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Abstract
The electron magnetic moment anomaly (ae), is normally derived from the fine structure constant using an
intricate method requiring over 13,500 evaluations, which is accurate to 11dp. This paper advances the
derivation using the fine structure constant and a spherical geometric model for the charge of the electron to
reformulate the equation for ae. This highly accurate derivation is also based on the natural log eπ, and the
zero-order spherical Bessel function. This determines a value for the electron magnetic moment anomaly
accurate to 13 decimal places, which gives a result which is 2 orders of magnitude greater in accuracy than the
conventional derivation. Thus, this derivation supersedes the accuracy of the conventional derivation using only
a single evaluation.
Keywords: Bessel function, electron magnetic moment anomaly, electron charge, fine structure constant,
geometry, natural log
1. Introduction
We have previously published a model for the electron using the conventional equation for the charge of the
electron based on spherical geometry (Worsley, 2011). Using this spherical model, we have also previously
derived a provisional equation for the electron magnetic moment anomaly (Worsley, & Peters, 2018). In this
paper, further important progress on this work has been made, using only a single evaluation.
In quantum mechanics, the electron magnetic moment anomaly (Kusch, & Foley, 1947) is related to the electron
g factor and the electron magnetic moment to Bohr magneton ratio, by the following expression:

g / 2    e  B  1  ae ,

(1)

where g is the electron g factor, μe is the electron magnetic moment, μB is the Bohr magneton
and ae is the electron magnetic moment anomaly.
The g factor represents a small deviation from the equation for the Bohr magneton. Ordinarily the g factor of the
electron (Hanneke, Fogwell, & Gabrielse, 2008) is derived from  , the fine structure constant, using an infinite
progression:
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The principal term is

 , and the first variable component C2 = ½. The second variable component C4 for the

electron, is computed empirically using the Riemann zeta function
2008), and is given by:

30

  x  (Hanneke, Fogwell, & Gabrielse,

http://apr.ccsenet.org

Applied Physics Research

C4 

Vol. 13, No. 3; 2021

197 1
2 3
  2  ln 2  
 4  ( 3) = -0.328 478 965 579 193…,
144
12

(3)

The third variable component C6 is also computed empirically using the Riemann zeta function (Laporta, &
Remmidi, 1996), and is given by:
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The fourth term C8 is of enormous complexity, and is derived from a semi analytical evaluation, with 891
evaluations in 4 loop QED, each decomposed into 334 master integrals. This process has taken over 20 years of
computation, whose value has recently been revised to –1.912246 (Laporta, 2017). Greater theoretical accuracy
is achieved in the standard model with the further addition of C 10, using a similar numerical integration
technique requiring 12,672 evaluations, which is yet incomplete, and whose approximate value is 9.16 (58), with
a wide error margin (Aoyama, Hayakawa, Kinoshita, & Nio, 2017).
These evaluations require further adjustment with a number of mass-dependent terms, and the additional
coupling factors, aμτ + ahadronic + aweak. This brings the most recent (2017) theoretical result based to: 1 + ae =
1.001159652181643 (763), with a wide error margin (Aoyama, Hayakawa, Kinoshita, & Nio, 2017). As a result,
compared to the CODATA (2018) value of 1.00115965218128 (18), this theoretical value is only accurate to
11dp.
Importantly, in this paper the value for 1 + ae is derived using the conventional equation for the charge of the
electron which has been reformulated to give a formula for three spheres based on the speed of light (Worsley,
2011; Worsley, & Peters, 2018). This model has been improved to produce a more concise formula with superior
accuracy by using both the natural log eπ, and the zero-order spherical Bessel function. Here, this progress has been
made which gives a value which is accurate to 13 d.p. using a single evaluation, compared to the conventional
derivation of electron magnetic moment anomaly, which requires over 13,500 complex evaluations. This gives a
result which is 2 orders of magnitude greater in accuracy than the conventional derivation. Thus this evaluation
supersedes the conventional derivation of the electron magnetic moment anomaly.
2. Methods
All mathematical calculations follow strict standard algebraic and standard mathematical rules. All derived
values are given to 14 decimal places. The principal physics proofs are based upon standard physical and
geometrical formulae. The value for the fine structure constant used α = 0.0072973525710, is taken from the
most recent standard experimental method using Caesium-133 atoms in a matter wave interferometer, value α =
0.0072973525713 (14) (Parker, et al., 2018). The value used for Planck’s constant h = 6.62607015 (exact), is
taken from the most recent 2018 CODATA evaluation.
3. Results
3.1 Results: Reformulating the Electron Charge
In standard QED, the charge of the electron is given as:

e 2   0 .2hc

(5)

where e is electron charge, α is the fine structure constant, h is Planck's constant, c is the speed of light, and ε0 is
the electric constant (permittivity of free space).
The spherical symmetry of the electron charge is well established to a high degree of accuracy (Baldomir, &
Hammond, 2002; Seiden, 2005). Additionally, the fractional quantum Hall effect demonstrated by a magnetic
field applied to a 2D electron gas shows that the charge of the electron exists in multiples of 1/3e (Laughlin,
1982; de-Picciotto, Reznikov, Heiblum, et al. 1997). From there we have constructed a model of the electron
using three orthogonal spheres rotating in the x, y and z axes. The volume within a sphere is 4/3 πr3, and for
three spheres the volume would be 3 x 4/3 πr3.
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It has previously been shown that a threefold spherical model of the electron can be derived where the radius is
dictated by the speed of light (Worsley 2011). Thus, we can reformulate the standard equation to give the charge
of the electron in terms of the volume of three spheres, the electric constant and the speed of light.

e2 

0
. 8hc 4
3
3 3  c 
4

(6)

This equation can be simplified to the term

e2 

0
34 3  c 3 . x

(7)

As we have used the conventional equation for the electron charge this agrees with the dimensions of the charge
of the electron. So in Eqs. (6, 7), the charge of the electron e has the standard dimensions of coulombs [C].
The important aspect of Eq. (7) is that the standard equation for the charge of the electron can be reformulated
into two terms. The principal term derives from the volume of three spheres based on the speed of light and the
electric constant, e 
2

0
.
3 3  c 3 
4

This geometric model is corroborated by the experimental localization of

single fractional quasi electron charge on the submicron level (Martin, Ilani, Verdene, et al. (2004). Importantly,
the second term of this model represents a small spin coefficient, x = 1/ 8πhc4α = 1.018722667023144. This spin
coefficient, which is derived from the spherical model of the electron, can then be used to derive an entirely
dimensionless term for the electron magnetic moment anomaly (see Section 3.2).
3.2 Results: Deriving the Electron Magnetic Moment Anomaly
Here, the derivation of the electron magnetic moment anomaly can be enhanced using a reformulation of the
conventional equation for the electron charge [Eqs. (5-7)]. This derivation yields a term from spherical model of
the electron, giving the electron spin coefficient x, where x = 1/8πhc4α. From here, using a straight forward
mathematical cancellation technique, allows the derivation of a completely dimensionless term for the electron
magnetic moment anomaly. Since the term x results from derivation of the charge of the electron squared, for the
charge of a single electron the spin coefficient y, should be derived from the square root of x, hence:

y  x 2  1  1 / 8hc 4  2  1
1

1

(8)

This gives the numerical value for y = 0.009317921679361 to 14 decimal points. Although the term x and in turn
y have dimensions, it is stressed that it is possible to derive an equation which is entirely dimensionless by using
the term y/y, as in Eq. (12) below, thereby cancelling the dimensions, and producing a dimensionless quantity.
In electromagnetism, an essential dimensionless component is the zero order spherical Bessel function (Bessel
1824), which needs to be incorporated into the equation for greater accuracy. The zero order Bessel function is a
universal constant conventionally given as:

J 0 (± i) = I 0 (± 1) = 1.266065877752008335598244……,

(9)

For the plot of J 0 and I 0 , see Figure 1, computed using the Bessel functions I ( x) and J ( x) .
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Figure 1. Bessel Plot
For brevity, this spherical Bessel function value has been designated as:
z = 1.266065877752008.
Additionally, in accordance with particle gauge coupling (Evans, French., Jensen & Threlfall, 2010) the ratio in
curved space (rw/r)8, gives the power ratio of the electron magnetic moment anomaly (1 + ae)8. Thus a far more
straight forward dimensionless formula for the anomalous electron magnetic moment, using a single evaluation
based on spherical geometry, can be derived.
For the electron magnetic moment anomaly (ae):

y
8
 1  1  ae 
 y 
 e z   1

(12)

Conventionally this gives a dimensionless parameter, where the electron magnetic moment anomaly principally
depends on the term y, derived from conventional formula for the charge of the electron, the natural log eπ, and
the zero order Bessel function z.
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Taking the eight root of Eq. (12). This gives a dimensionless value for the electron magnetic moment anomaly:
1 + ae

= 1.00115965218133 (14)

(13)

The experimental CODATA (2018) value for the electron magnetic moment anomaly is:
1 + ae = 1.00115965218128 (18). This value agrees to 13 d.p. with the single concise term given in Eqs. (12, 13),
with overlapping error bars. Importantly, this result is 2 orders of magnitude greater in accuracy the conventional
derivation. The use of the additional coupling factors, in particular a weak (as in the standard model), would readily
increase the accuracy further.
4. Discussion and Conclusion
With direct concepts of geometry, it possible to advance the derivation of the electron magnetic moment
anomaly (ae), from spherical geometry and the term eπ. In this paper, this derivation is considerably advanced by
also using the zero order Bessel spherical function commonly used in electromagnetism. This is done using a
single evaluation based on the spherical model of the electron charge. The conventional derivation of the
electron magnetic moment anomaly (Aoyama, Hayakawa, Kinoshita, & Nio, 2017) is only accurate to 11 d.p.,
and requires over 13,500 evaluations. Importantly, in this paper a superior degree of accuracy to 13 d.p. is
obtained, with only a single evaluation as in Eq. (12).
Firstly, it is possible to explain the electron’s charge in terms of the volume of three spheres and the speed of
light. This reformulation of the elementary charge then yields an electron spin coefficient. From here, a concise
equation is used to derive the electron magnetic moment anomaly, using Gelfond’s constant eπ, where eπ
represents the sum of all unit-ball volumes of even dimensions. As spin depends upon the dimension of time, the
electron charge has spin in 4 dimensions, in keeping with previous studies of electron entanglement in 4D
hyperspace (Peters, & Tozzi, 2016). So the derivation is now explained on first geometrical principles.
In addition to its deeper mathematical significance, it appears that Planck’s constant h has a profound physical
significance, and that Planck’s constant and the speed of light

c are intimately interconnected, not just with

each other, but with the very nature of matter itself. Indeed it is possible to redefine a minimum quantum mass

mq = h/c2. This minimum quantum mass can also be used to further explain the equations for quantum
electrodynamics (Worsley, 2010). This work also brings us closer to the understanding of electrons and their
putative formation from photons (Dennis, King, Jack, O’Holleran, et al., 2010; Pike, O. J., et al. 2014;
Basdevant & Dalibard, 2006).
Interestingly, the progression from a three loop evaluation completed in 1996 (Laporta S. & Remmidi E. 1996),
took a further 20 years of computation to progress to the completion of a 4 loop evaluation (Laporta S. (2017).
Equally, the 5 loop evaluations are as yet incomplete (Aoyama T., Hayakawa M., Kinoshita T., Nio M. 2017). In
the model presented here the computation would be far more rapid as it only requires a single evaluation.
Additionally, the increased accuracy of the equation for (a e), is at least in part due to Planck’s constant given by
CODATA, which has fixed the value of this constant aligned with a fixed value for the electron charge. This
means that value derived is not only more accurate but it is also potentially more robust. Greater accuracy will be
possible once the fine structure constant is more accurately known. However, this is required to be defined by
experimental methods (rather than theoretical methods), with the conventional use of the highly stable
Caesium-133 atom (Parker, et al., 2018).
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