Fourier Transform in 3D Space
In 3D space we may define the differential by using the operator gradientV , say

o F(F)=FIf(F)=(2x) 2 f(iV)(F) (58)

In a change of the argument 7 into U7 where U is an reversible matrix, V is changed intoU ™'V , so that letV = U~
we get

o FTf(UF)= (27:)'% FGU'VS(UF) = (27;)'% |ldetU|" £(U'V)S(7)

=|detU|" FIf () (59)

Now let (i, ii,,u,) be three line vectors extracted from U and (¥,,V,,V,) the line vectors extracted from V.
Because UV = I we see that (i, i,,1;) and (V,,V,,V;) are mutually reciprocal

F= i(v,. i, =Y (7)), (60).

The formula (59) in turn is crucial for finding the Fourier transform of a geometric form delimited by planes as
shown in the following example

o Let P be the plane defined by two vectors (ii,, %, ) in the system of coordinates scanned

by (i,,,,i;) . As P contains only points having oblique component equal to zero on the axis #, it is represented by
the function

S (F) =60 Pu(, Pu(vy ), u(x)=1 (61)

The Fourier transform of P
FTf (F) = |detU|u(¥, F)6(¥, )5 (¥, 7) (62)

describes, by (60), a geometric form having components zero onii, andii,, i.e. the system of straight lines
perpendicular to P.

More examples may be found in Si (2014) where the Fourier transform is utilized to get the amplitudes of plane
waves diffracted by a planar interface or an oblique pyramid.

5. Remarks and Conclusion

The main contribution of this work consists in proving that from and only from the definitions of the
“multiplication by the argument” operator X by Eckart, the Fourier integral transform and the Dirac delta function
S(x), one can obtain the transforms of operators and functions by the translation operator e’ and the Gaussian
operator ¢’ ; then that all the relations between operators issued from these transforms are invariant under
substituting the couple of operators (D, X) with any other couple (4, B) provided that AB—BA=1 .

As applications we have studied with success the transformational properties of tgle transforms realized by the
{ h : . .

group of operators ¢*‘“>*#) | of the operators e », ™" Px | O 1 o @PtBN and of the group of operators

e (@PH PP Y which contains the dilatation, the Bargmann, etc... transforms, the fractional order Fourier

transforms and the Fourier transform itself.

The second remark is that one may decompose these differential transforms into product of translation, dilatation
and Gaussian ones and by this way obtain the integral transform corresponding to a differential transform.
Applications of differential transforms in science and engineering are thus assured. Applications in the domains of
differential equations and analytic geometry are also possible.

The third remark is that by this method we may obtain easily quasi all the properties of the Fourier transform
without using the cumbersome technique of integral calculations.
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The last but not least remark is that this work may be utilized in quantum mechanics by replacing
1 1
2 V2

We wish that the definition of the omnipresent integral Fourier transform which is the egg of Gaussian then of the
differential Fourier transform among others in this work would be standardized to avoid discordance when
applying it in science and engineering.

D,by p=—itD and Xby§, a* =—=(D, - X), a=—(D, + X).

We hope that would have a new version of MS Word where numerical calculations and graphic drawing are
possible.

Finally we wish that there would have students and researchers who continue to apply and develop the method in
this work to study the calculus in quantum mechanics, other integral transforms and to extend it to couples of dual
operators such as (D, +u(X), X') and to N-dimensional spaces.

Acknowledgments

The author dedicates this work in memory to Prof. Tu Ngoc Tinh for the formation in mathematics he had given
him at the Dalat University in Vietnam about fifty years ago. He would like to thank very much Prof. Wolf K.B.
who had offered him his book on Integral transforms in 1980 when he was an anonymous researcher at the
Université de I’Etat a Mons in Belgium. This book has suggested him to think about the problem frequently. Many
thanks also for Prof. C. Quesne for interesting him canonical transform at the Université libre de Bruxelles.

Lastly, he feels that never he can forget the jasmine tea his wife brought to him from time to time during the long
months he persevered for accomplishing this work.

Reference
Abramovitz, M., & Stegun, 1. A. (1968). Handbook of Mathematical Functions. New York: Dover.

Si, D. T. (1979). Resolution of Fredholm equations with kernels K (z-z;) by operational calculus. Journal of
Mathematical Physics, 20, 1306-1307. http://dx.doi.org/10.1063/1.524231

Si, D. T. (2014). On amplitude of Fraunhofer diffractions of waves by 3D objects. J. Opt, 43(3), 219-230.
http://dx.doi.org/10.1007/s12596-014-0220-0

Eckart, C. (1926). Operator calculus and the solutions of the equations of quantum dynamics. Phys. Rev., 28,
711-26. http://dx.doi.org/10.1103/PhysRev.28.711

Oldham, K. B., & Spanier, J. (1974). The fractional calculus. New York, London: Academic Press.
Poularikas, A. D. (2000). The Transforms and Applications Handbook (2nd ed.). CRC Press LLC.

Erdélyi, A., Magnus, W., Oberhettinger, F., & Tricomi, F. G. (1962). Tables of higher Transcendental Functions
and Tables of Integral transforms. New Y ork: McGraw-Hill.

Liouville, J. (1832). Mémoire sur I’intégration de I’équation (mx*+nx+p)d*/dx*+(a;+b,x)d/dx+agy=0. a I’aide des
différentielles a indices quelconques. J. Ecole Polytechnique, 13, 163-186.

Wilcox, R. M. (1967). Exponential operators and parameters differentiation in quantum physics. J. Mathematical
Phys., 8,962-982. http://dx.doi.org/10.1063/1.1705306

Wolf, K. B. (1976). Hyperdifferential operator s and integral transforms. Rev. Mexicana Fis., March.

Wolf, K. B. (1979). Integral transforms in Science and Engineering. New York: Plenum Press.
http://dx.doi.org/10.1007/978-1-4757-0872-1

Dirac, P. A. M. (1930). Quantum Mechanics (4th ed., pp 1-97). London: Oxford Univ. Press.

Copyrights
Copyright for this article is retained by the author(s), with first publication rights granted to the journal.

This is an open-access article distributed under the terms and conditions of the Creative Commons Attribution
license (http://creativecommons.org/licenses/by/3.0/).

153




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


