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Abstract

Analysis of basic parameters of a blood pressure in major arteries of human body is essential issue nowadays. It
can help to select more appropriate way of surgical intervention for people who are ill with pathological changes
of arteries, for example atherosclerosis. New mathematical model of blood pressure was developed to do such
kind of analysis. The mathematical model is one-dimensional in terms of spatial coordinates. It contains verity of
parameters that makes available to adjust this model to arterial bed of any exact case of any exact patient. Piece
of software was implemented on the basis of the mathematical model. The software is aimed to build any
particular part of arterial system and calculate parameters of blood pressure in it. Comparison of results gathered
by developed software and by finite-element analysis software ADINA showed a slight difference. But the
calculation time for the first one is a considerably less.

Keywords: biomechanics, vessel, mathematic, flow, blood, mechanics, simulation, model
1. Introduction

The aim of the study was to address medical and social problems associated with the optimization of surgical
treatment of blood circulation disorders in general and as a particular case of lower limb blood flow disorder.
Statistics says that cardiovascular disease (CVD) is one of the leading causes of people disability and premature
death in economically developed countries. Surgical reconstruction is widely used for the treatment of such
diseases. However, there are still no objective indications which can help to choose a particular type of an
implant or a shunt, its geometrical parameters, configuration and type of reconstruction. Because of this it is vital
to develop a mathematical model, which should properly characterize the actual interaction of blood flow with
the vascular wall. Such model should be fast (in terms of its implementation on a PC) and should have a set of
parameters, which would allow adapting it to the particular patient. In addition, there is a necessity to develop
simple user-friendly software for personal computer (PC), using the mathematical model. This software should
allow quickly create a model of a part of a vascular system and calculate parameters of blood flow in this part.
Such kind of software would allow simulating different variants of surgical intervention and would help to
choose the most appropriate variant for every particular case and every individual patient in advance.

2. Mathematical Model

Existing mathematical models of blood flow do not have the necessary set of features and parameters. Because
of this new mathematical model was introduced to match our requirements. The model is linear and
one-dimensional. The main system of equations of the model can be solved analytically. In addition, this model
takes into account the initial tension in the vessel and the angles between the arteries in a bifurcation or in a fork
of other kind.

2.1 Main System of Equations for Blood Flow Dynamics Problem
Consider the system of equations that includes the following relations:

simplified one-dimensional differential equation of a viscous incompressible fluid (Guljajev & Kossovich,
2001):

pa—Qz—rcRZa—P—S;w.LQ, (2.1.1)
ot 0z 7Z'R2
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there O-volumetric velocity of a blood flow, P-pressure in blood, p-blood viscosity, p-blood density,R-radius of a
particular vessel, z-longitudinal coordinate, t-time;

continuity equation which relates the volumetric flow rate Q with the radial displacement of the vessel walls w:

ow_ 100

212
dt 27R 9z ( )

dynamic equations of motion of an axisymmetric circular cylindrical shell of the membrane theory (Pedli, 1983):

0’u 0§  S,—T, ow

o= 02" _Kou, 2.1.3

o ot oz R oz 24 ( )
9w T, T 9w

h——= P+ -2 0 w——+S, ——K,w, 2.14

o 2R 02 W @19

where /-thickness of the vessel wall, u-longitudinal displacement of the vessel wall, K; and K-coefficients of the
compliance of tissues in the radial and axial directions, S and 7-pulsation components of axial and transverse
tensile force of the vessel, Sy and Ty-their initial values;

relations of ideal elasticity of the vessel walls for general state of plane stress

Eh | du w
S= 3 [g+1/§j|, (215)
r=_Eh { ou 1} 2.1.6)
1-1?2 2

there E-elasticity modulus, v-Poisson's ratio; or well-known relations that take into account the anisotropy of the
vessel wall (Lehnitskiy, 1977).

Thus, we obtain a closed system of six Equations (2.1.1)—~(2.1.6) with respect to partial six unknown values u, w,
0, T, S, P. It is worth noting that there as in most papers blood is suggested as a liquid that has a constant
viscosity and can be modeled as a Newtonian fluid (Berger & Jou, 2000; Tambasco & Steinman, 2003). At the
same time Chen and Lu (2006) found that the difference in the values obtained for the case of Newtonian and
non-Newtonian fluids do not exceed 10% for large vessels. In addition, Equation (2.1.3)—(2.1.6) allows taking
into account compliance of the vessel walls, which is an important factor in modeling the flow of blood in the
vessels (Rutten, 1998). Next step is to simplify somehow this system of equations. At first express pressure from
(2.1.4) and we will have following formula
2 2
P=ph a—y—i‘;wz—soa—fugw .1.7)
ot R R oz

Now it is possible to get rid of the pressure in relation (2.1.1) using this formula for pressure

00 ’’w ow aT o’ W ow 1
= + 7Ty — — TR — + AR*S, — — TR’ K, — — 874 : (2.1.8)
i oo 0 e o = M@
Substitution expressions for forces (2.1.5) and (2.1.6) in (2.1.8) leads to following
00 , o Ow ow Eh u 1 dw ye O'W ow 1 (2.1.9)
%2 — 2R ph S RS——RK——S : A
P ST e Ty e A

After grouping terms with the equal derivatives (2.1.9) can be written as:

20 , o O'w ow| T, Eh Eh 9’u o*w 1 (2.1.10)
O ) Iy RAL [ Wy 7 o R B S A VIR : 1.
P TP TN | R T Ra—vy T S 0 Vo S R e

The same transformation is applied to Equation (2.1.3) and it takes form of following formula

~Kyu. (2.1.11)

82 Eh |3*u vow| S,-T,ow
= —+ +
at 1-v2| 322 ROz R oz
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After grouping we have final equation

2 2
ha u_law[ VEh s _To} Eh 0°u

1-v

After all described transformations we have shorter system of equations instead of system of six equations for six
unknown values:

o%u 1 ow[ VER Eh 9%u
—=——|——+5,-7) |+—— -K
o o> ROz L—vz 0} EVIFE A
3 3
pa_Q:—ﬁRzph 82w + 7R w| I __E—h_RK —vIR Ehza_”+ ZR’S, a__g - le’ (2.1.13)
ot ot 0z 9| R R(1-v?) 1-v? 9z° ¢ 9z 7R
w__ 1 a0
ot 27R 0z

It is a closed system of three partial differential Equations (2.1.13) for three unknown functions u(z,t), w(z,t)
u (Q(z,t). This system will be used as a basis for modeling the dynamics of blood flow in the arterial system.

2.2 Analytical Solution for the System of Equations

The unknown functions u,w,Q can be represented in the form of complex Fourier series:
iwyt iyt A iwyt 27tk
u(z0)=U @™ | Wz =W (2™ 0z0=0; ()™, o =% @2.1)

there T-the period of blood circulation. Next step is to substitute (2.2.1) in system of Equation (2.1.13) and then
omit subscript & near unknown functions. After reduction by a factor ¢'“*’ all equations of the system it can be

written as
2
- pha] U_id—W{—VEh So —TO}—E}’Z Y _ku
R dz |[1-v 1-v* dz
~ aw aw Eh Eh d*U a’w 1 =
i R phw)}; —+TR——| > ————— - RK mTR—— =" — +7R*S —— —8mu-—— (2.2.2)
pia0 = P g e |:R R(I—v%) :| -V d2° 0 7% iszQ
o= L0
27R dz

Then we solve each equation of system (2.2.2) with respect to members containing higher derivatives of
unknown functions.

Eh d*U o? 1dw[ vEh
d3W aw aw | T Eh Eh d*U 1 =~
7R*S = piw,Q - 7R’ pha)} — - TR—| L ——————— +8U-——0O, (2.2.3)
v g = PiQ—TR phe dz {R RA—V?) 1} O
Ld_Q:_l'a)kW
27R dz

2

In the second equation of the system we can get rid of the derivative using the first equation. After that

some simple mathematical transformations is applied and as a result following system of equations is obtained
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U 1-v?
dz* Eh

_ 4,2
(K, - photyU — 1=V dW[th

+S,-T1, |,
EhR dz |1-v* ° 0}

T —
— -2+ RK, - Rphw; +-2

. .
w1 dW[Eh T, Sov}{lwm L Smu }QJFL(KZ_,)M;)U, (2.2.4)

d= RS, dz| R R R ZRS, 7'R'S, | RS,
dz

It is a system of three ordinary differential equations. It is worth noting that the unknown functions and
coefficients of the equations are complex functions and values. Now we transform the system of three
differential equations of second, third, and first-order (2.2.4) to a system of six first order differential equations.
For this purpose we introduce the auxiliary functions as follows:

y_dU
dz
7= (2.2.5)
dz
y=9Z
dz
Substitution of these functions to the system of Equation (2.2.4) leads to the following result:
y-av
dz
7=
dz
y=9% (2.2.6)
dz
v _1-v? 1-v*[ VEh
—= K, - phw; U - +8,-T, |Z
dz  Eh (K, = pha) EhR {1—% 0 0}
Y _ 1 VEh Ly pi - Roha + 0" 50y (74| SAL S \G L V(g phap)U
dz RS, R R R 7R*S, m°R'S, RS,
49 _ =2 Rio W
zZ
Following constants are introduced for brevity:
A=2imRw p=1=" (K, - pha?)
k> Eh 2 k) >
1-v?[ VvE '
- e on, | pod0L AL @27
EhR [ 1-v RS, 7n°R'S,

2
E=v &_phwk s F:L KlR—R,OhCO/f _E+E_}l_M+&
RS, RS, RS, R R R R

Assuming this constants system (2.2.6) can be written as

22



www.ccsenet.org/apr Applied Physics Research Vol. 5, No. 3; 2013

Q:AW

dz

aw _ .

dz

a_,

jz 2.2.8)
Y _BU+cz

dz

az _,

dz
ﬂ=D§+FZ+EU
dz

Below is a matrix form of the system of Equations (2.2.8):

an =MH , (2.2.9)
dz

0 04 00 0 O

/4 00 0 0 1 O

U i 00 01 0 O . .

there H(z)= —unknown vector-function, and M = — matrix of coefficients.

14 0 0 B O C O

Z 0 0 0 0 0 1

Y D 0 FE 0 F 0

The system of differential Equations (2.2.8) or the matrix differential Equation (2.2.9) is the final relations that
must be addressed. To solve the resulting system of equations we need to form characteristic equation

-4 4 0 0 0 0

0 -4 0 0 1 0
0 0 -4 1 0 0
det =0. (2.2.10)
0 0 B -4 C 0
0 0 0 0 -4 1
D 0 E 0 F -1

Calculation of determinant leads to a complex equation of sixth degree
A —AY(F +B)+ A*(BF —CE — AD)+ ABD = 0. (2.2.11)

The characteristic equation is the sixth degree equation with complex coefficients. Since the equation contains
only even powers of the variable A it can be converted to an equation of third degree:

Cral*+ fC+y=0, (2.2.12)

a=-F-B,
B=BF-CE-AD,
2=A4BD .

Then every solution of (2.2.12) will correspond to two solutions of (2.2.11), ¢,,¢5,¢5 = A4, A4y, Ay, Au, As, Ag -
Thus, we get six eigenvalues of the system of Equations (2.2.9). We can find the eigenvectors for each of the six
eigenvalues, by solving a following system of equations
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(M —EA)y; =0, i=16, (2.2.13)
Vi
Vo
there ¥, = J}:S’i —eigenvector corresponding to the eigenvalue A;. Equation (2.2.13) can be written in a form
4,
Vsi
Ve.i
of system of six algebraic equations
Ayt AVé,i =0
~ A7 +75,=0
l}/3,l }/4,1 (2214)

—Ai¥a; +Bys; +Cys; =0
—AYsit76; =0

—AYVeit Dy +Eys; + Fys; =0

An analytical solution of (2.2.14) gives the following expressions for the components of the eigenvectors

v _i}/ _ii’ _iJ/
1,i ﬂ,’ 2,i /12 5,0 /13 6,i°
1 1
Vo —775,; —/1—?76,,»
1
Vs, =/776,,‘ ) (2.2.15)
I —L}/ —L}/
3 ﬂ, 4,0 11(112_3) 6,i >
_Cch . C
7/4,1' - ﬂz_ByS,i _22_33/6,1"

i i

The eigenvector for the eigenvalue A; can be represented as follows:

Yi=| 2.(AZ-B) |- (2.2.16)
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As a result unknown functions are taken a form of following formulas:

6
Up(2) = Y.CF ke
i=1

6
We(2) =2 Clrh e, 2.2.17)
i=1

- 6
0c(2)= X.Chrke™.
i=1
Below are expressions for six unknown functions for system of Equations (2.1.1)—(2.1.6):

< ot _ Sk '
u(z.0)= YU () = TYClph e e
k=1 k=li=1

o ) —
W(Z,t):ZWk(Z)em)kt =22Ck}/§l ﬂ.,z ta)kt

k=1 k=li=1
- iyt o8 k, k 172 zwkt
0(z,1)= 2.0 (2)e"™* =33 Ci'yy e (2.2.18)
k=1 k=li=1
Eh au w k j‘lz iaont
S(z,t)= —+tv— C; k
( ) V2|:aZ R:l l—V ]{ZIIZ[ 7/31 i }/21j
Eh du w 6 k k k ] Az oyt
T(z,0)= V—+ VC; lﬂl +— C e e
=Bl e | Bttt

’w T, T 9w T T, ’w| .
P(z,t)= ph——L2w+—-8S,—+Kw=Y» | =+| K, -2 - phw)} |w—S,— |
R T e I ;{R (1 R 7 ‘j °az2}

S ’ T Eh Ehv
= CH 7h | K, —=% - ph)} + ———— =S A [+————yr A e
;;{ i |:j/2,t( 1 Rz Pha; RZ(I—VZ) 07% ] R(l )711 :j|}

The relations (2.2.18) are the solution of the original system of equations, but they are determined up to arbitrary
constants of integration. For each artery it is needed to determine six arbitrary constants.

2.3 Boundary and Contact Conditions

Arbitrary constants appearing in relation (2.2.18) should be determined from the boundary and contact
conditions. Under contact conditions are meant relations which are satisfied in a node where set of arteries are
connected to each other (e.g. bifurcation or one to one connection). Such node in this article is called “contact
node”. Six conditions should be set for each vessel included in the part of vascular bed that is under
consideration. The following set of relations can be taken as such conditions (assume that the part under
consideration has only one beginning (input) artery and a number of ending (output) arteries):

- at the beginning of input artery should be set input volumetric blood flow velocity and fixation conditions:

0(0,0) =0y (1)

u(0)=0, (2.3.1)
ul .
0z z=0

- at the output of ending arteries should be set relation between pressure and volumetric blood flow velocity
and fixation conditions:

R'O()=P(l),
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u()=0, 23.2)
a_u =0 ;
oz,

there /-the length of the vessel.

- at contact nodes should be set following conditions:

uy=u;, i=2n,
wo=w, i=2n, (2.3.3)
n n
zSil[ szll
s=2—. =2
l; Zli
=2 i=2

there n-number of arteries connected in the node, /; -circumference of cross-section of i-th vessel in the contact
node.

Relations (2.3.1), (2.3.2) and (2.3.3) form a system of equations. There we have three conditions at the beginning
and three conditions at the each ending of the part of arterial system that is under consideration. To make the
system closed it is necessary to have three conditions for each of the arteries at each of contact node. Indeed, we
have a balance equation for volumetric blood flow velocity, the two averaged equations of equality of
longitudinal and transverse forces and n—/ equations for each pressure and both of displacements: 3 + 3(n—1) =
3n, i.e., for n arteries in contact node we have 3n equations, in other words 3 equations for each artery. This
means that we have a closed system of algebraic equations to find all arbitrary constants for each artery included
in the considered part of arterial system. To solve this system of algebraic equations first relation that describes
input volumetric blood flow velocity should be decomposed into a complex Fourier series (2.3.1)

k=1

- . t - t
ag + Y (a; —iby)e™ =0y + Y. qe™.
k=1 =t

(2.3.4)

Now we are trying to find solution for the pulsating flow sub-problem (only pulsating component of flow is
under consideration) and because of this we can discard the constant term in (2.3.4). This term will be taken into
account later during solving of steady-state flow sub-problem. Next step is to substitute into the boundary and
contact conditions expressions (2.2.18). Then equate the terms at the same frequencies o, and divide by e
After all these transformations we have following relations for the boundary conditions
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at the input:

6
ko k .
2.C N =ag —iby,

i=1

6 k, k
2Ciyy =0, (2.3.5)
i=1

ch}/Sl (]

- at the outputs:

: : T &
ZR Cirte Z{ka |:]/§,i (K] —R—"z—pha),f +%_Soik2]+%7§i&kﬂe“ =0,

i=l1 R(l
6 k. k [
Y Chyket! =0, (2.3.6)
i=1

6
ch}@lﬂf{ %l =0.

Conditions at the contact nodes should be transformed in the same way, but their form is depended on the
configuration of particular contact node, the number of incoming and outgoing vessels, their mechanical and
geometrical parameters. For a complete solution of the problem it is needed to solve steady-state flow problem.
Eventually the final results should be the sum of correspondent parameters calculated for results pulsating flow
sub-problem and for steady-state flow sub-problem.

2.4 Simplification of the Model (for Pulsating Flow Problem)

It is possible to simplify the solution of the problem by reducing the number of arbitrary constants of integration
in each artery included in the part of the arterial system. This can be done for reasons of limiting in some
respects. For example, if mass density of the material of the vascular wall tends to zero the two roots of equation
(2.2.11) will also tend to zero. Such passage to the limit corresponds to neglecting the inertia forces of the vessel
walls. In this case, we choose four eigenvalues at each artery, which does not tend to zero. Boundary and contact
conditions can be taken like below:

- at the input:
0(0,1) =0y (1) ,
w(0)=0;

- at the outputs:
R'O()=P(),

w(0)=0;

- at contact nodes:
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Thus, we have two conditions for each artery at the beginning and endings points, and two conditions for each
artery at each contact node. In other words, we have 4 equations for each artery. That means that we have a
closed system of algebraic equations for the arbitrary constants.

In the simplest case, only two eigenvalues of the four can be left. When longitudinal tensile force of the vessel
walls Sy tends to zero only two eigenvalues remain finite. Then the boundary and contact conditions can be taken
as following:

- at the input:
0(0,0) =0y (1) ;
- at the outputs:

R'O()=P();

- at contact nodes:

In this case we have two conditions for each artery to determine the two arbitrary constants which means that we
have a closed system of equations.

2.5 Solution for Steady-State Flow Problem

This solution taking into consideration angles between arteries in contact nodes. At first we have to calculate the
resistance to flow in contact nodes taking into account the angles between the incoming and outgoing arteries. As
basic relations we take the dynamic contact conditions (Pedli, 1983). These equations were obtained from the
conservation equations of a momentum of a continuum:

90, 90, Q;

— + cosa,l, + cosoly, ——Q +—Q;cosa, ++ cos &,
P, P, P FlQl FZQZ F;Qz
2
,OF [IQTI +IQ72] smaz—nglg[lQ:‘+Q3j sine, + BF, — P,F, cosa, — BF, cos
1 3
0 0 . .
p% 53 P 0:sina, +£Q§ sin

2 3

2
—%pF (% +1Q:2J cosaz—%pFS(%+%J cosa, — BF,sine, + PF,sina,.
1 3

We can leave in these equations only terms corresponding to the steady-state flow:

—%Qf +£Qz2 cos d, +%Q32 cos

1 2 3

a a
=—?2,0F [%+%j sma{z—?}pF [%+%] sine, + BF, — P,F, cosa, — P,F, cos e,

1 2 1 3

P 2o P
—Q; sina, +— Q5 sinq,
B 5

2
=%pF [% +IQ72J cosaz—%p}f}(%+%] cosa, — B, sina, + BF, sine,.
1 2 1 3

Let’s consider the case when there are only two arteries connected in the node: one is incoming and another is
outgoing. For this we need just discard terms corresponding to the third artery. In addition should be taken in to
account fact that because there are now only two arteries both of them have the same volumetric blood flow
velocity (Q, = 0, ). Eventually we have following equations:
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2
_%sz +F£Q22 cosay, = —%sz(%+%J sinao, + BF, — B F, cosa,,
1 2 1 2

2
P 2 @ 9. O :
—Q;sina, =—pF2[—+— cosa, — B F,sina,.
F, 8 F F

Now we multiply first equation by cosa, and second one by sina, and sum resulting equations. After such
transformation we have next formula:

ﬁQZZ —ﬁQZZ cosa, = BF cosa, —BF,.

1 5
Then we express Q, from this it:
B F cosa, —BF
0,= | 1[; pz 2 2.5.1)
~———-—cosq,
B

Next we consider electrodynamic analogy for outgoing artery (method of electrodynamic analogy for blood flow
analysis was first used in study (Guljajev & Kossovich, 2001) for the case of internal mammary artery).
Electrical schema for this analogy is shown on the Figure 2.5.1. There P;;-pressure at the end of the incoming
artery, P,y-pressure at the beginning of outgoing artery, P,;-pressure at the end of outgoing artery, R -resistance
of contact node, R,-Poiseuille resistance of the outgoing artery, O,-volumetric velocity of blood flow. Pressure is
an equivalent for electric potential, resistance is an equivalent for electric resistance and volumetric velocity is an
equivalent for electrical current. Due to the fact that this scheme represents sequencing circuit current in each
point of it is the same. According to the Ohm's law we have following relations:

Pll_P20 :PZO_P21 — Pll_PZI

= 252
Q Ry Ry Ry + Ry ( )
In terms of Figure 2.5.1 Formula (2.5.1) for part with resistance R, can be written as:
Q2 — ’IDIIE cosaZ_PZOFZ (253)
PP oos a,
R
Substitution of (2.5.3) into (2.5.2) leads to:
P —-Py _ ’P“F'lcosaz—onFz (2.5.4)
Ry PP s o,
oK
Then we transform Formula (2.5.4). Below is a result of this transformation.
P A
#—l ﬁlﬂcoso&z—F2
21(; x/P_zo - 2/00 5 (2.5.5)
v — - cosa,
ISR

Since all pressures in formulas here insignificantly differ from the normal atmospheric pressure we can assume

that /P, =+/101325 % =410’ % and introduce coefficient

A
P20

k (2.5.6)

After substitution (2.5.6) into (2.5.5) we express R from resulting relation
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(k—l)z[]f—gcosazJ

2 1

Ry, =1/10°-
kFi cosa, — F,

2.5.7)

there k—1~10"2+10" due to the small pressure drop in the blood vessels relative to normal atmospheric
pressure.

To calculate parameters of steady-state flow we need to combine a system of equation for whole part of arterial
system that is under consideration. This system should contain following equations:

- for each artery relation of volumetric velocity of blood flow and pressure (analogy for relation of electrical

current and potential) according to Formula (2.5.2)
_ BB

CRy+R;

) (2.5.8)

there k-number of incoming artery in contact node; i-number of outgoing artery; F; ; -pressure at the end of -th

artery, in other words, pressure right before contact node; £, -pressure at the end of  i-th artery. For the first

(input) artery of considered part of arterial system we have relation @, = Bo-Ay
1 RH

- for each contact node

%Q[k =0, (2.5.9)

there ik -set of numbers of arteries connected in the node

- at the beginning of input artery we set initial volumetric velocity of flow Q; = Qy, there Qyy-constant term of
the series (2.3.4).

- at the endings of output arteries we set pressure Py ;= 0, there ji-set of numbers of ending (output) arteries
for the part of arterial system that is under consideration (there P;, and P;;-pressure at the beginning and at the
ending of i-th artery correspondingly).

Thus we have closed system of equations to calculate parameters of steady-state flow in the arterial system
taking into account the angles between the vessels in contact node.

Q, Q,
R

R

¥

Figure 2.5.1. Electrodynamic analogy

2.6 Example of System of Equations for Steady-State Flow Problem

There is shown on a particular example how to combine such system of equation. Example arterial system part
for the example is shown on a Figure 2.6.1. The part of arterial system under consideration consists of three
arteries and one contact node. The contact node has one incoming artery and two outgoing arteries. For such
vessels bed we have electrodynamic analogy that is shown on the Figure 2.6.2. Next step is to analyze this
schema according to Formula (2.5.8). In first part we have pressure drop (potential) equal to P; y—P; ;. Resistance
to flow in this part is equal to Poiseuille resistance R, = R;;; due to the fact that the first part is an input and
does not come out from any contact node:

_Ho-Ay

o
Rl s

2.6.1)
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For second part drop of pressure is equal to P; — P, . Resistance in this case consists of two components,
Poiseuille resistance and resistance of contact node and equal to R, = R,y + R,y . Relation for volumetric
velocity can be written as:

_ hi-Phy
Q, =———"—. (2.6.2)
Ryy + Ry
Similarly we build relation between volumetric velocity and pressure for third part:
BBy
Oy =———". (2.6.3)
Rsy + Ry

Resistances of contact node R;, are defined by (2.5.7). Poiseuille resistance can be calculated using following
formula (Guljajev & Kossovich, 2001):

Rip =—
1
there p—viscosity coefficient of blood, /—length of vessel, »—vessel radius.

According to (2.5.9) we have following relation for contact node:

0 =0,+0;. (2.6.4)
We need to set input volumetric velocity:

O =00 - (2.6.5)
Also we need to set pressure at endings:

le ; 3.’ (2.6.6)

Finally we have a system of algebraic Equations (2.6.1) — (2.6.6) that can be written as:

O, =0y
0 =0,+0;5
Ro—HR,
O =—
Ry
PP,
0, = ;
Ryy + Ry
R, -5
0, = -
Ryy + Ry
Py =0
P, =0

This is a closed system of seven algebraic equations with seven unknown values O, Q,, O3, P, P11, P21, Pii1.
This system can be solved using different mathematical approaches e.g. using Gauss method. We can find all
needed parameters of steady-state flow by solving this system of equations. Thus, the problem of the pulsation of
blood flow is finally resolved. The final results are the sum of the steady-state and fluctuation components.
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Figure 2.6.1. Example of vessels bed
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Figure 2.6.2. Example of electrodynamic scheme

2.7 Determination of Excessive Blood Volume in the Vessels

One of the most important parameter of the blood circulation is an excessive volume of blood in vessels. To
determine this parameter we consider equation of continuity for i-th vessel.

ow; 1 00

ot 2R, 0z
There R; =R;;+w; and R, -initial radius of vessel. This equation can be rewritten as

oR, 1 00

9t 27k, Oz

After simple transformation we have following formula:

Ok} _ 00
Jdt oz

Integrating by dz the last relation, we obtain expression
4
= JARZdz=0,0.0= 0,41
0

L
Then taking into accordance j 7Rdz =V, (there V,-actual volume of vessel) we have equation
0
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a; B
E—Qi(oof) 0, (1;,1) .

Integrating this by equation by time give us formula for excessive volume of blood in vessel in exact period of
time

t
AV () =V (1) = V;(0) = [[0;(0,0) = O; (U, 1))dr (2.7.1)
0
Substitution of relation (2.2.18) into formula (2.7.1) finally gives us following expression
28 1=
AV()= X X.Cry——(™ =1). (2.7.2)
k=li=l Ty

3. The Software Program

New piece of software has been developed to perform the actual calculations using a mathematical model
described above. The software program is designed to simulate blood flow in the considered part of the human
arterial system. The software program allows you to graphically build vessels bed to set the parameters of blood
and each vessel separately. Algorithm assemble at run-time systems of equations for given vessels bed. After all
systems of equations are assembled algorithm solve them and output solution as plots of different kind into
multi-windows user interface. Below are lists of input and output parameters of the software program.

Input parameters:

e  Geometry of arterial system (vessels bed configuration).

e  Mechanical parameters of blood (density, viscosity).

e  Mechanical characteristics of vessels (Young's modulus, Poisson's ratio, the initial tension).
e Volumetric velocity of blood flow at the beginning of input artery — Q (t).

e  The parameters relating the volumetric velocity of blood flow with a pressure at endings
Output data:

e  Blood flow pressure in arterial bed.

e  Volumetric blood flow velocity in arterial bed.

e  Linear velocity of blood flow (average over the cross section).

e  Excessive volume of blood in arteries.

Results are represented as plots of relationship between different parameters of blood flow and longitudinal
coordinate and time. There is ability to get two-dimensional and three-dimensional plots. Two-dimensional plots
show the change of parameter along one of variable with the second one fixed. Also it is possible to view
animated graphics where each frame shows plot for particular value of fixed variable. One more feature is that it
is possible to view plot for particular artery or a set of plots for every artery in system in one window.
Screenshots of the software program user interfaces are shown on Figures 3.2.1-3.2.5.
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Figure 3.2.3. Output of calculation results. Plot of relationship between average velocity and time at the
beginning of first artery

34



www.ccsenet.org/apr Applied Physics Research Vol. 5, No. 3; 2013

Figure 3.2.4. Output of calculation results. Three-dimensional plot of relationship between volumetric velocity
and time and coordinate

TS|
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i UUr10 s

Figure 3.2.5. Output of calculation results. Set of two-dimensional plots of relationship between extensive
volume and time

4. Comparison of the Results

To understand whether a particular mathematical method or program gives adequate results or not it is useful to
compare its results with experimental data or with data obtained by any other methods or other programs. In this
research we compare results obtained using described model and software program with a results obtained using
the finite element method. ADINA System 8.2 software program was chosen as a finite element method
implementation. Three-dimensional model was built in a CAD system Solid Works 2007.

4.1 Input Parameters (Characteristics of the Model)

Bed of the femoral artery of the author was chosen for calculations (as object for simulation). All parameters of
the arterial bed were obtained by duplex ultrasound device Toshiba Xario. A geometric model of the arterial
system of the femoral artery has the parameters shown in Table 4.1.1.

Below is a list of mechanical parameters of arterial walls:

e Material of the wall considered as isotropic with Young's modulus E =1.01 MIla (Begun & Shukeilo, 2005),
Poisson's ratio v = 0.5 (Vessel wall is incompressible).

e The boundary conditions. The inputs and outputs cross sections are rigidly fixed. The inner surface is the
surface of contact with blood. No-slip conditions are selected on the contact surface (the fluid velocity matches
the velocity of the wall on this surface).
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¢ Finite element is a tetrahedron with edge length 0.001 m. As a result after partitioning we have about 74 791
finite elements.

Blood model has following mechanical parameters:
e Density: 1050 ~= .
M

e Viscosity: 0.005 ITa-c (viscosity can be measured using rotational viscometer at velocity equal to 100 ¢™).

e The boundary conditions. The lateral surface is the surface of contact with the vessels wall. No-slip
conditions are selected on the contact surface. Front surfaces at outputs are considered as free surfaces. This
means that pressure here is equal to zero. At input front surface we set relationship between initial blood flow
velocity and time (Figure 4.1.8) (m/c — ¢).

¢ Finite element is a tetrahedron with edge length 0.001 m. As a result after partitioning we have about 73 895
finite elements.

e [Initial volumetric blood flow velocity at input is selected to be as it is shown on Figure 4.1.1.

ADINA-AUL

Figure 4.1.1. Plot of relationship between velocity and time (m/c — ¢). Double period of pulsation

Table 4.1.1. Geometrical parameters of the model

Radius at the beginning  Radius at the end

Artery name Length (m)  Wall width (m)

(m) (m)

Arteria femoralis 0.015 0.00163 0.005 0.005
Profunda femoris artery 0.025 0.00189 0.00285 0.00285

Superficial arteria
. 0.48 0.00189 0.0037 0.00305
femoralis

Popliteal artery 0.032 0.0016 0.00305 0.00305
Peroneal trunk 0.032 0.0016 0.00235 0.00235

4.2 Calculated Results

As a result of calculations we have plots of dependence of average velocity on time at input and output
cross-sections of the arterial system that is taken into consideration. This plots are shown on the Figures
4.2.1-4.2.4. Next step is to perform the same simulation using the mathematical model and the software program
described in this article. For this purpose we use the same input parameters (same part of arterial system, same
blood and vessels parameters) as for simulating using finite element method. Results of calculation can be found
on the Figures 4.2.5-4.2.8
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Figure 4.2.1. Plot of dependence of velocity on time in the input cross-section of the common femoral
artery

Figure 4.2.2. Plot of dependence of velocity on time in the output cross-section of the deep femoral
artery

Figure 4.2.3. Plot of dependence of velocity on time in the output cross-section of the popliteal artery
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Figure 4.2.4. Plot of dependence of velocity on time in the output cross-section of the peroneal trunk
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Figure 4.2.5. Plot of dependence of velocity on time in the input cross-section of the common femoral
artery (m/c —c)
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Figure 4.2.6. Plot of dependence of velocity on time in the output cross-section of the deep femoral

artery
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Figure 4.2.7. Plot of dependence of velocity on time in the output cross-section of the popliteal artery
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Figure 4.2.8. Plot of dependence of velocity on time in the output cross-section of the peroneal trunk

4.3 Compare Results

To make comparison of results more illustrative results are exported into Microsoft Office Excel. Then we build
diagrams for the results acquired for both methods in the same cross section on the same coordinate plane. Result
of such data massaging are shown on Figures 4.3.1-4.3.4. These diagrams show that the results obtained by
finite element method and method described in this article are close to each other. The maximum deviation
between results of these two methods we have at the moment of systole and this difference does not exceed 10%.
Elsewhere in the diagrams curves differ slightly or even coincide. The curves in Figure 4.4.1 coincide
completely due to the fact that it represents input cross section and we set up flow velocity here manually as an
input parameter for both of methods (it is a boundary condition). Thus, the developed mathematical model and
software system can be used to analyze the overall, global state of the periodic laminar viscous flow in elastic
tubes and as a variant of the blood flow in the arterial bed. However, since that is one-dimensional mathematical
model, it does not allow us to analyze the distribution of a parameter in a small neighborhood of a point (or aria)
with a strong geometric or physical heterogeneity, for example in the small neighborhood of the fork. Also this
model allows calculating the flow velocity averaged over the cross section, but it does not allow obtaining the
velocity profile in a particular section. Such problems are easier to solve using the finite-element simulating.
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Figure 4.3.1. Plot of dependence of velocity on time in the input cross-section of the common femoral artery
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Figure 4.3.2. Plot of dependence of velocity on time in the output cross-section of the deep femoral artery
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Figure 4.3.3. Plot of dependence of velocity on time in the output cross-section of the popliteal artery
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Figure 4.3.4. Plot of dependence of velocity on time in the output cross-section of the peroneal trunk

5. Results and Conclusions

1) A one-dimensional, linear mathematical model of the periodic flow of blood. The model is applicable to
vascular tree of an arbitrary configuration. The system of equations of the model has an analytic solution,

because of this fact software program that implements the mathematical model is fast.

2) It is shown that results obtained using one-dimensional model differ slightly from the results of calculations
obtained using three-dimensional model. However, since that is one-dimensional mathematical model, it does
not allow us to analyze the distribution of a parameter in a small neighborhood of a point (or aria) with a strong
geometric and physical heterogeneity, for example in the neighborhood of the vessels fork or near atherosclerotic
plaques. Also, the model does not allow analyzing the velocity distribution over the cross section and does not
account bending of the vessels.
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3) The new software program was developed. This software program implements described mathematical
model. This software program can simulate a wide range of the vascular system configurations and easily
customized to a specific case.

4) The described mathematical model and software program can be regarded as a basis for further clinical
studies to substantiate the selection of the method and option of reconstruction including type and shape of the
plastic material to suit the individual characteristics of arteries of each patient.
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