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Abstract 

I have already reported "Property of Tensor Satisfying Binary Law 3". This article is the article that I revise 

contents of "Property of Tensor Satisfying Binary Law 3", and increased the report about new characteristics. I 

did not touch it about a contraction in the tensor which satisfied Binary Law in "Property of Tensor Satisfying 

Binary Law 3". I report a contraction in the tensor satisfying Binary Law in this article. 
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1. Introduction 

I reported that I got 𝑥μ;ν =
∂𝑥μ

∂𝑥ν
− 𝑥τΓμν

τ
, 𝑥;ν

μ
=

∂𝑥μ

∂𝑥ν
+ 𝑥τΓ

τν

μ
, ⋯ as the tensor which satisfied Binary Law. 

(Ichidayama, 2021) I report a revised edition in "Property of Tensor Satisfying Binary Law 3" (Ichidayama, 2021) 

about getting 𝑀μ;ν =
∂𝑀μ

∂𝑥ν
−𝑀τΓμν

τ
, 𝑀;ν

μ
=

∂𝑀μ

∂𝑥ν
+𝑀τΓ

τν

μ
, ⋯ as the tensor satisfying Binary Law in this article. 

The contraction in the tensor satisfying Binary Law is different from the contraction in the tensor. This article 

introduces this new contraction method. 

2. Definition 

Definition1. 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ is established.(Ichidayama, 2017) 

I named 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ "Binary Law".(Ichidayama, 2017) 

Definition2. If 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ is established, 𝑥ν = 𝑥μ is established.(Ichidayama, 2017) 

Definition3. If 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ is established, 𝑥μ = 𝑥ν is established.(Ichidayama, 2017) 

Definition4. If 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ  is established, 𝑥ν = −𝑥μ  is established.(Ichidayama, 

2017) 

Definition5. If 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ  is established, 𝑥ν = −𝑥μ  is established.(Ichidayama, 

2017) 

Definition6. If all coordinate systems 𝑥μ, 𝑥ν, 𝑥σ, 𝑥λ, ⋯  satisfies 𝑥μ ≠ 𝑥μ, 𝑥ν ≠ 𝑥ν, 𝑥μ = 𝑥ν, 𝑥ν = 𝑥μ , all 

coordinate systems 𝑥μ, 𝑥ν, 𝑥σ, 𝑥λ, ⋯ shifts to only two of 𝑥μ, 𝑥ν. (Ichidayama, 2017) 

Definition7. 𝑔μ
μ
= 1, 𝑔ν

μ
= 0: (μ ≠ ν) establishment.(Dirac, 1975) 

Definition8. The first-order covariant derivative of the covariant vector satisfied 𝑀μ;ν =
∂𝑀μ

∂𝑥ν
−𝑀τΓμν

τ
=

∂𝑀μ

∂𝑥ν
−

𝑀τ
1

2
𝑔ϵτ (

∂𝑔μϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥μ
−

∂𝑔μν

∂𝑥ϵ
).(Fleisch, 2012) 

Definition9. The first-order covariant derivative of the contravariant vector satisfied 𝑀;ν
μ
=

∂𝑀μ

∂𝑥ν
+𝑀τΓ

τν

μ
=

∂𝑀μ

∂𝑥ν
+𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
). (Fleisch, 2012) 
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Definition10. The second-order covariant derivative of the covariant vector satisfied 𝑀μ;ν;σ =
∂𝑀μ;ν

∂𝑥σ
−

𝑀ι;νΓμσ

ι
−𝑀μ;ιΓνσ

ι
=

∂

∂𝑥σ
(
∂𝑀μ

∂𝑥ν
−𝑀τΓμν

τ
) − (

∂𝑀ι

∂𝑥ν
−𝑀τΓιν

τ
)Γ

μσ

ι
− (

∂𝑀μ

∂𝑥ι
−𝑀τΓμι

τ
)Γ

νσ

ι
=

∂2𝑀μ

∂𝑥ν ∂𝑥σ
−

∂

∂𝑥σ
(𝑀τ

1

2
𝑔ϵτ (

∂𝑔μϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥μ
−

∂𝑔μν

∂𝑥ϵ
)) −

∂𝑀ι

∂𝑥ν

1

2
𝑔ϵι (

∂𝑔μϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥μ
−

∂𝑔μσ

∂𝑥ϵ
) + 𝑀τ

1

2
𝑔ϵτ (

∂𝑔ιϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥ι
−

∂𝑔ιν

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔μϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥μ
−

∂𝑔μσ

∂𝑥ϵ
) −

∂𝑀μ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
) + 𝑀τ

1

2
𝑔ϵτ (

∂𝑔μϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥μ
−

∂𝑔μι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
) . (Fleisch, 

2012) 

Definition11. The second-order covariant derivative of the contravariant vector satisfied 𝑀;ν;σ
μ

=
∂𝑀;ν

μ

∂𝑥σ
+

𝑀;ν
ιΓ

ισ

μ
−𝑀;ι

μ
Γ

νσ

ι
=

∂

∂𝑥σ
(
∂𝑀μ

∂𝑥ν
+𝑀τΓ

τν

μ
) + (

∂𝑀ι

∂𝑥ν
+𝑀τΓ

τν

ι
)Γ

ισ

μ
− (

∂𝑀μ

∂𝑥ι
+𝑀τΓ

τι

μ
)Γ

νσ

ι
=

∂2𝑀μ

∂𝑥ν ∂𝑥σ
+

∂

∂𝑥σ
(𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)) +

∂𝑀ι

∂𝑥ν

1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
) −

∂𝑀μ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
) .(Fleisch, 

2012) 

Definition12. The third-order covariant derivative of the contravariant vector satisfied 𝑀;ν;σ;λ
μ

=
∂𝑀;ν;σ

μ

∂𝑥λ
+

𝑀;ν;σ
κ Γ

κλ

μ
−𝑀;κ:σ

μ
Γ

νλ

κ
−𝑀;ν;κ

μ
Γ

σλ

κ
=

∂

∂𝑥λ
{

∂

∂𝑥σ
(
∂𝑀μ

∂𝑥ν
+𝑀τΓ

τν

μ
) + (

∂𝑀ι

∂𝑥ν
+𝑀τΓ

τν

ι
)Γ

ισ

μ
(
∂𝑀μ

∂𝑥ι
+𝑀τΓ

τι

μ
)Γ

νσ

ι
}  

+{
∂

∂𝑥σ
(
∂𝑀κ

∂𝑥ν
+𝑀τΓ

τν

κ
) + (

∂𝑀ι

∂𝑥ν
+𝑀τΓ

τν

ι
)Γ

ισ

κ
− (

∂𝑀κ

∂𝑥ι
+𝑀τΓ

τι

κ
)Γ

νσ

ι
}Γ

κλ

μ
− {

∂

∂𝑥σ
(
∂𝑀μ

∂𝑥κ
+𝑀τΓ

τκ

μ
) +

(
∂𝑀ι

∂𝑥κ
+𝑀τΓ

τκ

ι
)Γ

ισ

μ
− (

∂𝑀μ

∂𝑥ι
+𝑀τΓ

τι

μ
)Γ

κσ

ι
}Γ

νλ

κ
− {

∂

∂𝑥κ
(
∂𝑀μ

∂𝑥ν
+𝑀τΓ

τν

μ
) + (

∂𝑀ι

∂𝑥ν
+𝑀τΓ

τν

ι
)Γ

ικ

μ
−

(
∂𝑀μ

∂𝑥ι
+𝑀τΓ

τι

μ
)Γ

νκ

ι
}Γ

σλ

κ
=

∂3𝑀μ

∂𝑥ν ∂𝑥σ ∂𝑥λ
+

∂2

∂𝑥σ ∂𝑥λ
(𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)) +

∂

∂𝑥λ
(
∂𝑀ι

∂𝑥ν

1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)) +

∂

∂𝑥λ
(𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)) −

∂

∂𝑥λ
(
∂𝑀μ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
)) −

∂

∂𝑥λ
(𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
)) +

∂2𝑀κ

∂𝑥ν ∂𝑥σ

1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
)  

+
∂

∂𝑥σ
(𝑀τ 1

2
𝑔ϵκ (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
))

1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
) +

∂𝑀ι

∂𝑥ν

1

2
𝑔ϵκ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
) −

∂𝑀κ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵκ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ν
−

∂𝑔νσ

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔κϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥κ
−

∂𝑔κλ

∂𝑥ϵ
) −

∂2𝑀μ

∂𝑥κ ∂𝑥σ

1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) −

∂

∂𝑥σ
(𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥τ
−

∂𝑔τκ

∂𝑥ϵ
))

1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) −

∂𝑀ι

∂𝑥κ

1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥τ
−

∂𝑔τκ

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥ι
−

∂𝑔ισ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) +

∂𝑀μ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔κϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥κ
−

∂𝑔κσ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+
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∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔κϵ

∂𝑥σ
+

∂𝑔σϵ

∂𝑥κ
−

∂𝑔κσ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔νϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥ν
−

∂𝑔νλ

∂𝑥ϵ
) −

∂2𝑀μ

∂𝑥ν ∂𝑥κ

1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
) −

∂

∂𝑥κ
(𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
))

1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
) −

∂𝑀ι

∂𝑥ν

1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ι
−

∂𝑔ικ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥τ
−

∂𝑔τν

∂𝑥ϵ
)
1

2
𝑔ϵμ (

∂𝑔ιϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ι
−

∂𝑔ικ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
) +

∂𝑀μ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ν
−

∂𝑔νκ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵμ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔νϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ν
−

∂𝑔νκ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σϵ

∂𝑥λ
+

∂𝑔λϵ

∂𝑥σ
−

∂𝑔σλ

∂𝑥ϵ
). 

Definition13. When the next conversion equation is established, 𝑥μν is contravariant components of a tensor of 

the second rank. (Fleisch, 2012) 𝑥μν =
∂𝑥μ

∂𝑥σ

∂𝑥ν

∂𝑥λ
𝑥σλ 

Definition14. When the next conversion equation is established, 𝑥μν is covariant components of a tensor of the 

second rank. (Fleisch, 2012) 𝑥μν =
∂𝑥σ

∂𝑥μ

∂𝑥λ

∂𝑥ν
𝑥σλ 

Definition15. When the next conversion equation is established, 𝑥ν
μ
 is components of the mixed tensor of the 

second rank. (Fleisch, 2012) 𝑥ν
μ
=

∂𝑥μ

∂𝑥σ

∂𝑥λ

∂𝑥ν
𝑥λ
σ 

Definition16. When the next conversion equation is established, 𝑥μνσ is covariant components of a tensor of 

the third rank. (Fleisch, 2012) 𝑥μνσ =
∂𝑥λ

∂𝑥μ

∂𝑥ι

∂𝑥ν

∂𝑥ϵ

∂𝑥σ
𝑥λιϵ 

Definition17. When the next conversion equation is established, 𝑥νσ
μ

 is components of the mixed tensor of the 

third rank of the second rank covariant in the first rank contravariant. (Fleisch, 2012) 𝑥νσ
μ
=

∂𝑥μ

∂𝑥λ

∂𝑥ι

∂𝑥ν

∂𝑥ϵ

∂𝑥σ
𝑥ιϵ
λ  

Definition18. When the next conversion equation is established, 𝑥νσλ
μ

 is components of the mixed tensor of the 

fourth rank of the third rank covariant in the first rank contravariant. (Fleisch, 2012) 𝑥νσλ
μ

=
∂𝑥μ

∂𝑥ι

∂𝑥ϵ

∂𝑥ν

∂𝑥α

∂𝑥σ

∂𝑥β

∂𝑥λ
𝑥ϵαβ
ι  

Definition19. 𝑌:σ = 𝑌,σ =
∂𝑌

∂𝑥σ
 is established for covariant differentiation of scalar 𝑌. When 𝑋, 𝑌 are tensor 

each, (𝑋𝑌):σ = 𝑋:σ𝑌 + 𝑋𝑌:σ is established for covariant differentiation of 𝑋𝑌.(Dirac, 1975) 

Definition20. 𝑀μ = 𝑀𝑥μ is established. 𝑀μ, 𝑥μ are tensor of rank 1, and 𝑀 is scalar here. 
𝑀μ

𝑥μ
=

𝑀;ν
μ

𝑥;ν
μ = 𝑀 is 

established. 𝑀;ν
μ
, 𝑥;ν

μ
 are tensor of rank 2. Notation; before the index with the bottom expresses covariant 

differentiation here. 

Definition21. "Contraction" of a Mixed Tensor. - From any mixed tensor we may form a tensor whose rank is 

less by two, by equating an index of covariant with one of contravariant character, and summing with respect to 

this index ("contraction"). Thus, for example, from the mixed tensor of the fourth rank 𝐴μν
στ, we obtain the mixed 

tensor of the second rank, 𝐴ν
τ = 𝐴μν

μτ
(∑ 𝐴μν

μτ
μ ), and from this, by a second contraction, the tensor of zero rank, 

𝐴 = 𝐴ν
ν = 𝐴μν

μν
.(Einstein, 1916). 
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3. Covariant Derivative for the Vector (𝑴𝛍, 𝑴𝛍) in Tensor Satisfying Binary Law 

Proposition1. 𝑀μ;ν =
∂𝑀μ

∂𝑥ν
, 𝑀μ

;μ
=

∂𝑀μ

∂𝑥μ
−𝑀ν

1

2

∂𝑔μν

∂𝑥μ
 established in tensor satisfying Binary Law. 

Proof. If all coordinate systems satisfy Binary Law, I get 

𝑀μ;ν =
∂𝑀μ

∂𝑥ν
−𝑀ν

1

2
𝑔νν (

∂𝑔μν

∂𝑥ν
+

∂𝑔νν

∂𝑥μ
−

∂𝑔μν

∂𝑥ν
)                           (1) 

from Definision8. An existence position of the free index is unidentified in the second term of the right side of 

(1). This is problem. Then, I limit operation satisfying Binary Law to index μ in Definision8 and get  

𝑀μ̅;ν =
∂𝑀μ̅

∂𝑥ν
−𝑀τ

1

2
𝑔ϵτ (

∂𝑔μ̅ϵ

∂𝑥ν
+

∂𝑔νϵ

∂𝑥μ̅
−

∂𝑔μ̅ν

∂𝑥ϵ
).                           (2) 

I mark the index which I operated satisfying Binary Law here. Similarly, I limit operation satisfying Binary Law 

to index ν in (2) and get 

𝑀μ̅;ν̅ =
∂𝑀μ̅

∂𝑥ν̅
−𝑀τ

1

2
𝑔ϵτ (

∂𝑔μ̅ϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ϵ
).                           (3) 

And, if all coordinate systems satisfy Binary Law, I get 

𝑀μ̅;ν̅ =
∂𝑀μ̅

∂𝑥ν̅
−𝑀ν

1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ν
)                           (4) 

from (3). The problem in (1) is solved in (4). In consideration of (2),(3),(4) mentioned above, I mark free index 

of Definision8 to solve this and get 

𝑀μ̅;ν̅ =
∂𝑀μ̅

∂𝑥ν̅
−𝑀τ

1

2
𝑔ϵτ (

∂𝑔μ̅ϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ϵ
).                           (5) 

If all coordinate systems satisfy Binary Law, I get 

𝑀μ̅;ν̅ =
∂𝑀μ̅

∂𝑥ν̅
−𝑀ν

1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ν
)                           (6) 

from (5). I get 

𝑀μ̅;ν̅ =
∂𝑀μ̅

∂𝑥ν̅
−𝑀ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
) =

∂𝑀μ̅

∂𝑥ν̅
−𝑀ν

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
                          (7) 

from (6). (7) must rewrite it in 

𝑀μ;ν =
∂𝑀μ

∂𝑥ν
−𝑀σ

1

2

∂𝑔ν
σ

∂𝑥μ
                                     (8) 

by (7) being a tensor equation. I get the conclusion that (8) doesn't satisfy Binary Law from Definision6. I get the 

conclusion that (8) isn't an equation of the tensor satisfying Binary Law because (8) doesn't satisfy Binary Law. 

I rewrite one existing index ν in each term of (8) in index μ using Definision2 and get 

𝑀μ
;μ
=

∂𝑀μ

∂𝑥μ
−𝑀σ

1

2

∂𝑔σμ

∂𝑥μ
=

∂𝑀μ

∂𝑥μ
−𝑀ν

1

2

∂𝑔νμ

∂𝑥μ
.                            (9) 

I get the conclusion that (9) does satisfy Binary Law from Definision6. I get the conclusion that (9) is an 

equation of the tensor satisfying Binary Law because (9) does satisfy Binary Law. I rewrite one existing index ν 

in each term of (8) in index μ using Definision4 and get 

−𝑀μ;μ = −
∂𝑀μ

∂𝑥μ
+𝑀σ

1

2
(
∂𝑔μ

σ

∂𝑥μ
) = −

∂𝑀μ

∂𝑥μ
+𝑀ν

1

2
(
∂𝑔μ

ν

∂𝑥μ
).                      (10) 

I get the conclusion that (10) does satisfy Binary Law from Definision6. I get the conclusion that (10) is an 

equation of the tensor satisfying Binary Law because (10) does satisfy Binary Law. I get 
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−𝑀μ;μ = −
∂𝑀μ

∂𝑥μ
                                    (11) 

in consideration of Definision7 for (10). Because the second term of the right side of (11) doesn't exist, 

𝑀μ;ν =
∂𝑀μ

∂𝑥ν
                                     (12) 

can rewrite (11) using Definision4. In addition, 𝑀μ;ν can't rewrite 𝑀μ
;μ

 of (9) using Definision2 because the 

second term of the right side exists in (9). 

Proposition2. 𝑀;ν
μ
=

∂𝑀μ

∂𝑥ν
 is established in tensor satisfying Binary Law. 

Proof. I mark free index of Definision9 by the same reason which I expressed in Proposition1 and get 

𝑀;ν̅
μ̅
=

∂𝑀μ̅

∂𝑥ν̅
+𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
).                        (13) 

If all coordinate systems satisfy Binary Law, I get 

𝑀;ν̅
μ̅
=

∂𝑀μ̅

∂𝑥ν̅
+𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)                        (14) 

from (13). I put a mark in (14) to express the difference in computation sequence. I get  

𝑀;ν̅
μ̅
=

∂𝑀μ̅

∂𝑥ν̅
+𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) =

∂𝑀μ̅

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
,                     (15) 

𝑀;ν̅
μ̅
=

∂𝑀μ̅

∂𝑥ν̅
+𝑀ν 1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) =

∂𝑀μ̅

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν̅
μ̅

∂𝑥ν
                     (16) 

from (14). (15),(16) must rewrite it in 

𝑀;ν
μ
=

∂𝑀μ

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥ν

̂
,                              (17) 

𝑀;ν
μ
=

∂𝑀μ

∂𝑥ν
+𝑀σ 1

2

∂𝑔ν
μ

∂𝑥σ
                              (18) 

by (15),(16) being a tensor equation. I get the conclusion that (17),(18) doesn't satisfy Binary Law from 

Definision6. I get the conclusion that (17),(18) isn't an equation of the tensor satisfying Binary Law because 

(17),(18) doesn't satisfy Binary Law. 

I rewrite one existing index ν in each term of (17),(18) in index μ using Definision4 and get 

−𝑀;μ
μ
= −

∂𝑀μ

∂𝑥μ
−𝑀σ 1

2
(
∂𝑔σ

μ

∂𝑥μ
) = −

∂𝑀μ

∂𝑥μ
−𝑀ν 1

2
(
∂𝑔ν

μ

∂𝑥μ
),                   (19) 

−𝑀;μ
μ
= −

∂𝑀μ

∂𝑥μ
−𝑀σ 1

2
(
∂𝑔μ

μ

∂𝑥σ
) = −

∂𝑀μ

∂𝑥μ
−𝑀ν 1

2
(
∂𝑔μ

μ

∂𝑥ν
).                   (20) 

I get the conclusion that (19),(20) does satisfy Binary Law from Definision6. I get the conclusion that (19),(20) 

is an equation of the tensor satisfying Binary Law because (19),(20) does satisfy Binary Law. I get 

−𝑀;μ
μ
= −

∂𝑀μ

∂𝑥μ
                                  (21) 

in consideration of Definision7 for (19),(20). Because the second term of the right side of (21) doesn't exist, 

𝑀;ν
μ
=

∂𝑀μ

∂𝑥ν
                                    (22) 

can rewrite (21) using Definision4. I rewrite one existing index ν in each term of (17),(18) in index μ using 
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Definision2 and get 

𝑀μ;μ =
∂𝑀μ

∂𝑥μ
+𝑀σ 1

2
(
∂𝑔σ

μ

∂𝑥μ
) =

∂𝑀μ

∂𝑥μ
+𝑀ν 1

2
(
∂𝑔ν

μ

∂𝑥μ
),                    (23) 

𝑀μ;μ =
∂𝑀μ

∂𝑥μ
+𝑀σ 1

2
(
∂𝑔μμ

∂𝑥σ
) =

∂𝑀μ

∂𝑥μ
+𝑀ν 1

2
(
∂𝑔μμ

∂𝑥ν
).                   (24) 

I get the conclusion that (23),(24) does satisfy Binary Law from Definision6. I get the conclusion that (23),(24) 

is an equation of the tensor satisfying Binary Law because (23),(24) does satisfy Binary Law. 

Proposition3. 𝑀μ;ν;ν =
∂𝑀μ

∂𝑥ν ∂𝑥ν
 is established in tensor satisfying Binary Law. 

Proof. I mark free index of Definision10 by the same reason which I expressed in Proposition1 and get 

𝑀μ̅;ν̅;σ̅ =
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥σ̅
−

∂

∂𝑥σ̅
(𝑀τ

1

2
𝑔ϵτ (

∂𝑔μ̅ϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ϵ
)) −

∂𝑀ι

∂𝑥ν̅

1

2
𝑔ϵι (

∂𝑔μ̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥μ̅
−

∂𝑔μ̅σ̅

∂𝑥ϵ
) +𝑀τ

1

2
𝑔ϵτ (

∂𝑔ιϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥ι
−

∂𝑔ιν̅

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔μ̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥μ̅
−

∂𝑔μ̅σ̅

∂𝑥ϵ
) −

∂𝑀μ̅

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
) + 𝑀τ

1

2
𝑔ϵτ (

∂𝑔μ̅ϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥μ̅
−

∂𝑔μ̅ι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
).                              (25) 

If all coordinate systems satisfy Binary Law, I get 

𝑀μ̅;ν̅;ν̅ =
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν

1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ν
)) −

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ν
) +𝑀ν

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥μ̅
−

∂𝑔μ̅ν̅

∂𝑥ν
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) + 𝑀ν

1

2
𝑔νν (

∂𝑔μ̅ν

∂𝑥ν
+

∂𝑔νν

∂𝑥μ̅
−

∂𝑔μ̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)                              (26) 

from (25). I put a mark in (26) to express the difference in computation sequence. I get  

𝑀μ̅;ν̅;ν̅ =
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
)) −

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
) + 𝑀ν

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) +

𝑀ν
1

2
𝑔νν (

∂𝑔νν

∂𝑥μ̅
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) =

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
) −

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
+𝑀ν

1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
−

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
, 

(27) 

𝑀μ̅;ν̅;ν̅ =
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
)) −

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
) + 𝑀ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥μ̅
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) +

𝑀ν
1

2
𝑔νν (

∂𝑔νν

∂𝑥μ̅
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) =

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
) −

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
+𝑀ν

1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥μ̅
−

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ̅

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
 

(28) 

from (26). (27),(28) must rewrite it in 

𝑀μ;ν;ν =
∂2𝑀μ

∂𝑥ν ∂𝑥ν
−

∂

∂𝑥ν
(𝑀σ

1

2

∂𝑔ν
σ

∂𝑥μ
) −

∂𝑀σ

∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥ν

̂ 1

2

∂𝑔ν
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔ν
σ̂

∂𝑥ν
,      (29) 

𝑀μ;ν;ν =
∂2𝑀μ

∂𝑥ν ∂𝑥ν
−

∂

∂𝑥ν
(𝑀σ

1

2

∂𝑔ν
σ

∂𝑥μ
) −

∂𝑀σ

∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔ν
σ

∂𝑥ν
      (30) 

by (27),(28) being a tensor equation. I get the conclusion that (29),(30) doesn't satisfy Binary Law from 

Definision6. I get the conclusion that (29),(30) isn't an equation of the tensor satisfying Binary Law because 

(29),(30) doesn't satisfy Binary Law. 
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I rewrite two existing index ν in each term of (29),(30) in index μ using Definision4 and get 

𝑀μ;μ;μ =
∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ

1

2

∂𝑔μ
σ

∂𝑥μ
) −

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν

1

2

∂𝑔μ
ν

∂𝑥μ
) −

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
,       (31) 

𝑀μ;μ;μ =
∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ

1

2

∂𝑔μ
σ

∂𝑥μ
) −

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν

1

2

∂𝑔μ
ν

∂𝑥μ
) −

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
.      (32) 

I get the conclusion that (31),(32) does satisfy Binary Law from Definision6. I get the conclusion that (31),(32) 

is an equation of the tensor satisfying Binary Law because (31),(32) does satisfy Binary Law. I get 

𝑀μ;μ;μ =
∂2𝑀μ

∂𝑥μ ∂𝑥μ
                                    (33) 

in consideration of Definision7 for (31),(32). Because the second term of the right side of (33) doesn't exist, 

𝑀μ;ν;ν =
∂2𝑀μ

∂𝑥ν ∂𝑥ν
                                    (34) 

can rewrite (33) using Definision4. I rewrite two existing index ν in each term of (29),(30) in index μ using 

Definision2 and get 

𝑀μ
;μ;μ

=
∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ

1

2

∂𝑔μσ

∂𝑥μ
) −

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν

1

2

∂𝑔μν

∂𝑥μ
) −

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
,       (35) 

𝑀μ
;μ;μ

=
∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ

1

2

∂𝑔μσ

∂𝑥μ
) −

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν

1

2

∂𝑔μν

∂𝑥μ
) −

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
.       (36) 

I get the conclusion that (35),(36) does satisfy Binary Law from Definision6. I get the conclusion that (35),(36) 

is an equation of the tensor satisfying Binary Law because (35),(36) does satisfy Binary Law. 

Proposition4. 𝑀;ν;ν
μ

=
∂2𝑀μ

∂𝑥ν ∂𝑥ν
 is established in tensor satisfying Binary Law. 

Proof. I mark free index of Definision11 by the same reason which I expressed in Proposition1 and get 

𝑀;ν̅;σ̅
μ̅

=
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥σ̅
+

∂

∂𝑥σ̅
(𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)) +

∂𝑀ι

∂𝑥ν̅

1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
) +𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
) −

∂𝑀μ̅

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
).                                 (37) 

If all coordinate systems satisfy Binary Law, I get 

𝑀;ν̅;ν̅
μ̅

=
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) +𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) − 𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−
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∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)                             (38) 

from (37). I put a mark in (38) to express the difference in computation sequence. I get  

𝑀;ν̅;ν̅
μ̅

=
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) + 𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −

𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) =

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
) +

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
−

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
,  

(39) 

𝑀;ν̅;ν̅
μ̅

=
∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) + 𝑀ν 1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) −

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) =

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν̅
μ̅

∂𝑥ν
) +

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
+𝑀ν 1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
−

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
  

(40) 

from (38). (39),(40) must rewrite it in 

𝑀;ν;ν
μ

=
∂2𝑀μ

∂𝑥ν ∂𝑥ν
+

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥ν
) +

∂𝑀σ

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
−𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
,     (41) 

𝑀;ν;ν
μ

=
∂2𝑀μ

∂𝑥ν ∂𝑥ν
+

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔ν
μ

∂𝑥σ
) +

∂𝑀σ

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥σ
+𝑀σ 1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
     (42) 

by (39),(40) being a tensor equation. I get the conclusion that (41),(42) doesn't satisfy Binary Law from 

Definision6. 

I get the conclusion that (41),(42) isn't an equation of the tensor satisfying Binary Law because (41),(42) doesn't 

satisfy Binary Law. 

I rewrite two existing index ν in each term of (41),(42) in index μ using Definision4 and get 

𝑀;μ;μ
μ

=
∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
) +

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
) +

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
,        (43) 

𝑀;μ;μ
μ

=
∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μ
μ

∂𝑥σ
) +

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥σ
+𝑀σ 1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔μ
μ

∂𝑥ν
) +

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥ν
+𝑀ν 1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
.       (44) 

I get the conclusion that (43),(44) does satisfy Binary Law from Definision6. I get the conclusion that (43),(44) 

is an equation of the tensor satisfying Binary Law because (43),(44) does satisfy Binary Law. I get 

𝑀;μ;μ
μ

=
∂2𝑀μ

∂𝑥μ ∂𝑥μ
                                 (45) 

in consideration of Definision7 for (43),(44). Because the second term of the right side of (45) doesn't exist, 

𝑀;ν;ν
μ

=
∂2𝑀μ

∂𝑥ν ∂𝑥ν
                                  (46) 

can rewrite (45) using Definision4. I rewrite two existing index ν in each term of (41),(42) in index μ using 

Definision2 and get 
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𝑀μ;μ;μ =
∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
) +

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
) +

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
,         (47) 

𝑀μ;μ;μ =
∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μμ

∂𝑥σ
) +

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
+𝑀σ 1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
=

∂2𝑀μ

∂𝑥μ ∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μμ

∂𝑥σ
) +

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
+𝑀σ 1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
.        (48) 

I get the conclusion that (47),(48) does satisfy Binary Law from Definision6. I get the conclusion that (47),(48) 

is an equation of the tensor satisfying Binary Law because (47),(48) does satisfy Binary Law. 

Proposition5. 𝑀;ν;ν;ν
μ

=
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
 is established in tensor satisfying Binary Law. 

Proof. I mark free index of Definision12 by the same reason which I expressed in Proposition1 and get 

𝑀
;ν̅;σ̅;λ̅

μ̅
=

∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥σ̅ ∂𝑥λ̅
+

∂2

∂𝑥σ̅ ∂𝑥λ̅
(𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)) +

∂

∂𝑥λ̅
(
∂𝑀ι

∂𝑥ν̅

1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)) +

∂

∂𝑥λ̅
(𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)) −

∂

∂𝑥λ̅
(
∂𝑀μ̅

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
)) −

∂

∂𝑥λ̅
(𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
)) +

∂2𝑀κ

∂𝑥ν̅ ∂𝑥σ̅

1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) +

∂

∂𝑥σ̅
(𝑀τ 1

2
𝑔ϵκ (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
))

1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) +

∂𝑀ι

∂𝑥ν̅

1

2
𝑔ϵκ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) −

∂𝑀κ

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵκ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅σ̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔κϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥κ
−

∂𝑔κλ̅

∂𝑥ϵ
) −

∂2𝑀μ̅

∂𝑥κ ∂𝑥σ̅

1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) −

∂

∂𝑥σ̅
(𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥τ
−

∂𝑔τκ

∂𝑥ϵ
))

1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) −

∂𝑀ι

∂𝑥κ

1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥τ
−

∂𝑔τκ

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥ι
−

∂𝑔ισ̅

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) +

∂𝑀μ̅

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔κϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥κ
−

∂𝑔κσ̅

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔κϵ

∂𝑥σ̅
+

∂𝑔σ̅ϵ

∂𝑥κ
−

∂𝑔κσ̅

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔ν̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥ν̅
−

∂𝑔ν̅λ̅

∂𝑥ϵ
) −

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥κ

1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
) −

∂

∂𝑥κ
(𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
))

1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
) −

∂𝑀ι

∂𝑥ν̅

1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ι
−

∂𝑔ικ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
) − 𝑀τ 1

2
𝑔ϵι (

∂𝑔τϵ

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥τ
−

∂𝑔τν̅

∂𝑥ϵ
)
1

2
𝑔ϵμ̅ (

∂𝑔ιϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ι
−

∂𝑔ικ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
) +

∂𝑀μ̅

∂𝑥ι

1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ν̅
−

∂𝑔ν̅κ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
) + 𝑀τ 1

2
𝑔ϵμ̅ (

∂𝑔τϵ

∂𝑥ι
+

∂𝑔ιϵ

∂𝑥τ
−

∂𝑔τι

∂𝑥ϵ
)
1

2
𝑔ϵι (

∂𝑔ν̅ϵ

∂𝑥κ
+

∂𝑔κϵ

∂𝑥ν̅
−

∂𝑔ν̅κ

∂𝑥ϵ
)
1

2
𝑔ϵκ (

∂𝑔σ̅ϵ

∂𝑥λ̅
+

∂𝑔λ̅ϵ

∂𝑥σ̅
−

∂𝑔σ̅λ̅

∂𝑥ϵ
).     (49) 

If all coordinate systems satisfy Binary Law, I get 
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𝑀;ν̅;ν̅;ν̅
μ̅

=
∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅ ∂𝑥ν̅
+

∂2

∂𝑥ν̅ ∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)) +

∂

∂𝑥ν̅
(
∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ϵ

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)) −

∂

∂𝑥ν̅
(
∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)) +

∂2𝑀ν

∂𝑥ν̅ ∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
))

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) + 𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) −𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
) −

∂2𝑀μ̅

∂𝑥ν ∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
))

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) − 𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) + 𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) −

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) −

∂

∂𝑥ν
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
))

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) −

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) − 𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν
−

∂𝑔νν̅

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν̅
−

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
) + 𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν
−

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν
+

∂𝑔νν

∂𝑥ν̅
−

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
+

∂𝑔ν̅ν

∂𝑥ν̅
−

∂𝑔ν̅ν̅

∂𝑥ν
).  (50) 

from (49). I put a mark in (50) to express the difference in computation sequence. I get  

𝑀;ν̅;ν̅;ν̅
μ̅

=
∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅ ∂𝑥ν̅
+

∂2

∂𝑥ν̅ ∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)) +

∂

∂𝑥ν̅
(
∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)) −

∂

∂𝑥ν̅
(
∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
)) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
)) +

∂2𝑀ν

∂𝑥ν̅ ∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
))

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) +

𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) −

𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
) −

∂2𝑀μ̅

∂𝑥ν ∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
))

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) +

𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −

∂

∂𝑥ν
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν̅
))

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −
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∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) −𝑀ν 1

2
𝑔νν (

∂𝑔νν̂

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) +

𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν̂

∂𝑥ν̅
) =

∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅ ∂𝑥ν̅
+

∂2

∂𝑥ν̅ ∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
) +

∂

∂𝑥ν̅
(
∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
) +

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
) −

∂

∂𝑥ν̅
(
∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
) −

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
) +

∂2𝑀ν

∂𝑥ν̅ ∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
+

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν̅
)
1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
+

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
−

∂2𝑀μ̅

∂𝑥ν ∂𝑥ν̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν
)
1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν

1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
+

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν̅
)
1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
ν̂

∂𝑥ν̅

1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
+

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
μ̂̅

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν

1

2

∂𝑔ν̅
ν̂

∂𝑥ν̅
,  

(51) 

𝑀;ν̅;ν̅;ν̅
μ̅

=
∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅ ∂𝑥ν̅
+

∂2

∂𝑥ν̅ ∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)) +

∂

∂𝑥ν̅
(
∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)) −

∂

∂𝑥ν̅
(
∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
)) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
)) +

∂2𝑀ν

∂𝑥ν̅ ∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) +

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
))

1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) +

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) + 𝑀ν 1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) − 𝑀ν 1

2
𝑔νν (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
) −

∂2𝑀μ̅

∂𝑥ν ∂𝑥ν̅

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

∂

∂𝑥ν̅
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
))

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

∂𝑀ν

∂𝑥ν

1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) − 𝑀ν 1

2
𝑔νν (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) + 𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

∂

∂𝑥ν
(𝑀ν 1

2
𝑔νμ̅ (

∂𝑔ν̅ν

∂𝑥ν
))

1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) −

∂𝑀ν

∂𝑥ν̅

1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) − 𝑀ν 1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν
)
1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) +

∂𝑀μ̅

∂𝑥ν

1

2
𝑔νν (

∂𝑔νν

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) +𝑀ν 1

2
𝑔νμ̅ (

∂𝑔νν

∂𝑥ν
)
1

2
𝑔νν (

∂𝑔νν

∂𝑥ν̅
)
1

2
𝑔νν (

∂𝑔ν̅ν

∂𝑥ν̅
) =

∂3𝑀μ̅

∂𝑥ν̅ ∂𝑥ν̅ ∂𝑥ν̅
+

∂2

∂𝑥ν̅ ∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν̅
μ̅

∂𝑥ν
) +

∂

∂𝑥ν̅
(
∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
) +

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
) −

∂

∂𝑥ν̅
(
∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
) −

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
) +

∂2𝑀ν

∂𝑥ν̅ ∂𝑥ν̅

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
+

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν̅
ν

∂𝑥ν
)
1

2

∂𝑔ν̅
μ̅

∂𝑥ν
+

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
+𝑀ν 1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
−𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅

1

2

∂𝑔ν̅
μ̅

∂𝑥ν
−

∂2𝑀μ̅

∂𝑥ν ∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−

∂

∂𝑥ν̅
(𝑀ν 1

2

∂𝑔ν
μ̅

∂𝑥ν
)
1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔ν̅
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
+

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−

∂2𝑀μ̅

∂𝑥ν̅ ∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔ν̅
μ̅

∂𝑥ν
)
1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−

∂𝑀ν

∂𝑥ν̅

1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
−𝑀ν 1

2

∂𝑔ν̅
ν

∂𝑥ν

1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
+

∂𝑀μ̅

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
+𝑀ν 1

2

∂𝑔ν
μ̅

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥ν̅

1

2

∂𝑔ν̅
ν

∂𝑥ν̅
   (52) 

from (50). (51),(52) must rewrite it in 

𝑀;ν;ν;ν
μ

=
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
+

∂2

∂𝑥ν ∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥ν
) +

∂

∂𝑥ν
(
∂𝑀σ

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
) +

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
) −

∂

∂𝑥ν
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
) −

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
) +

∂2𝑀σ

∂𝑥ν ∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
+

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥ν
)
1

2

∂𝑔σ
μ̂

∂𝑥ν
+

∂𝑀σ

∂𝑥ν

1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
−
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∂𝑀σ

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
−𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥ν
−

∂2𝑀μ

∂𝑥σ ∂𝑥ν

1

2

∂𝑔ν
σ̂

∂𝑥ν
−

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥σ
)
1

2

∂𝑔ν
σ̂

∂𝑥ν
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔σ
μ̂

∂𝑥ν

1

2

∂𝑔ν
σ̂

∂𝑥ν
−

𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥σ

1

2

∂𝑔σ
μ̂

∂𝑥ν

1

2

∂𝑔ν
σ̂

∂𝑥ν
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔ν
σ̂

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔ν
σ̂

∂𝑥ν
−

∂2𝑀μ

∂𝑥ν ∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
−

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥ν
)
1

2

∂𝑔ν
σ̂

∂𝑥ν
−

∂𝑀σ

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
−𝑀σ 1

2

∂𝑔σ
σ̂

∂𝑥ν

1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
μ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥σ

1

2

∂𝑔ν
σ̂

∂𝑥ν
,      (53) 

𝑀;ν;ν;ν
μ

=
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
+

∂2

∂𝑥ν ∂𝑥ν
(𝑀σ 1

2

∂𝑔ν
μ

∂𝑥σ
) +

∂

∂𝑥ν
(
∂𝑀σ

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥σ
) +

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ
) −

∂

∂𝑥ν
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
) −

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
) +

∂2𝑀σ

∂𝑥ν ∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥σ
+

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔ν
σ

∂𝑥σ
)
1

2

∂𝑔ν
μ

∂𝑥σ
+

∂𝑀σ

∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ
+𝑀σ 1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥σ
−𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥σ
−

∂2𝑀μ

∂𝑥σ ∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥ν
−

∂

∂𝑥ν
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ
)
1

2

∂𝑔ν
σ

∂𝑥ν
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
−

𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔ν
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
−

∂2𝑀μ

∂𝑥ν ∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
−

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔ν
μ

∂𝑥σ
)
1

2

∂𝑔ν
σ

∂𝑥ν
−

∂𝑀σ

∂𝑥ν

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
−𝑀σ 1

2

∂𝑔ν
σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔ν
σ

∂𝑥ν
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥ν
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥ν

1

2

∂𝑔ν
σ

∂𝑥ν
     (54) 

by (51),(52) being a tensor equation. I get the conclusion that (53),(54) doesn't satisfy Binary Law from 

Definision6. 

I get the conclusion that (53),(54) isn't an equation of the tensor satisfying Binary Law because (53),(54) doesn't 

satisfy Binary Law. 

I rewrite three existing index ν in each term of (53),(54) in index μ using Definision4 and get 

−𝑀;μ;μ;μ
μ

= −
∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
−

∂2

∂𝑥μ ∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
) −

∂

∂𝑥μ
(
∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
) +

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
) −

∂2𝑀σ

∂𝑥μ ∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ
)
1

2

∂𝑔σ
μ

∂𝑥μ
−

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+

∂2𝑀μ

∂𝑥σ ∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ
)
1

2

∂𝑔μ
σ

∂𝑥μ
+

∂𝑀σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+

𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂2𝑀μ

∂𝑥μ ∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
)
1

2

∂𝑔μ
σ

∂𝑥μ
+

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
= −

∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
−

∂2

∂𝑥μ ∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
) −

∂

∂𝑥μ
(
∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
) +

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
) −

∂2𝑀ν

∂𝑥μ ∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ
)
1

2

∂𝑔ν
μ

∂𝑥μ
−

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+

𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+

∂2𝑀μ

∂𝑥ν ∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν
)
1

2

∂𝑔μ
ν

∂𝑥μ
+

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂2𝑀μ

∂𝑥μ ∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
)
1

2

∂𝑔μ
ν

∂𝑥μ
+

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+

𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
,          (55) 
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−𝑀;μ;μ;μ
μ

= −
∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
−

∂2

∂𝑥μ ∂𝑥μ
(𝑀σ 1

2

∂𝑔μ
μ

∂𝑥σ
) −

∂

∂𝑥μ
(
∂𝑀σ

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥σ
) −

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ
) +

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
) −

∂2𝑀σ

∂𝑥μ ∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥σ
−

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μ
σ

∂𝑥σ
)
1

2

∂𝑔μ
μ

∂𝑥σ
−

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ
−𝑀σ 1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ
+

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥σ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥σ
+

∂2𝑀μ

∂𝑥σ ∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ
)
1

2

∂𝑔μ
σ

∂𝑥μ
+

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+

𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂2𝑀μ

∂𝑥μ ∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔μ
μ

∂𝑥σ
)
1

2

∂𝑔μ
σ

∂𝑥μ
+

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
+𝑀σ 1

2

∂𝑔μ
σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μ
σ

∂𝑥μ
−

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μ
σ

∂𝑥μ
= −

∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
−

∂2

∂𝑥μ ∂𝑥μ
(𝑀ν 1

2

∂𝑔μ
μ

∂𝑥ν
) −

∂

∂𝑥μ
(
∂𝑀ν

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥ν
) −

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν
) +

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
) −

∂2𝑀ν

∂𝑥μ ∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥ν
−

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔μ
ν

∂𝑥ν
)
1

2

∂𝑔μ
μ

∂𝑥ν
−

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν
−𝑀ν 1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν
+

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥ν
+

𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ

1

2

∂𝑔μ
μ

∂𝑥ν
+

∂2𝑀μ

∂𝑥ν ∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν
)
1

2

∂𝑔μ
ν

∂𝑥μ
+

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μ
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂2𝑀μ

∂𝑥μ ∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔μ
μ

∂𝑥ν
)
1

2

∂𝑔μ
ν

∂𝑥μ
+

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
+

𝑀ν 1

2

∂𝑔μ
ν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μ
ν

∂𝑥μ
−

∂𝑀μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μ
ν

∂𝑥μ
.        (56) 

I get the conclusion that (55),(56) does satisfy Binary Law from Definision6. I get the conclusion that (55),(56) 

is an equation of the tensor satisfying Binary Law because (55),(56) does satisfy Binary Law. I get 

−𝑀;μ;μ;μ
μ

= −
∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
                              (57) 

in consideration of Definision7 for (55),(56). Because the second term of the right side of (57) doesn't exist, 

𝑀;ν;ν;ν
μ

=
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
                                (58) 

can rewrite (57) using Definision4. I rewrite three existing index ν in each term of (53),(54) in index μ using 

Definision2 and get 

𝑀μ;μ;μ;μ =
∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
+

∂2

∂𝑥μ ∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
) +

∂

∂𝑥μ
(
∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
) −

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
) +

∂2𝑀σ

∂𝑥μ ∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ
)
1

2

∂𝑔σ
μ

∂𝑥μ
+

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥μ
−

∂2𝑀μ

∂𝑥σ ∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ
)
1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
−

𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
−

∂2𝑀μ

∂𝑥μ ∂𝑥
σ

1

2

∂𝑔μσ

∂𝑥μ
−

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥μ
)
1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−𝑀σ 1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
=

∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
+

∂2

∂𝑥μ ∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
) +

∂

∂𝑥μ
(
∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
) +

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
) −

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
) +

∂2𝑀ν

∂𝑥μ ∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ
)
1

2

∂𝑔ν
μ

∂𝑥μ
+

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−
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𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥μ
−

∂2𝑀μ

∂𝑥ν ∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν
)
1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
+

∂𝑀μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
−

∂2𝑀μ

∂𝑥μ ∂𝑥
ν

1

2

∂𝑔μν

∂𝑥μ
−

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥μ
)
1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−

𝑀ν 1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
,        (59) 

𝑀μ;μ;μ;μ =
∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
+

∂2

∂𝑥μ ∂𝑥μ
(𝑀σ 1

2

∂𝑔μμ

∂𝑥σ
) +

∂

∂𝑥μ
(
∂𝑀σ

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
) +

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ
) −

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
) +

∂2𝑀σ

∂𝑥μ ∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
+

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔μσ

∂𝑥σ
)
1

2

∂𝑔μμ

∂𝑥σ
+

∂𝑀σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ
+𝑀σ 1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
−𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥σ
−

∂2𝑀μ

∂𝑥σ ∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
−

∂

∂𝑥μ
(𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ
)
1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀σ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−

𝑀σ 1

2

∂𝑔σ
σ

∂𝑥σ

1

2

∂𝑔μμ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−

∂2𝑀μ

∂𝑥μ ∂𝑥
σ

1

2

∂𝑔μσ

∂𝑥μ
−

∂

∂𝑥σ
(𝑀σ 1

2

∂𝑔μμ

∂𝑥σ
)
1

2

∂𝑔μσ

∂𝑥μ
−

∂𝑀σ

∂𝑥μ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
−𝑀σ 1

2

∂𝑔μσ

∂𝑥σ

1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔μσ

∂𝑥μ
+

∂𝑀μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
+𝑀σ 1

2

∂𝑔σ
μ

∂𝑥σ

1

2

∂𝑔σ
σ

∂𝑥μ

1

2

∂𝑔μσ

∂𝑥μ
=

∂3𝑀μ

∂𝑥μ ∂𝑥μ ∂𝑥μ
+

∂2

∂𝑥μ ∂𝑥μ
(𝑀ν 1

2

∂𝑔μμ

∂𝑥ν
) +

∂

∂𝑥μ
(
∂𝑀ν

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥ν
) +

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μμ

∂𝑥ν
) −

∂

∂𝑥μ
(
∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
) −

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
) +

∂2𝑀ν

∂𝑥μ ∂𝑥μ

1

2

∂𝑔μμ

∂𝑥ν
+

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔μν

∂𝑥ν
)
1

2

∂𝑔μμ

∂𝑥ν
+

∂𝑀ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μμ

∂𝑥ν
+𝑀ν 1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μμ

∂𝑥ν
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥ν
−

𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ

1

2

∂𝑔μμ

∂𝑥ν
−

∂2𝑀μ

∂𝑥ν ∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
−

∂

∂𝑥μ
(𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν
)
1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀ν

∂𝑥ν

1

2

∂𝑔μμ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−𝑀ν 1

2

∂𝑔ν
ν

∂𝑥ν

1

2

∂𝑔μμ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+

∂𝑀μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−

∂2𝑀μ

∂𝑥μ ∂𝑥
ν

1

2

∂𝑔μν

∂𝑥μ
−

∂

∂𝑥ν
(𝑀ν 1

2

∂𝑔μμ

∂𝑥ν
)
1

2

∂𝑔μν

∂𝑥μ
−

∂𝑀ν

∂𝑥μ

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
−

𝑀ν 1

2

∂𝑔μν

∂𝑥ν

1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔μν

∂𝑥μ
+

∂𝑀μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
+𝑀ν 1

2

∂𝑔ν
μ

∂𝑥ν

1

2

∂𝑔ν
ν

∂𝑥μ

1

2

∂𝑔μν

∂𝑥μ
.        (60) 

I get the conclusion that (59),(60) does satisfy Binary Law from Definision6. I get the conclusion that (59),(60) 

is an equation of the tensor satisfying Binary Law because (59),(60) does satisfy Binary Law. 

4. Voluntary Contraction 

Proposition6. 
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
= 𝑀 is established in tensor satisfying Binary Law. 

Proof. 
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
 is a tensor satisfying Binary Law than Proposition5. Furthermore, 

∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
 is equivalent in 

a component of the tensor satisfying Binary Law of rank 0 than (94). I get 

∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
=

∂3𝑀𝑥μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
= 𝑀

∂3𝑥μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
                       (61) 

from 
∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
 in consideration of (63),(67). I rewrite (61) using Definision3,Definision4 and get 

∂3𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν
= 𝑀

∂3𝑥μ

(−∂𝑥μ)(−∂𝑥μ) ∂𝑥ν
 

= M
∂3𝑥μ

∂𝑥μ ∂𝑥μ ∂𝑥ν
= M

∂3𝑥μ

∂𝑥μ ∂𝑥ν ∂𝑥
ν
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= 𝑀
∂2

∂𝑥ν ∂𝑥
ν = 𝑀

∂𝑥ν

∂𝑥ν
= 𝑀.                           (62) 

Proposition7. 
∂𝑀

∂𝑥ν
= 0,

∂𝑀

∂𝑥μ
= 0 is established in tensor satisfying Binary Law. 

Proof. I get 

𝑀μ = 𝑀𝑥μ,                                 (63) 

𝑀;ν
μ
= 𝑀𝑥;ν

μ
                                 (64) 

from Definision20. I get 

𝑀;ν
μ
= 𝑀;ν𝑥

μ +𝑀𝑥;ν
μ
=

∂𝑀

∂𝑥ν
𝑥μ +𝑀𝑥;ν

μ
                       (65) 

as covariant differentiation of (63) in consideration of Definision19. I get 

∂𝑀

∂𝑥ν
𝑥μ = 0                                  (66) 

from (64),(65). As 𝑥μ is any tensor, I get 

∂𝑀

∂𝑥ν
= 0                                    (67) 

from (66). μ, ν-reverses (67) and gets 

∂𝑀

∂𝑥μ
= 0.                                   (68) 

I get 

∂𝑀

∂𝑥1̇
= 0,

∂𝑀

∂𝑥2̇
= 0,

∂𝑀

∂𝑥1
= 0,

∂𝑀

∂𝑥2
= 0                      (69) 

from (67),(68) if I assume a dimensional number 2. 

Proposition8. 
∂4𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν ∂𝑥ν
= 0 is established in tensor satisfying Binary Law. 

Proof. I get 

∂4𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν ∂𝑥ν
= 0                                 (70) 

from (62),(67). 
∂𝑀

∂𝑥ν
 is covariant components of a vector than Definision19. On the other hand, 

∂𝑀

∂𝑥ν
 is 

unchangeable if all coordinate system satisfies Binary Law. Therefore, I get the conclusion that 
∂𝑀

∂𝑥ν
 is a 

component of the tensor satisfying Binary Law. As 
∂𝑀

∂𝑥ν
 is tensor satisfying Binary Law, I get the conclusion that 

∂4𝑀μ

∂𝑥ν ∂𝑥ν ∂𝑥ν ∂𝑥ν
 is tensor satisfying Binary Law than (62),(67). 

5. Coordinate Transformations Equation in Tensor Satisfying Binary Law and the Voluntary Contraction 

for Them 

Proposition9. When all coordinate systems satisfy Binary Law, 𝑥μν =
∂𝑥μ

∂𝑥ν

∂𝑥ν

∂𝑥μ
𝑥νμ = 𝑥νμ is established for 𝑥μν 

contravariant components of a tensor satisfying Binary law of the second rank. 
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Proof. I mark free index of Definision13 by the same reason which I expressed in Proposition1 and get 

𝑥μ̅ν̅ =
∂𝑥μ̅

∂𝑥σ

∂𝑥ν̅

∂𝑥λ
𝑥σλ.                                 (71) 

If all coordinate systems satisfy Binary Law, I get 

𝑥μ̅ν̅ =
∂𝑥μ̅

∂𝑥ν

∂𝑥ν̅

∂𝑥ν
𝑥νν                                  (72) 

from (71). As I compare 𝑥νν with 𝑥μ̅ν̅ here and become same about the second index each, it is problem. I 

think that I change 𝑥νν to 𝑥νμ in order to avoid this. Therefore I rewrite dummy index ν in μ for (72) and get 

𝑥μν =
∂𝑥μ

∂𝑥ν

∂𝑥ν

∂𝑥μ
𝑥νμ = 𝑥νμ.                              (73) 

I get the conclusion that (73) does satisfy Binary Law from Definision6. I get the conclusion that (73) is an 

equation of the tensor satisfying Binary Law because (73) does satisfy Binary Law. 

I rewrite (73) using Definision2,Definision3 and get 

𝑥μ
μ
= 𝑥ν

ν.                                     (74) 

I get the conclusion that 𝑥μν and 𝑥νμ are equivalent in a component of the tensor satisfying Binary Law of 

rank 0 than (73),(74). 

Proposition10. When all coordinate systems satisfy Binary Law, 𝑥μν =
∂𝑥ν

∂𝑥μ

∂𝑥μ

∂𝑥ν
𝑥νμ = 𝑥νμ is established for 

𝑥μν contravariant components of a tensor satisfying Binary law of the second rank. 

Proof. I mark free index of Definision14 by the same reason which I expressed in Proposition1 and get 

𝑥μ̅ν̅ =
∂𝑥σ

∂𝑥μ̅

∂𝑥λ

∂𝑥ν̅
𝑥σλ.                                 (75) 

If all coordinate systems satisfy Binary Law, I get 

𝑥μ̅ν̅ =
∂𝑥ν

∂𝑥μ̅

∂𝑥ν

∂𝑥ν̅
𝑥νν                                 (76) 

from (75). As I compare 𝑥νν with 𝑥μ̅ν̅ here and become same about the second index each, it is problem. I 

think that I change 𝑥νν to 𝑥νμ in order to avoid this. Therefore I rewrite dummy index ν in μ for (76) and get 

𝑥μν =
∂𝑥ν

∂𝑥μ

∂𝑥μ

∂𝑥ν
𝑥νμ = 𝑥νμ.                              (77) 

I get the conclusion that (77) does satisfy Binary Law from Definision6. I get the conclusion that (77) is an 

equation of the tensor satisfying Binary Law because (77) does satisfy Binary Law. 

I rewrite (77) using Definision2,Definision3 and get 

𝑥μ
μ
= 𝑥ν

ν.                                    (78) 

I get the conclusion that 𝑥μν and 𝑥νμ are equivalent in a component of the tensor satisfying Binary Law of 

rank 0 than (77),(78). 

Proposition11. When all coordinate systems satisfy Binary Law, 𝑥ν
μ
=

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μ
ν  is established for 𝑥ν

μ
 

components of a mixed tensor satisfying Binary law of the second rank. 

Proof. I mark free index of Definision15 by the same reason which I expressed in Proposition1 and get 

𝑥ν̅
μ̅
=

∂𝑥μ̅

∂𝑥σ

∂𝑥λ

∂𝑥ν̅
𝑥λ
σ.                                   (79) 
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If all coordinate systems satisfy Binary Law, I get 

𝑥ν̅
μ̅
=

∂𝑥μ̅

∂𝑥ν

∂𝑥ν

∂𝑥ν̅
𝑥ν
ν                                   (80) 

from (79). As I compare 𝑥ν
ν with 𝑥ν̅

μ̅
 here and become same about the second index each, it is problem. I think 

that I change 𝑥ν
ν to 𝑥μ

ν in order to avoid this. Therefore I rewrite dummy index ν in μ for (80) and get 

𝑥ν
μ
=

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μ
ν.                                  (81) 

I get the conclusion that (81) does satisfy Binary Law from Definision6. I get the conclusion that (81) is an 

equation of the tensor satisfying Binary Law because (81) does satisfy Binary Law. 

Proposition12. When all coordinate systems satisfy Binary Law, 𝑥μνν =
∂𝑥ν

∂𝑥μ

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥νμμ =

∂𝑥μ

∂𝑥ν
𝑥νμμ is 

established for 𝑥μνν covariant components of a tensor satisfying Binary law of the third rank. 

Proof. I mark free index of Definision16 by the same reason which I expressed in Proposition1 and get 

𝑥μ̅ν̅σ̅ =
∂𝑥λ

∂𝑥μ̅

∂𝑥ι

∂𝑥ν̅

∂𝑥ϵ

∂𝑥σ̅
𝑥λιϵ.                               (82) 

If all coordinate systems satisfy Binary Law, I get 

𝑥μ̅ν̅ν̅ =
∂𝑥ν

∂𝑥μ̅

∂𝑥ν

∂𝑥ν̅

∂𝑥ν

∂𝑥ν̅
𝑥ννν                               (83) 

from (82). As I compare 𝑥ννν with 𝑥μ̅ν̅ν̅ here and become same about the second, the third index each, it is 

problem. I think that I change 𝑥ννν to 𝑥νμμ in order to avoid this. Therefore I rewrite dummy index ν in μ 

for (83) and get 

𝑥μνν =
∂𝑥ν

∂𝑥μ

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥νμμ =

∂𝑥μ

∂𝑥ν
𝑥νμμ.                        (84) 

I get the conclusion that (84) does satisfy Binary Law from Definision6. I get the conclusion that (84) is an 

equation of the tensor satisfying Binary Law because (84) does satisfy Binary Law.  

I rewrite (84) using Definision2,Definision3 and get 

𝑥μν
μ
=

∂𝑥ν

∂𝑥μ
𝑥νμ
ν .                                 (85) 

I get the conclusion that 𝑥μνν and 𝑥νμμ are equivalent in a component of the tensor satisfying Binary Law of 

rank 1 than (84),(85). 

Proposition13. When all coordinate systems satisfy Binary Law, 𝑥νν
μ
=

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μμ
ν  is established for 𝑥νν

μ
 

components of a mixed tensor satisfying Binary law of the third rank. 

Proof. I mark free index of Definision17 by the same reason which I expressed in Proposition1 and get 

𝑥ν̅σ̅
μ̅
=

∂𝑥μ̅

∂𝑥λ

∂𝑥ι

∂𝑥ν̅

∂𝑥ϵ

∂𝑥σ̅
𝑥ιϵ
λ .                                 (86) 

If all coordinate systems satisfy Binary Law, I get 

𝑥ν̅ν̅
μ̅
=

∂𝑥μ̅

∂𝑥ν

∂𝑥ν

∂𝑥ν̅

∂𝑥ν

∂𝑥ν̅
𝑥νν
ν                                 (87) 

from (86). As I compare 𝑥νν
ν  with 𝑥ν̅ν̅

μ̅
 here and become same about the second, the third index each, it is 

problem. I think that I change 𝑥νν
ν  to 𝑥μμ

ν  in order to avoid this. Therefore I rewrite dummy index ν in μ for 

(87) and get 
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𝑥νν
μ
=

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μμ
ν .                               (88) 

I get the conclusion that (88) does satisfy Binary Law from Definision6. 

I rewrite (88) using Definision4,Definision5 and get 

𝑥μμ
μ
=

∂𝑥μ

∂𝑥ν

∂(−𝑥ν)

∂(−𝑥μ)

∂(−𝑥ν)

∂(−𝑥μ)
𝑥νν
ν                                 

=
∂𝑥μ

∂𝑥ν

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ
𝑥νν
ν =

∂𝑥ν

∂𝑥μ
𝑥νν
ν .                        (89) 

I get the conclusion that 𝑥νν
μ

 and 𝑥μμ
ν  are equivalent in a component of the tensor satisfying Binary Law of 

rank 1 than (88),(89). 

Proposition14. When all coordinate systems satisfy Binary Law, 𝑥ννν
μ

=
∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μμμ
ν  is established for 

𝑥ννν
μ

 components of a mixed tensor satisfying Binary law of the fourth rank. 

Proof. I mark free index of Definision18 by the same reason which I expressed in Proposition1 and get 

𝑥
ν̅σ̅λ̅

μ̅
=

∂𝑥μ̅

∂𝑥ι

∂𝑥ϵ

∂𝑥ν̅

∂𝑥α

∂𝑥σ̅

∂𝑥β

∂𝑥λ̅
𝑥ϵαβ
ι .                             (90) 

If all coordinate systems satisfy Binary Law, I get 

𝑥ν̅ν̅ν̅
μ̅

=
∂𝑥μ̅

∂𝑥ν

∂𝑥ν

∂𝑥ν̅

∂𝑥ν

∂𝑥ν̅

∂𝑥ν

∂𝑥ν̅
𝑥ννν
ν                               (91) 

from (90). As I compare 𝑥ννν
ν  with 𝑥ν̅ν̅ν̅

μ̅
 here and become same about the second, the third, the fourth index 

each, it is problem. I think that I change 𝑥ννν
ν  to 𝑥μμμ

ν  in order to avoid this. Therefore I rewrite dummy index 

ν in μ for (91) and get 

𝑥ννν
μ

=
∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥ν
𝑥μμμ
ν .                              (92) 

I get the conclusion that (92) does satisfy Binary Law from Definision6. I get the conclusion that (92) is an 

equation of the tensor satisfying Binary Law because (92) does satisfy Binary Law. 

I rewrite (92) using Definision4,Definision5 and get 

𝑥μμν
μ

=
∂𝑥μ

∂𝑥ν

∂(−𝑥ν)

∂(−𝑥μ)

∂(−𝑥ν)

∂(−𝑥μ)

∂𝑥μ

∂𝑥ν
𝑥ννμ
ν                              

=
∂𝑥μ

∂𝑥ν

∂𝑥ν

∂𝑥μ

∂𝑥ν

∂𝑥μ

∂𝑥μ

∂𝑥ν
𝑥ννμ
ν = 𝑥ννμ

ν .                        (93) 

I rewrite (93) using Definision2,Definision3 and get 

𝑥μν
μν
= 𝑥νμ

νμ
.                                  (94) 

I get the conclusion that 𝑥ννν
μ

 and 𝑥μμμ
ν  are equivalent in a component of the tensor satisfying Binary Law of 

rank 0 than (92),(93),(94). 

6. Discussion 

About Voluntary Contraction  

The index which can appear in consideration of Definision6 becomes only two kinds of μ, ν in the tensor 

satisfying Binary Law. When I consider the contraction as μ = ν in tensor satisfying Binary Law 𝑀νν
μ

. As 

Binary Law is not established for μ = ν, the contraction in the tensor satisfying Binary Law is not established. 

However, I rewrite 𝑀νν
μ

 in the tensor satisfying Binary Law by Definision4 and get 𝑀νν
μ
= 𝑀μμ

μ
= 𝑀μ. Thus, I 

do it without establishment of μ = ν and can carry out a contraction of 𝑀νν
μ

. Furthermore, I rewrite 𝑀μν in the 

tensor satisfying Binary Law by Definision2 and can get 𝑀μν = 𝑀μ
μ
= 𝑀. Thus, I do it without establishment of 
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μ = ν and can carry out a contraction of 𝑀μν. The contraction which I introduced here is different from the 

contraction in Definision21. Therefore, I call it a "Voluntary Contraction" to distinguish it from a contraction in 

Definision21. In the voluntary contraction, the contraction for the tensor of the type except the mixed tensor is 

possible by 𝑀μν = 𝑀μ
μ
= 𝑀 mentioned above. 

7. Conclusions 

I consider the contraction as μ = ν for 𝐴ν
μ
 which is tensor of rank 2. I illustrate flow of the contraction 

operation and get 

𝐴ν
μ
→ 𝐴ν

μ
: (μ = ν) = 𝐴μ

μ
.                             (95) 

As 𝐴ν
μ
 is unchangeable even if I consider Binary Law in 𝐴ν

μ
, 𝐴ν

μ
 is tensor satisfying Binary Law. When 𝐴ν

μ
 is 

tensor satisfying Binary Law, 𝐴ν
μ
: (μ = ν) cannot be established in (95). If μ = ν is established, Binary Law 

cannot be established. In other words, the technique of the contraction by the establishment of μ = ν in the 

tensor analysis is impracticable in the tensor satisfying Binary Law. I consider the contraction as 𝑥ν = 𝑥μ for 

𝐴μν which is tensor satisfying Binary Law of rank 2. I illustrate flow of the contraction operation and get 

𝐴μν = 𝐴μν: (𝑥ν = 𝑥μ) = 𝐴μ
μ
.                          (96) 

The number of free index is reduced to 0 from 2 together in (95) and (96). I regard the operation in (96) as a 

contraction like (95). As μ = ν is not mathematics law and is information, it is expressed like 𝐴ν
μ
→ 𝐴μ

μ
 in (95). 

As 𝑥ν = 𝑥μ is mathematics law, it is expressed like 𝐴μν = 𝐴μ
μ
 in (96). I show a contraction for other tensor 

satisfying Binary Law in 

𝐴ν
μ
= 𝐴ν

μ
: (𝑥ν = 𝑥μ) = 𝐴μμ,                           (97) 

𝐴ν
μ
= 𝐴ν

μ
: (𝑥ν = −𝑥μ) = −𝐴μ

μ
,                         (98) 

𝐴νν
μ
= 𝐴νν

μ
: (𝑥ν = −𝑥μ) = 𝐴μμ

μ
,                        (99) 

𝐴ννν
μ

= 𝐴ννν
μ

: (𝑥ν = −𝑥μ) = 𝐴μμν
μ

: (𝑥μ = 𝑥ν) = 𝐴μν
μν
.              (100) 

The contraction of 𝐴ν
μ
 is not possible in the tensor satisfying Binary Law from (97),(98). The number of free 

index is reduced to 1 from 3 in (99). The number of free index is reduced to 0 from 4 by two times of 

contractions in (100). 
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