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Abstract 

The rigorous Regge pole method has been used to investigate negative-ion formation in the large actinide atoms 

Cf, Fm and Md through the elastic total cross sections (TCSs) calculation in the electron impact energy range 0.0 

≤ E ≤ 10.0eV. Ground, metastable and excited negative-ion formation as well as shape resonances (SRs) and 

Ramsauer-Townsend (R-T) minima are found to characterize generally the TCSs which also exhibit fullerene 

molecular behavior near threshold through the TCSs of the highest excited states, while maintaining atomic 

character through the ground state TCSs. Additionally, a polarization-induced metastable TCS with a 

pronounced SR appears for the first time very close to threshold in the Cf TCSs, having flipped over from a deep 

R-T minimum near threshold in the Bk TCSs. This behavior manifests the impact of the size effect and the 

6d-orbital collapse as well as demonstrates the sensitivity of the R-T minima and the SRs to the electronic 

structure of these atoms, thereby permitting their first ever use as novel confirmation of Cf as a transitional 

element in the actinide series. Rigorous and unambiguous ground, metastable and excited anionic states BEs 

extracted from the TCSs are compared with the existing electron affinities 

PACs.: 34.80.Bm 

Keywords: generalized bound states, electron correlations, anionic binding energies, Regge poles, actinide atoms, 
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1. Introduction 

The radioactive actinide atoms, including the At atom are challenging to handle experimentally; therefore 

making the production of reliable theoretical data essential. These atoms, vital in nuclear power plants, energy 

production and medicine to name a few are important in defense operations and nuclear weapons. In particular, 

Pu is used in nuclear reactors and in nuclear bombs as well. Until very recently, there were no measured electron 

affinities (EAs) of the actinide atoms. A great achievement was the recent first time ever measurement of the EA 

of the highly radioactive At atom (Leimbach et al., 2020) as well as of the actinide atoms Th (Tang, et al., 2019) 

and U (Tang, Lu, Liu & Ning, 2021; Ciborowski et al., 2021). For the At atom the MCDHF-calculated value (Si 

& Froese Fischer, 2018) agrees excellently with the measured EA (Leimbach et al., 2020). Leimbach et al., 2020 

employed Coupled-Cluster method. Furthermore, in (Si & Froese Fischer, 2018) the EAs from various 

sophisticated theoretical methods, including of (Li et al., 2012) were contrasted. For the atoms At (Leimbach et 

al., 2020), Au (Hotop & Lineberger, 2003; Andersen, Haugen, & Hotop, 1999; Zheng et al., 2007) and Pt(Hotop 

& Lineberger, 2003; Gibson, Davies, & Larson, 1993; Bilodeau, et al., 1999) as well as the fullerene molecules 

C20 through C92(Msezane & Felfli, 2018a; Felfli & Msezane, 2018a) the measured EAs generally matched 

excellently the Regge pole-calculated BEs of the ground states of the formed negative ions during the collisions. 

This gives great credence to our interpretation of the EAs of these heavy multi-electron systems, viz. as 

corresponding to the ground states BEs of the formed negative ions during the collisions. Indeed, the Regge pole 

method requires no assistance whatsoever from either experiment or other theory to achieve the remarkable feat. 

The Regge pole-calculated low-energy electron elastic scattering total cross sections (TCSs) and the attendant 

negative-ion binding energies (BEs) of the formed negative ions during the electron collisions with the Cf, Fm 

and Md atoms are presented in this paper to complete the data for the actinide atoms published in (Felfli & 
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Msezane, 2019; Msezane & Felfli, 2021). These TCSs are important for the determination and elucidation of the 

anionic BEs of the formed anions during the electron collision with multi-electron atoms (Felfli & Msezane, 

2019; Msezane & Felfli, 2021; Felfli & Msezane, 2020; Felfli & Msezane, 2018b) and fullerene molecules 

(Msezane & Felfli, 2018a; Felfli & Msezane, 2018a). The energy positions of the dramatically sharp resonances 

in the TCSs correspond to the anion BEs of the formed negative ions during the electron collision with the 

ground, metastable and excited states atoms, see for example Table 1 of (Msezane & Felfli, 2021). These 

negative-ion BEs yield the challenging to calculate, using conventional theoretical methods, EAs of 

multi-electron atoms such as the actinide and lanthanide atoms (Msezane & Felfli, 2021; Felfli & Msezane, 2020; 

Felfli & Msezane, 2018b) and fullerene molecules (Msezane & Felfli, 2018a; Felfli & Msezane, 2018a). 

In the recent measurement of the EAs of the actinide atoms Th (Tang, et al., 2019) and U (Tang, Lu, Liu & Ning, 

2021; Ciborowski, et al., 2021) the experimentalists claimed that their EAs corresponded to the BEs of the 

weakly bound electron to the neutral atoms. Importantly, the measured EAs of Th and U are close to the Regge 

pole-calculated BEs of their excited anionic states and not to their ground states (Msezane & Felfli, 2021). 

Clearly, there are two prevailing viewpoints regarding the interpretation of the measured EA: 1) The first 

considers the EA to correspond to the electron BE in the ground state of the formed anion during the collision; 

and 2) The second view identifies the measured EA with the BE of the attached electron in an excited state of the 

formed anion. These two viewpoints need to be reconciled to avoid the ambiguous and confusing meaning of the 

EAs of complex multi-electron atoms now populating the literature, see for example ( Felfli & Msezane, 2020; 

Felfli & Msezane, 2018b). 

Multi-electron systems such as the lanthanide and actinide atoms consist of large numbers of electrons and have 

open d- and f-subshell electrons. The resultant large intricate and diverse electron configurations present 

formidable computational complexities when conventional theoretical methods are used to calculate the EAs of 

multi-electron systems. Indeed, many existing experimental and sophisticated theoretical EAs of the actinides 

and lanthanides are difficult to interpret (Msezane & Felfli, 2021; Felfli & Msezane, 2020; Felfli & Msezane, 

2018b; Msezane & Felfli, 2018b). Thus a rigorous theoretical method such as the Regge pole method is 

appropriate for calculating unambiguous and reliable EAs. In the Regge pole method the EAs of multi-electron 

systems correspond to electron BEs in the ground, metastable or excited state of the formed negative ions during 

the collision process. Regardless of the interpretation adopted for the EA, our data will be applicable for use in 

guiding measurements. 

Most existing theoretical methods used for calculating the anionic BEs of complex multi-electron systems (atoms 

and fullerene molecules) are structure-based. Therefore, the results obtained through these methods such as the 

EAs of multi-electron systems are often riddled with uncertainties and lack definitiveness. The general weakness 

of these methods lies in that they employ large configuration-interaction expansions demanded by the diffuseness 

of the wave functions for negative ions. The theoretical methods developed in atomic and molecular physics, 

were designed with the primordial task of reproducing experimental results with high accuracies. Indeed, this 

effort resulted in the development of very sophisticated and powerful methods for the most part, that provided 

agreement with experiment, but did very little in unravelling the intricate details of the important underlying 

physics and providing physical insights into the essential physical effects important to a particular process; e.g. 

electron affinity calculation of heavy multi-electron atoms and fullerene molecules. Naturally, these theoretical 

methods lack the predictive power to guide measurements.   

The conventional quantum mechanical approach to scattering problems expresses the desired solution as a 

partial-wave series where the summation is over the orbital (or total) angular momentum quantum number. The 

partial-wave series is notoriously slowly convergent, particularly when the wavelength of the incoming particle 

is much smaller than the range of the scattering potential. The partial-wave expansion may contain hundreds, if 

not thousands, of terms. However, if the angular momentum is allowed to become complex-valued, this slow 

convergence can be overcome, viz. by replacing the slowly convergent partial-wave series with a more rapidly 

converging series. This leads us to the idea of Regge poles.  Simply put, Regge poles are generalized 

bound-states, i.e. solutions of the Schrödinger equation where the energy E is real, positive and the angular 

momentum λ is complex. The complex angular momentum (CAM) methods have the advantage in that the 

calculations are based on a rigorous definition of resonances, viz. as singularities of the S-matrix, see also 

(Sokolovski, et al., 2007a; Connor, 1990). 

It has now been established firmly that the low-energy electron elastic scattering TCSs for complex 

multi-electron systems calculated using the rigorous Regge pole method are characterized generally by ground, 

metastable and excited states negative-ion formation, Ramsauer-Townsend (R-T) minima and shape resonances 

(SRs), see for example (Msezane & Felfli, 2018a; Felfli & Msezane, 2019; Msezane & Felfli, 2021; Felfli & 
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Msezane, 2020; Felfli & Msezane, 2018b). The extracted anionic BEs from the TCSs yield the unambiguous and 

definitive EAs. And the EAs provide a stringent test of theoretical methods when the calculated EAs are compared 

with those from reliable measurements.  

The paper is organized as follows: Sections 2 and 3 present the brief Method of Calculation and the Results, 

respectively. Section 4 deals with the Summary and Conclusion. 

2. Method of Calculation 

Briefly, the calculation of the electron elastic TCSs yielding the anionic BEs uses the rigorous Regge pole method. 

Regge poles, singularities of the S-matrix, rigorously define resonances (Frautschi, 1963; D’ Alfaro  & Regge, 

1965). In the physical sheets of the complex plane the Regge poles correspond to bound states (Omnes & Froissart, 

1963). Confirmed in (Hiscox, Brown, & Marletta, 2004), Regge poles formed during low-energy electron elastic 

scattering become stable bound states. In the Regge pole, also known as the CAM method the important and 

revealing energy-dependent Regge trajectories are also calculated. Their effective use in low-energy electron 

scattering has been demonstrated in for example (Felfli, Msezane, & Sokolovski, 2009; Thylwe, 2012).  

2.1 Elastic Scattering Total Cross Section 

The near-threshold electron–atom/fullerene scattering TCS resulting in negative ion formation as resonances is 

calculated using the Mulholland formula (Mulholland, 1928). In the form below, the TCS fully embeds the 

essential electron-electron correlation effects (Macek, Krstic, & Ovchinnikov, 2004; Sokolovski, et al., 2007b) 

(atomic units are used throughout): 

                                                    ( ) 

In Eq. (1) S(λ) is the S-matrix, , m being the mass and E the impact energy, n  is the residue of 

the S-matrix at the n
th

 pole, n and I(E) contains the contributions from the integrals along the imaginary -axis 

( is the complex angular momentum); its contribution has been demonstrated to be negligible (Felfli, Msezane, 

& Sokolovski, 2009). The importance of Im n(E) is carefully explained in (Msezane & Felfli, 2018b). Inter alia, 

it determines the extent of the resonance contribution to the TCS, arising from the “creeping wave” (Sokolovski, et 

al., 2007a) which, after encircling the core many times, may return to decay in the forward direction. Indeed, if 

the wave returns to the forward direction several times to accumulate the phase, and Im n(E) << 1, the 

resonance in (1) will contribute to the TCS. However, Im n(E) could not be too small since if Im n(E) → 0 the 

resonance becomes a bound state (the angular life, 1/(Im λ(E)) → ∞ (Sokolovski, et al., 2007a; Conner, 1990) 

implying that the system can never decay) which is inaccessible to the incident electron since then E must be 

negative. Consequently, in this limit the residue n would vanish as well. 

2.2 The Potential 

Here we consider the incident electron to interact with the complex heavy multi-electron system (atoms and 

fullerene molecules) without consideration of the complicated details of the electronic structure of the system 

itself as was done in (Dolmatov, Amusia, & Chernysheva, 2017). Therefore, within the Thomas-Fermi theory, 

Felfli et al. 2004 generated the robust Avdonina-Belov-Felfli (ABF) potential which embeds the vital 

core-polarization interaction 

                         (2) 

In Eq. (2) Z is the nuclear charge, α and β are variation parameters. For small r, the potential describes Coulomb 

attraction between an electron and a nucleus, U(r) ~ −Z/r, while at large distances it has the appropriate 

asymptotic behavior, viz. ~ −1/(αβr
4
) and accounts properly for the polarization interaction at low energies. For 

an electron, the source of the bound states giving rise to Regge trajectories is the attractive Coulomb well it 
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experiences near the nucleus. The addition of the centrifugal term to the well 'squeezes' these states into the 

continuum (Sokolovski, et al., 2007a).  

The strength of this extensively studied potential (Belov, et al., 2010; Belov, et al., 2004; Thylwe & McCabe, 

2014) lies in that it has five turning points and four poles connected by four cuts in the complex plane. The 

presence of the powers of Z as coefficients of r and r
2
 in Eq. (2) ensures that spherical and non-spherical atoms 

and fullerenes are correctly treated. Also appropriately treated are small and large systems. The effective 

potential  is considered here as a continuous function of the variables r and 

complex λ. The details of the numerical evaluation of the TCSs have been described in (Sokolovski, et al., 2007b) 

see also (Felfli, Msezane, & Sokolovski, 2009). We calculate the S-matrix, S(λ, k) poles positions and residues of 

the Schrödinger equation following a method similar to that of Burke and Tate (Burke & Tate, 1969).  In the 

method the two linearly independent solutions of the Schrödinger equation are evaluated as Bessel functions of 

complex order and the S-matrix, which is defined by the asymptotic boundary condition of the solution of the 

Schrödinger equation, is thus evaluated. Further details of the calculation may be found in (Burke & Tate, 1969). 

We emphasize here that the investigation of the Regge trajectories, Im n(E) versus Re n(E) allows us to readily 

identify the electron impact energy range where Relativity is unimportant in the calculation of the TCSs, i.e. at 

small electron impact energies. Also, the use of the Im n(E) allows us to differentiate among the important ground, 

metastable and excited negative-ion formation as well as the shape resonances, see also (Felfli, Msezane, & 

Sokolovski, 2009). The very small value of Im n(E) indicates the ground state negative-ion formation. 

3. Results 

Previously, we investigated low-energy electron elastic TCSs using the rigorous Regge pole method and extracted 

the anionic BEs of the actinide atoms Th through Pa (Felfli & Msezane, 2019) and Am through Lr (Msezane & 

Felfli, 2021). And the anionic BEs were compared with the available calculated (O’Malley & Beck, 2009; Guo & 

Whitehead, 1989; Eliav, Kaldor, & Ishikawa, 1995; Borschevsky, et al., 2007) and the measured (Tang, et al., 

2019; Tang, Lu, Liu & Ning, 2021; Ciborowski, et al., 2021) EAs. However, the TCSs for the large actinide 

atoms Cf, Fm and Md were never calculated. The importance of the present data when taken together with those of 

(Felfli & Msezane, 2019; Msezane & Felfli, 2021) is in the demonstration that the near threshold R-T minimum in 

the Bk TCSs flips over for the first time to a SR in the Cf TCSs rather than in the Es TCSs as was conveyed in 

(Msezane & Felfli, 2021). Generally, the TCSs for these atoms, presented for the first time in Figures 1, 2 and 3, 

resemble those of the large actinide atoms already presented in (Msezane & Felfli, 2021). At a glance they appear 

a little complicated to analyze and understand.  However, since each Figure consists of the ground, metastable and 

excited states TCSs they can be readily analyzed individually and understood.  

3.1 Ground State Total Cross Sections 

We first focus on the TCSs of Figure 1, in particular the ground state TCS (red curve). From threshold this TCS 

decreases monotonically, with the increase of the electron energy, E. The TCS reaches the first R-T minimum at 

about 1.12eV. As E increases the electron becomes trapped by the centrifugal potential as manifested by the 

appearance of the SR at about 1.81eV. A further increase in energy, causes the electron to leak out of the barrier, 

reaching the absolute R-T minimum at 3.34eV, where the electron becomes attached to the atom forming a 

long-lived negative ion with the BE value of 3.32eV. For ground state collisions the Im n(E) is very small, see 

(Felfli, Msezane, & Sokolovski, 2009); its inverse determines the angular life of the formed negative ion Cf
−
. It is 

noted here that the Im n(E) cannot be too small because a true bound state would require that E be less than zero 

(Sokolovski, et al., 2007a). 

3.2 Metastable States Total Cross Sections 

The TCSs of Figure 1 have two metastable TCSs, represented by the blue and the orange curves. The blue curve, 

contrary to the behavior of the ground state TCS curve, increases from threshold with increasing E. Then the 

electron becomes trapped by the centrifugal barrier at about 0.042eV, representing the position of the SR. With 

further increase of the E an R-T minimum is reached at about 0.576eV, representing the first maximum 

polarization before the electron becomes trapped by the centrifugal potential at 0.80eV. As the energy increases, 

the electron leaks out of the potential barrier, and the atom reaches maximum polarization at about 1.71eV where 

the electron becomes bound to the atom forming a negative ion with the BE value of 1.70eV. 

2( ) ( ) ( 1) / 2V r U r r   
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The second metastable state TCS is represented by the orange curve. At the electron energy of 0.01 eV, this TCS is 

increasing with the increasing impact energy, reaching a maximum value of about 1.03 x 10
4
 a.u. at 0.022 eV 

where the electron is trapped by the centrifugal potential, manifested through the SR. With the further increase of E 

the TCS decreases precipitously by several orders-of-magnitude before reaching maximum polarization at the first 

R-T minimum at 0.281eV. As the E increases, the electron becomes trapped by the centrifugal barrier at 0.381eV, 

shown by the SR. With slight increase of the electron energy, the TCS drops significantly, reaching the second R-T 

minimum at 0.956eV. It is noted that this second metastable TCS, characterized by the SR very near threshold 

previously appeared with a deep R-T minimum in the TCSs of the smaller actinide atom Pu (Felfli & Msezane, 

2019). It first flipped over from an R-T minimum near the threshold to a SR in the TCSs of the Es atom (Msezane 

& Felfli, 2021). This flip was attributed to the increase in the size of the actinide atom and the second 6d-orbital 

collapse in transitioning from Cm[Rn]7s
2
5f

7
6d to Bk[Rn]7s

2
5f

9
, impacting significantly the polarization 

interaction. This provides a new mechanism of tuning R-T minima and SRs through the polarization interaction. 

3.3 Excited States Total Cross Sections 

There are two excited states TCSs in Figure 1; they are represented by the brown and the green curves. They are 

viewed appropriately as the lowest and the highest excited states TCSs, respectively. 

The lowest excited state TCS (brown curve) decreases rapidly from threshold with the increase of the electron 

energy from 0.01eV. It reaches the deep R-T minimum at about 0.083eV, manifesting maximum polarization of 

the Cf atom at this energy. Beyond this R-T minimum, the TCS increases significantly, reaching its first maximum 

at 0.241eV, represented by the SR before decreasing. Soon after leaking out of the potential barrier, the electron 

reaches the second R-T minimum where it becomes attached to the atom forming a stable negative ion with the BE 

value of 0.577eV.  

The highest excited state TCS (green curve) behaves similarly to the lowest excited state TCS as the electron 

energy increases from near threshold to about 0.8eV. However, the positions of the R-T minima, the SR and the 

dramatically sharp resonance at 0.272eV all have been pulled closer to the threshold relative to the second excited 

state values, manifesting that this excited state TCS corresponds to a weakly interacting electron with the Cf atom. 

The TCS goes through the first R-T minimum at 0.049eV before reaching the SR at 0.142eV. It then decreases 

rapidly, reaching the second R-T minimum at about 0.272eV where the electron becomes attached to the atom, 

forming the stable negative ion with the BE value of 0.272eV. Indeed, the ratio R of the TCS at the second R-T 

minimum to that at the first R-T minimum is less than unity (0.88), manifesting fullerene molecular behavior 

(Msezane & Felfli, 2018a). 

Before we continue with the discussion of Figures 2 and 3, the following remarks are appropriate here 

concerning the TCSs of atomic Cf. They are also applicable to the results of Figs. 2 and 3. 1) The appearance of 

the characteristic R-T minima in the TCSs of Figure 1 manifests that the crucial polarization interaction has been 

accounted for adequately in our calculation, consistent with the conclusion by (Johnson & Guet, 1994). These 

R-T minima were also observed in the low-energy electron elastic scattering cross sections of the heavy 

alkali-metal atoms Rb, Cs and Fr calculated using the Dirac R-matrix (Bahrim & Thumm, 2000). They are 

important in understanding sympathetic cooling and the production of cold molecules from natural fermions 

(Aubin, et al., 2006). 2) The dominant polarization-induced metastable TCS is characterized by a pronounced SR 

very close to threshold. This TCS exhibiting a deep R-T minimum near threshold first appeared in the TCSs of 

the smaller actinide atom Pu (Felfli & Msezane, 2019); the R-T minimum has flipped over to a SR in the Cf 

TCSs. We attribute these novel manifestations to size effects and 6d-orbital collapse impacting significantly the 

polarization interaction. This provides a new mechanism of tuning SRs and R-T minima through the polarization 

interaction.  

Notably, close to the excited and metastable states anionic BEs, represented by the dramatically sharp resonances 

are SRs. Therefore, the delineation and identification of the dramatically sharp resonances are very important, 

particularly for those experimenters defining the EA as corresponding to the anionic BE of the least bound electron 

to the neutral atom (Tang, et al., 2019; Tang, Lu, Liu & Ning, 2021; Ciborowski, et al., 2021). However, if the EA 

is identified with the BE of the anionic ground state of the formed negative ion as in the cases of the Au, Pt and At 

atoms, there will be no ambiguity. The data for the Cf atom are summarized in Table 1 where they are compared 

with those for the Fm and Md atoms. Their anionic BEs are compared with the available EAs; there are no 

measured EAs of the investigated atoms to our knowledge. 
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Figure 1. Total cross sections (a.u) for electron–Cf scattering. Red, blue and orange curves represent, ground and 

metastable TCSs, respectively. Brown and green curves are two excited states TCSs. The polarization-induced 

TCS due to size effect is the orange curve. 

 

The TCSs in Figures 2 and 3 are for the Fm and Md atoms, respectively. They can be analyzed similarly to those 

for the Cf atom. Since we are interested in the dramatically sharp resonances, representing the formed negative 

ions during the collisions with the anionic BEs; these are indicated in the Figures for the ground, metastable and 

excited states TCSs. These BEs are summarized in Table 1 as well. Although the TCSs of the three atoms Cf, Fm 

and Md resemble each other, there are notable differences. For example, their ground states anionic BEs are 

3.32eV, 3.47eV and 3.77eV, respectively, while their highest excited states BEs are 0.272eV, 0.268eV and 

0.259eV, respectively. Note the reversed magnitudes of the excited states compared to those of the ground states. 

As pointed out, whether the EA is defined to correspond to the BE of electron attachment in the ground or excited 

state of the formed anion, our results are equally applicable. 
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Figure 2. Total cross sections (a.u) for electron–Fm scattering. Red, blue and orange curves represent, ground 

and metastable TCSs, respectively. Brown and green curves are two excited states TCSs. The 

polarization-induced TCS due to size effect is the orange curve. 

 

In Table 1 is presented the Regge pole-calculated anionic BEs of the ground (GRS), metastable (MS-1; MS-2) 

and excited (EX-1; EX-2) states of the investigated atoms as well as the ground state (GRS) R-T minima and the 

ratio R. The anionic BEs of the formed negative ions in the ground, metastable and excited states are compared 

with the BEs and the EAs of (O’Malley & Beck, 2009; Guo & Whitehead, 1989) calculated using the 

Relativistic configuration-interaction (RCI) method and the local spin-density-functional theory, respectively. 

The values of (O’Malley & Beck, 2009) are available for only the Cf atom and are significantly smaller than our 

BEs. The EAs of (Guo & Whitehead, 1989) are riddled with uncertainties and consist of positive and negative 

EA values. These demonstrate the difficulties experienced by sophisticated theoretical methods in producing 

unambiguous and reliable BEs/EAs of the Cf, Fm and Md actinide atoms and point out to the need for reliable 

theoretical BEs/EAs values to guide measurements. 

The EAs of Fm and Md of (Guo & Whitehead, 1989) in Table 1 are of interest when contrasted with our anionic 

BEs. For Fm the top value (0.597eV) is close to our BE of the second excited state (0.623eV) while the bottom 

EA (0.354eV) is close to our BE of the highest excited state (0.268eV). However, for Md the EA value (1.224eV) 

compares with our BE of the second metastable state (0.996eV) while the bottom value (0.978eV) is close to our 

BE of the second excited state (0.700eV). Importantly, we can conclude that for the Fm atom the EAs of (Guo & 

Whitehead, 1989) correspond to our BEs of excited states. However, for Md the first EA value of (Guo & 

Whitehead, 1989) corresponds to our metastable BE, while the second EA value is identifiable with our BE of an 

excited state. Indeed, the electronic structures of these actinides are very complicated to even expect agreement 

of any kind. And, Table 1 demonstrates the need for experimental EAs as well as reliable and unambiguous 

theoretical EAs; the available EAs are riddled with uncertainties. 

Finally, we see from the R ratio, less than unity, that the TCSs of the highest excited states of the Cf, Fm and Md 

atoms exhibit fullerene molecular behavior (Msezane & Felfli, 2018a) while the atomic character is maintained 

through the ground states TCSs. 
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Figure 3. Total cross sections (a.u) for electron–Md scattering. Red, blue and orange curves represent, ground 

and metastable TCSs, respectively. Brown and green curves are two excited states TCSs. The 

polarization-induced TCS due to size effect is the orange curve. 

 

Table 1. Negative ion binding energies (BEs), in eV extracted from the TCSs for the actinide atoms Cf, Fm, and 

Md. GRS, MS-n and EX-n (n=1, 2) represent respectively ground, metastable and excited anionic states. The 

experimental EAs, EXPT and the theoretical EAs (O’Malley & Beck, 2009) and (Guo & Whitehead, 1989) are 

also presented; N/A denotes not available. R-T Min is the energy position of the ground state R-T minimum in 

eV. The ratio R is described in the text. 

Z    Atom  BEs  

GRS 

EAs 

EXPT 

BEs  

MS-1 

BEs  

MS-2 

BEs  

EX-2 

BEs  

EX-1 

 BEs/EAs 

 Theory 

R-T Min 

GRS 

 R 

 98     Cf 

 

3.32 N/A 1.70 0.955  0.577 0.272 0.018[1] 

0.010[1] 

-0.777[2] 

-1.013[2] 

3.34  0.88 

100     Fm 

 

3.47 N/A 1.79 1.02  0.623 0.268  0.597[2] 

 0.354[2] 

3.49  0.89 

101     Md 3.77 N/A 1.81 0.996 0.700 0.259  1.224[2] 

 0.978[2] 

3.78  0.90 

Sources: [1]. O’Malley and Beck, 2009; [2]. Guo and Whitehead, 1989 

 

4. Summary and Conclusion 

The low-energy electron elastic TCSs for the large actinide atoms Cf, Fm and Md calculated using the rigorous 

Regge pole method together with those of (Felfli & Msezane, 2019; Msezane & Felfli, 2021) now constitute the 
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essential data for the actinide atoms. The extracted from the TCSs anion BEs have been compared with the existing 

theoretical EAs. Unfortunately, the theoretical EAs/BEs are riddled with uncertainties or are incomplete and the 

experimental EAs are unavailable. In particular, our BEs of the ground, metastable and excited anionic states of the 

formed negative ions during the collisions should be useful in the production of unambiguous and reliable BEs of 

the actinide negative ions. 

We have discovered new manifestations in the low-energy electron scattering TCSs of the Cf, Fm and Md atoms; 

namely, fullerene molecular behavior near threshold. Also, a polarization-induced metastable cross section with a 

dominant SR appearing very close to threshold has been found in the Cf TCSs. We have attributed these peculiar 

tunable behaviors in the TCSs to size effects and orbital collapse impacting significantly the polarization 

interaction. The flip over of the near threshold R-T minimum from the Bk TCSs to a SR in the Cf TCSs provides a 

sensitive probe of the electronic structure of these atoms, thereby permitting the first ever use of the R-T minimum 

and the SR as novel confirmation of Cf as a transitional element in the actinide series. 

In conclusion, our calculated and delineated ground, metastable and excited states anionic BEs of the Cf
−
, Fm

−
 and 

Md
−
 anions formed during the electron collisions can now be used in sophisticated theoretical methods such as the 

Coupled-Cluster, Dirac R-matrix and MCDHF to construct the appropriate wave functions and for fine-structure 

energy calculations. Also, these anionic BEs should be useful in guiding the determination of reliable EAs 

regardless of their definition. Indeed, the Regge pole approach requires no assistance whatsoever from either 

experiment or other theory to obtain rigorous and unambiguous negative ion BEs of complex multi-electron 

systems. 
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