
Applied Physics Research; Vol. 6, No. 6; 2014 
ISSN 1916-9639   E-ISSN 1916-9647 

Published by Canadian Center of Science and Education 

87 

Combined Effects of a Magnetic Field and a Helical Force on the Onset 
of a Rotating Rayleigh-Bénard Convection With Free-Free Boundaries 

G. Pomalégni1 & Jean Bio Chabi Orou2
 

1 Ecole doctorale Science des matériaux, Faculté des sciences et techniques, Université d'Abomey-Calavi, 
République du BENIN 
2 Faculté des sciences et techniques, département de physique, Université d'Abomey-Calavi, République du 
BENIN 
Correspondence: Jean Bio Chabi Orou, Faculté des sciences et techniques, département de physique, Université 
d'Abomey-Calavi, République du BENIN. E-mail: jchabi@yahoo.fr 
 
Received: October 10, 2014   Accepted: October 27, 2014   Online Published: November 17, 2014 
doi:10.5539/apr.v6n6p87          URL: http://dx.doi.org/10.5539/apr.v6n6p87 
 
Abstract 
We investigate the combined effects of rotation, magnetic field and helical force on the onset of stationary and 
oscillatory convection in a horizontal electrically conducting fluid layer heated from below with free-free 
boundary conditions. For this investigation the linear stability analysis studied in detail by Chandrasekhar (1961) 
is used. We obtain the condition for the formation of a single large-scale structure. In (Pomalégni et al., 2014) it 
was shown the existence of a critical value ܵ௖௥	of the intensity of the helical force for which the apparition of two 
cells at marginal stability for the oscillatory convection is obtained. Then, we have shown here how the increasing 
of parameter Ta influences this critical value of the helical force intensity. 
Keywords: rotating Rayleigh-Bénard convection, helical force, electrically conducting fluid 
1. Introduction 
The rotating Rayleigh-Bénard convection (Busse & Heikes, 1980; Cox & Mattews, 2000) and the 
Rayleigh-Bénard convection in the presence of a magnetic field possess control parameters which are the Taylor 
number characteristic of the rotation and the Chandrasekhar number characteristic of magnetic field. These control 
parameters make these systems some interesting cases for the study of hydrodynamic and hydromagnetic stability. 
The turbulent convection motion, in the presence of magnetic field or in rotating systems such as planetary 
atmospheres, is known to become helical (Moffatt, 1978; Parker, 1979). Under certain conditions, small-scale 
helical turbulence is capable of intensifying and sustaining large-scale vortex disturbances by means of energy 
transfer from small to large scales. The generating properties of small-scale helical turbulence were first 
discovered in magnetohydrodynamic (Steenbeck et al., 1966). This phenomenon is called the alpha-effect. The 
realizability of the hydrodynamic alpha effect has been justified theoretically for compressible (Moiseev et al., 
1983) and incompressible (Moiseev et al., 1988) fluids. The reviews (Rutkevich, 1993; Kurgansky, 1998; Levina 
et al., 2000) have examined in detail the publications on the hydrodynamic alpha-effect. It was proposed in (Levina 
et al., 2000) that in a convective system, the special force also called helical force that has the structure of the alpha 
term provides the excitation of large-scale instability within the frame work of the hydrodynamic α-effect model. 
The action of the helical force within the Rayleigh-Bénard convection may initiate a new type of instability 
namely the helical – vortex instability. In (Levina et al., 2004), for the three different types of boundary 
conditions, it was shown that the helical force decreases the threshold of instability. According to (Essoun & 
Chabi Orou, 2010), for the free-free boundary conditions, it was found that in the presence of rotation, the helical 
force has the no- monotonic effects on the onset of convection for all values of Taylor number but decreases the 
corresponding critical wave number for any value of Taylor number. Also Pomalégni et al. (2014) has shown that 
the helical force has the no- monotonic effects on both the onset of stationary and oscillatory convection in the 
presence of a magnetic field with free-free boundaries. 
We use in this work, the classical linear stability analysis to examine the combined effects of the magnetic field, 
the rotation and the helical force on the onset of stationary and oscillatory convections with free-free boundaries. 
The condition for the formation of a single large-scale structure is derived and we have also shown how the 
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increasing of the parameter Ta influences the critical value of the intensity of helical force for which we have the 
apparition of two cells at marginal stability for the oscillatory convection. 
2. Mathematical Formulation of the Problem 
We consider an infinite horizontal layer of an electrically conducting fluid heated from below upon which is 
impressed a uniform magnetic field in the presence of rotation and helical force. The characteristic basic equations 
of our system in Boussinesq approximation are: 

 ப୴ሬሬԦப୲ ൅ ൫vሬԦ. ሬሬԦ൯vሬԦ׏ ൌ െ ሬሬԦ୔஡బ׏ ൅ ஜସ஠஡ ൫curlHሬሬԦ൯ ൈ HሬሬԦ ൅ ν׏ଶvሬԦ െ α∆TgሬԦ ൅ aΩd	f	ሬሬԦ ൅ ଵଶ ሬሬԦ׏ ቀหΩሬሬԦ ൈ rԦหଶቁ െ 2ሺΩሬሬԦ ൈ vሬԦሻ  (1)  

  பୌሬሬԦப୲ ൅ ൫vሬԦ. ሬሬԦ൯HሬሬԦ׏ ൌ ൫HሬሬԦ. ሬሬԦ൯vሬԦ׏ ൅ η׏ଶHሬሬԦ (2) 

 ப୘ப୲ ൅ ൫vሬԦ. ሬሬԦ൯T׏ ൌ κ׏ଶT  (3) 

.ሬሬԦ׏  HሬሬԦ ൌ 0 and ׏ሬሬԦ. vሬԦ ൌ 0  (4)  fԦ ൌ eሬԦ൫curlሺvሬԦሻ൯z െ பሺሬୣԦൈ୴ሬሬԦሻப୸  ; eሬԦ ൌ ሺ0,0,1ሻ 
Where rԦ is the radius vector of a fluid particle from the rotation axis,vሬԦ is the fluid particle velocity vector, p is 
pressure, T is temperature, fԦ is helical force, Ԧ݁ is the unit vector along the vertical axis, ܪሬሬԦ is magnetic field, μ 
is magnetic permeability, ρ is density of fluid particle, ρ଴ is density of fluid particle at temperature T଴, ߥ is 
fluid’s kinematic viscosity, ߟ is resistivity, ߢ is thermal diffusivity of the fluid particle, ΩሬሬԦ is angular rotation 
vector , d is layer height, ࣽ is heat conductivity of the fluid particle, ܥ௩ is specific heat capacity of the fluid 

particle. κ ൌ ࣽ஡బେ౬,	aΩd	is the amplitude of model force,ߙ is coefficient of volume expansion,∆T is difference 

temperature between the boundaries of the layer, gሬԦ is gravity acceleration. 
From these equations, one could notice that in the absence of the magnetic field we obtain the system studied in 
( Essoun & Chabi Orou, 2010) and in (Essoun & Chabi Orou, 2012). Furthermore, when only rotation is absent, the 
system studied in (Pomalégni et al., 2014) is obtained. So, the joint effects of the helical force, rotation and 
magnetic force is described by this above set of equations. 
3. Linear Stability Analysis 
We use the linear stability analysis studied in detail by Chandrasekhar (1961) for the study of our system. The 
required variables by the analysis of hydrodynamic equations describing the system are the z-component of the 
velocity field w, the z-component of vorticity ߞ, the z-component of the current density ߦ and θ the fluctuations 
of the temperature. 
The linear perturbation equations in terms of w, ,ߞ  :and θ obtained from the basic equations stand as ߦ

 డሺ׏మ௪ሻడ௧ ൌ ߠ௛ଶ׏݃ߙ ൅ ݓସߘߥ ൅ ఓுସగఘ׏ܦଶh௭ െ ߞܦߗ2 ൅ ௛ଶ׏ሺ݀ߗܽ െ  (5)  ߞଶሻܦ

 డ఍డ௧ ൌ ߞଶߘߥ ൅ ݓଶܦ݀ߗܽ ൅ ఓுସగఘߦܦ ൅  (6) ݓܦߗ2

 డ௛೥డ௧ ൌ ଶ݄௭׏ߟ ൅  (7)  ݓܦܪ

 డకడ௧ ൌ ߦଶ׏ߟ ൅  (8) ߞܦܪ

 డఏడ௧ ൌ ߠଶ׏ߢ ൅  (9) ݓߚ

where ܦ ൌ డడ௭,   ׏௛ଶൌ ቀ డమడ௫మ ൅ డమడ௬మቁ and ׏ଶൌ ௛ଶ׏ ൅ Dଶ. 
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With the analysis into normal modes (Chandrasekhar, 1961), the linearized governing equations (5), (6), (7), (8), 
and (9) become: 

 ሺܦଶ െ ݇ଶሻሺܦଶ െ ݇ଶ െ ሻܹߪ ൌ ௚ఈௗమ௞మ௾ఔ െ ఓுௗସగఘఔ ଶܦሺܦ െ ݇ଶሻܭ ൅ ଶఆௗయఔ ܼܦ ൅ ௔ఆௗయఔ ሺܦଶ ൅ ݇ଶሻܼ (10) 

 ሺܦଶ െ ݇ଶ െ ሻܼߪ ൌ െ௔ఆௗఔ ଶܹܦ െ ఓுௗସగఘఔ ܺܦ െ ቀଶఆௗఔ ቁ(11) ܹܦ 

 ሺܦଶ െ ݇ଶ െ ௠ܲߪሻܭ ൌ െுௗఎ  (12)  ܹܦ

 ሺܦଶ െ ݇ଶ െ ߪ ௠ܲሻܺ ൌ െுௗఎ  (13)  ܼܦ

 ሺܦଶ െ ݇ଶ െ ௥ܲߪሻߐ ൌ െఉௗమ఑ ܹ  (14) 

where W, Z, K, X and ߠ are the amplitude of vertical velocity, vertical vorticity, vertical magnetic field, vertical 
current density and temperature respectively, ܲݎ ൌ ఔ఑ is Prandtl number, P୫ ൌ ఔఎ is magnetic Prandtl number, k 
is the dimensionless wave number, ߪ is the stability parameter which in general is a complex variable denoted 
by σ ൌ γ ൅ iω. In this expression of ߪ, γis the growth rate of the instability and ߱ is the frequency. The 
disturbance grows and the system becomes unstable when γ ൐ 0 and the disturbance decays and the system 
becomes stable when γ ൏ 0. Whereas, if γ ൌ 0 we have the marginal state characterized by σ ൌ iω.When ω ൌ 0 the marginal state sets in as stationary motions and if ω ് 0 the marginal state sets in as oscillatory 
motions. 
We have eliminated K, Z, X and θ from these equations to obtain the dimensionless governing equation that 
stands as: 
 ሺܦଶ െ ݇ଶ െ ሻߪݎܲ ቈሺܦଶ െ ݇ଶሻሾሺܦଶ െ ݇ଶ െ ଶܦሻሺߪ െ ݇ଶ െ ௠ܲߪሻ െ ଶሿଶܦܳ ൅ ሺܦଶ െ ݇ଶ െ ௠ܲߪሻଶ ቂܵଶܦଶሺܦଶ ൅ ݇ଶሻ ൅ Taܦଶ ൅ܶܽభమܵܦሺ2ܦଶ ൅ ݇ଶሻቃ቉ܹ ൌ െܴܽ݇ଶሾሺܦଶ െ ݇ଶ െ ଶܦሻሺߪ െ ݇ଶ െ ௠ܲߪሻ െ ଶܦଶሿሺܦܳ െ ݇ଶ െ ௠ܲߪሻܹ (15) 

In this equation, ܵ ൌ ௔ఆௗమఔ  is a dimensionless parameter that characterizes the intensity of forcefԦ, ܴܽ ൌ ௚ఈఉௗరఔ఑  

is dimensionless Rayleigh number,	ܶܽ ൌ ସఆమௗరఔమ  is the Taylor number,	ܳ ൌ ఓுమௗమସగఘఔఎ  is a Chandrasekhar number. 

We consider in this work, the free-free boundary conditions characterized by the fact that Wand all its even 
derivatives vanish at z	ൌ	0 and z	ൌ	1. Hence, the solution of equation (15) takes the following form Wൌsin (ݖߨሻ. 
Substituting Wൌsin (ݖߨሻ and σ ൌ iω in Eqn (15), we get: 

 ܴܽ ൌ ൫గమା௞మା௜ఠ௉௥൯൝൫గమା௞మ൯ൣ൫గమା௞మା௜ఠ൯൫గమା௞మା௜ఠ௉೘൯ାொగమ൧మା൫గమା௞మା௜ఠ௉೘൯మൣ்௔గమାௌమగమ൫௞మିగమ൯൧ ൡ௞మሺగమା௞మା௜ఠ௉೘ሻሾሺగమା௞మା௜ఠሻሺగమା௞మା௜ఠ௉೘ሻାொగమሿ   (16) 

For the stationary convection characterized by ω ൌ 0, we have got the following Rayleigh number: 

 ܴܽ௦ ൌ ൫గమା௞ೞమ൯൜ቂ൫గమା௞ೞమ൯మାொగమቃమା൫గమା௞ೞమ൯ൣ்௔గమାௌమగమ൫௞ೞమିగమ൯൧ൠ௞ೞమቂ൫గమା௞ೞమ൯మାொగమቃ   (17) 

We recover the results obtained by Chandrasekhar (1961) when S=0 in equation (17), while Ta= 0 and Q	ൌ 0 
corresponds to those obtained by Levina et al. (2004). Also when Q	ൌ	0 in equation (17), we recover the results 
obtained by Essoun and Chabi Orou (2010). Ta	ൌ	0 corresponds to those obtained by Pomalégni et al. (2014).  
The critical value of ܴܽ௦ is obtained for ݇௦ ൌ ݇௦௖ where ݇௦௖ is the positive root of the following equation. 

 ቀെ4 ൅ ସௌమି଼ொగమ െ ସொమାସ୘ୟగర ቁ ቀ௞ೞ೎గ ቁଶ ൅ ቀെ3 ൅ ଺ௌమିଶொగమ ൅ ொௌమାொమି଺୘ୟగర ൅ ொ୘ୟగల ቁ ቀ௞ೞ೎గ ቁସ ൅ ቀ10 ൅ ଵଶொାସௌమగమ ൅ ଶொమሺଵାௌమሻିସ୘ୟగర ቁ ቀ௞ೞ೎గ ቁ଺ ൅
ቀ25 ൅ ଵଷொାௌమగమ െ ୘ୟగమቁ ቀ௞ೞ೎గ ቁ଼ ൅ ቀ24 ൅ ସொగమቁ ቀ௞ೞ೎గ ቁଵ଴ ൅ 11 ቀ௞ೞ೎గ ቁଵଶ ൅ 2 ቀ௞ೞ೎గ ቁଵସ ൌ 1 ൅ ଷொିௌమగమ ൅ ୘ୟାଷொమିொௌమగర ൅ ொయାொ୘ୟగల   (18) 
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The oscillatory convection (ω ് 0ሻ is characterized by a Rayleigh number Ra which from equation (16) will be 
complex while the physical meaning of Ra requires it to be real. Hence, the condition for that Ra is real implies 
that the imaginary part of equation (16) is zero, i.e: 

 ܴܽ௢ ൌ గమା௞మ௞మ ൞ ሾሺߨଶ ൅ ݇ଶሻଶ െ ଶሿ߱ݎܲ ൅ ொగమሾሺగమା௞మሻమା௉௥௉೘ఠమሿሺగమା௞మሻమାఠమ௉೘మ 							൅ ௌమగమ൫௞మିగమ൯ା்௔గమ௞మାగమ ሾሺగమା௞మሻమି௉೘ఠమାொగమሿሾሺగమା௞మሻమି௉௥௉೘ఠమሿାఠమ൫గమା௞మ൯మሺ௉೘ା௉௥ሻሺ௉೘ାଵሻሾሺగమା௞మሻమି௉೘ఠమାொగమሿమାఠమሺగమା௞మሻమሺ௉೘ାଵሻమ ൢ  (19) 

and 

 ௌమగమ൫௞మିగమ൯ା்௔గమ௞మାగమ ൫గమା௞మ൯మሺ௉௥ିଵሻାொగమሺ௉೘ା௉௥ሻାఠమ௉೘మ ሺ௉௥ିଵሻሾሺగమା௞మሻమି௉೘ఠమାொగమሿమାఠమሺగమା௞మሻమሺ௉೘ାଵሻమ 	൅ ொగమሺ௉௥ି௉೘ሻሺగమା௞మሻమାఠమ௉೘మ ൅ 1 ൅ ݎܲ ൌ 0  (20) 

When S=0 in equations (19) and (20), we recover the results obtained by Chandrasekhar (1961) while Ta= 0 and 
Q= 0 correspond to those obtained by Levina et al. (2004). Also when Q=0 in equation (19), we recover the results 
obtained by Essoun et al. (2010). Ta=0 corresponds to those obtained by Pomalégni et al. (2014). 
4. Results and Discussion 
From equation (18), when S൐ ߨ ൅ ொగandሺߨଶ ൅ ܳሻଶ െ ܵଶߨଶ ൅ ܶܽ ൌ 0, the critical wave number for the onset of 
stationary convection tends to zero. In other words, the critical wave number ݇௦௖ tends to zero while the critical 
Rayleigh number ܴܽ௦௖tends to a limiting value ܴܽ௦∗ ൌ ସߨ4 ൅ ்௔೎ೝగమగమାொ೎ೝ when S approaches some critical value ܵ௖௥ ൌ ଵగ ඥܶܽ ൅ ሺߨଶ ൅ ܳሻଶ , or Ta approaches ܶܽ௖௥ ൌ ܵଶߨଶ െ ሺߨଶ ൅ ܳሻଶ and or Q approaches ܳ௖௥ ൌ െߨଶ ൅√ܵଶߨଶ െ ܶܽ . 
We have shown from figures 1, 2 and 3 the respective influence of the parameters S (characteristic of helical 
force), Q (characteristic of magnetic field) and Ta (characteristic of rotation) on the onset of the stationary 
convection. Then we have made to vary the value of the parameter of which we want to study the influence on 
the onset of the stationary convection and we have kept fixed the values of other parameters.  

 

 

Figure 1. Neutral stability curves for the onset of stationary convection in the case Ta=20, Q=10 and for several 
values of S: (1) S=0; (2) S=5; (3) S=6.48291; (4) S=7; (5) S=8 

From Figure 1 we observe that the helical force decreases the threshold of stationary convection when Ta	ൌ	20 and 
Q	ൌ10. 
 
 

0,5 1 1,5 2 2,5 3 3,5 4
k

-1500

-1000

-500

0

500

1000

1500

2000

2500

3000

Ra

0

Ras*

s

1

2

3

4

5



www.ccsenet.org/apr Applied Physics Research Vol. 6, No. 6; 2014 

91 

 
Figure 2. Neutral stability curves for the onset of stationary convection in the case Ta=10, S=5 and for several 

values of Q: (1) Q=0; (2) Q=4; (3) Q=5.51676; (4) Q=7 and (5) Q=15 
Figure 2 shows the stabilizing effects of the magnetic field on the onset of stationary convection when S=5 and 
Ta=10. 
 

 
Figure 3. Neutral stability curves for the onset of stationary convection in the case Q=10, S=7 and for several 

values of Ta: (1)Ta =0; (2)Ta=60; (3)Ta =88.80944; (4) Ta = 120 and (5) Ta =200 
We observe through Fig3 the stabilizing effects of rotation on the onset of stationary convection when Q= 10 and 
S=7. 
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Figure 4. (a) Critical Rayleigh number ܴܽ௦௖ and critical wave number ݇௦௖ as function of Ta when Q=0 for several 

values of S: (1) S=0; (2) S=3 and (3) S=14 
(b) Critical Rayleigh number ܴܽ௦௖ and critical wave number ݇௦௖ as function of Ta when Q=100 for several 
values of S: (1) S=0; (2) S=34 and (3) S=60. 
(c) Critical Rayleigh number ܴܽ௦௖ and critical wave number ݇௦௖ as function of Tawhen Q=1000 for several 
values of S: (1) S=0; (2) S=321 and (3) S=350. 
(d) Critical Rayleigh number ܴܽ௦௖ and critical wave number ݇௦௖ as function of Ta whenQ=10000 for several 
values of S: (1) S=0; (2) S=1500 and (3) S=3200. 
In Figure 4a we recover the results obtained by Essoun and al (2010). Through this figure they have shown that for 
all values of Ta, the helical force doesn’t have the monotonic effect on the onset of stationary convection, but has a 
monotonic decreasing effect on the corresponding wave number and a monotonic increasing effect on the 
horizontal scale of the structures merging. With the comparison of Figs 4b, 4c and 4d to Fig4a we can say that the 
increasing of parameter Q reinforces the no-monotonic effects of the helical force on the onset of stationary 
convection and his monotonic decreasing effect on the corresponding wave number. 
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Figure 6. (a) Neutral stability curves for the onset of oscillatory (dashed) convection and frequency ω in the case 

Q=80, Ta=0 and Pr ൌ 1, P୫ ൌ 2 for several values of S: (1) S=0; (2) S=3; (3) S=4.7; (4) S=5; (5) S=10. 
(b) Neutral stability curves for the onset of oscillatory (dashed) convection and frequency ω in the case Q=80, Ta 

=100 and Pr ൌ 1, P୫ ൌ 2 for several values of S: (1) S=0; (2) S=4.7; (3) S=5.6; (4) S=6; (5) S=10 
 
From Figure 6 we observe that the helical force decreases the threshold of oscillatory convection and increases the 
frequency when Q	ൌ	80; Ta ൌ	0 and when Qൌ80; Ta ൌ100. Also we note the existence of a critical value of S i.e 
the intensity of helical force for which the curve ܴܽ௢(k) exhibit two minima at marginal stability. Then we can say 
that the increasing of the parameter Ta doesn’t influence the effects of helical force on the threshold of oscillatory 
convection and on the frequency but influence the critical value of S for which the curve ܴܽ௢(k) exhibits two 
minima i.e. the critical value of S for which we have the apparition of two cells at marginal stability for the 
oscillatory convection. In other words, the critical value of S increases when Ta increases. 
5. Conclusion 
In this work, the combined effects of the magnetic field, rotation and the helical force on the onset of stationary and 
oscillatory convections in a horizontal electrically conducting fluid layer heated from below with free-free 
boundary conditions are examined by the application of the linear stability analysis. For all values of Taylor 
number Ta or the parameter Q which characterizes the magnetic field, it was found that the helical force has no 
monotonic effects on the onset of convection but decreases the corresponding critical wave number. The condition 
for the formation of a single large-scale structure is obtained, in other words, when the parameter S which 
characterizes the intensity of helical force approaching some critical value ܵ௖௥ ൌ ଵగඥܶܽ ൅ ሺߨଶ ൅ ܳሻଶor the 
Chandrasekhar number Q which characterizes the magnetic field approachesܳ௖௥ ൌ െߨଶ ൅ √ܵଶߨଶ െ ܶܽ and or Ta 
approaches 	ܶܽ௖௥ ൌ ܵଶߨଶ െ ሺߨଶ ൅ ܳሻଶ	,	the critical wave number ݇௦௖ tends to zero while the critical Rayleigh 
number ܴܽ௦௖ tends to a limiting valueܴܽ௦∗ ൌ ସߨ4 ൅ ்௔೎ೝగమగమାொ೎ೝ. Formally, this corresponds to an infinite horizontal 
dimension of a supercritical flow pattern compared with the natural convection: instead of a set of relatively small 
cells there appears a large-scale structure that occupies the whole available space. We also have shown how the 
increasing of the Taylor number influence the critical value of the intensity of the helical force for which we have 
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the apparition of two cells at the marginal stability in the case of oscillatory convection. In other words, when the 
Taylor number increases this critical value of S also increases. 
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