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Abstract

This paper presents a new memory gradient method for unconstrained optimization problems. This method
makes use of the current and previous multi-step iteration information to generate a new iteration and add the
freedom of some parameters. Therefore it is suitable to solve large scale unconstrained optimization problems.
The global convergence is proved under some mild conditions. Numerical experiments show the algorithm is
efficient in many situations.
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1. Introduction
Consider the unconstrained optimization problem

min f(x),x € R", (1)

where R" is an n-dimensional Euclidean space and f : R" — R'isa continuously differentiable function. Most
of the well-known iterative algorithms for solving (1) take the form
x.,=x+tad, k=012, 2)

where d, is a search direction of f(x) at X, and ¢, is a positive step-size. Let X, be the current

iterative point, we denote Vf'(x,) by g,, f(x,) by f, and f (x*) by f *, respectively. Let
P(x|L(x)) = max [y =x]. P@B| L(x,) = inf P(x| L(x,)).

Where L(x,) = {x eR"| f(x)< f(xo)} , OB is the border of B.

Many traditional methods for solving (1) are line search methods such as steepest descent method, Newton-type
methods, conjugate gradient methods, etc. Generally, the conjugate gradient method is a useful technique for
solving large scale problems because it avoids the computation and storage of some matrices. Memory gradient
methods have these good qualities too (e.g., (Cantrell, JW., 1969)(Miele, A. and Cantrell, J.w., 1969)(Yuan
Yaxiang, Sun Wenyu, 1997) etc.).

In order to make full use of the current and previous multi-step iterative information to improve the capability of
methods and guarantee them be convergent, some scholars studied memory gradient methods and super-memory
gradient methods. These two methods, like conjugate gradient methods, are suitable to solve large scale
optimization problems. They are more stable than conjugate gradient methods (e.g., (Cragg, E.E., and Levy, A.V.,
1969)(Shi Zhenjun, and Shen J., 2005)(Shi Zhenjun, 2003), etc.), because they use more previous iterative
information and add the freedom of selecting parameters. Taking advantage of the line search rule that was
presented in (Shi Zhenjun, and Shen J., 2005), this paper presents a new memory gradient method and proves its
global convergence under some mild conditions.

The paper is organized as follows. Section 2 describes the new memory gradient algorithm. Section 3 analyzes
the global convergence under some mild conditions.

2. New Memory Gradient Method

We assume that

(H1) The objective function f(x) has a lower bound on the level set

L(x)={xeR"| f(x)< f(x,)} .where X, is given.

(H2) The gradient g(x) = V/f(x) is Lipschitz continuous in an open convex set B that contains the level set
L(x,),ie.there exists L >0 such that

le(x)-g|<L]x-y
where B is satisfied with  P(0B | L(x,)) > 0.

,Vx,yE€B, 3)
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Using the line search rule that was presented in (Shi Zhenjun, and Shen J., 2005), we present a new memory
gradient algorithm.

2
New Algorithm: O<p<§;0<,u<1;L0 >0;5x,eR";k=0
Step1 If ”gk” =0 then stop! Else go to step 2;

(24
Step2x,,, =X, +L_kdk (@,) whereq, is the maximum of & € {s,,s,p,s,0°, -} thatis satisfied
e

o o 1
fi = f O +—d (@) 2 —u—[gld (@) +=a|g[]1. @)
L, L, 2
where
—g., if k=0
d(a)=1 " . )
~(l-a)g, +ad,,, ifk=],
with
1, if k=0;
2
s;=1 Pl 6)

, ifk>1.

||gk||2 + ‘g:dk—l

Step3 L,,, =max Lk,w .
xk+1_xk||

Step4 Let k:=k+1 andgo tostep 1.
Obviously, the algorithm has an important feature that the search direction and step-size are defined at each

iteration. It does good to find more suitable search direction and step-size. For simplicity, we denote d i (ak)
by d, throughout the paper.

Lemma 1 If (H2) holds, then there exists 0 <m, <M suchtha m, <L, <M.

Lemma2 Forallk 20, ifthere exists & € (0,5, ].then g/d, (o) <—(1-p)|g, ||2 :

Lemma3 Forall k>0 and a €(0,s,], we have ”dk (0()” < max{”gl.”} .

0<i<k
The above three lemmas are easily proved.
3. Global Convergence

Lemma 4 If (H1) and (H2)hold, the new algorithm generates an infinite sequence {X, }, then {” g, ”} and
{”dk ”} have a bound.

Proof By Lemma 3, we only need prove that {”gk”} has a bound. Let 5k =£na>li{Hg j H} Suppose
<j<

{||gk ”} has not a bound, then lim &, =+o0.

k—+0

Therefore there exists an infinite subset N < {0,1,2,---} such that
S, =|g.|. vk e N, )

and
||gk||=5k — +oo(k € N,k — +0). ®)
By lemmal, lemma 2 and (4), we can obtain

a a 1 2
fi— [ +—5d) > —p—t [ngdk(ak)"'_ak ||gk|| ]
L L 2

'k

134 ISSN 1913-1844  E-ISSN 1913-1852



WwwWw.ccsenet.org/mas Modern Applied Science

Vol. 4, No. 10; October 2010

] 1

> ﬂi—’k‘[(l—p)llgk I —5 5 le.[ 12 #z—i[(l—p)llgk I —Epllgkllz]
3

u(d-=p)

—2ak ||gk ”2 .

_ %3 2
—,ULk(l 2p)llgkll > ",

By (H1), we have

Zak e ”2 <+,
k=0
Thus

0

2. ||gk||2 <> ale ”2 <o

keN k=0
By lemma 3 and (7), when « € (0,5 ], we have

|d, (e)|" < max{

0<i<k

g, [ <52 =|e.

From (10) and (11), we obtain

> o, |d, (@) <+,
keN
therefore

|, (@) — 0k € N,k — +o0).
By lemma 2 and Cauchy-schwarz inequality, when « € (0,5, ], we have

||gk ||||dk (0()” 2 —gfdk (@) =(1-p) ||gk

therefore

2

9

ld, (@)= 1= p) || -
From (8) and (14), we can obtain
|, ()| = +oo(k € N,k — +0),
by (13), we have
a,|d, ()| > 0k e N,k — +0).

Thus lim o, =0
keN ,k—x

It follows, when a =a, / p €(0,s,], we have

o o 1
fo—f(x, +—d (@) <—pu—[gld (@) +=a|g]]
L L, 2

k
(04 (04

thus f}c_f(xk+_dk(a))<_:u_ngdk(a)'
Ly Ly

By mean value theorem, there exists @, €[0,1] such that

(04 [04 (04

i — (%, +L_dk(a) = _L_g(xk +0, L_dk(a))Tdk(a) .
3 k k

Therefore

(24
g(x, +6, L_dk(a))Tdk(a) > ugid,(a).
k
By lemma 1, (H2) and (11), we obtain

(1-p)1- g <1 p)-gld (@)
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<[g05 +0—dy(@) 8,1 d, (@)

k

S”dk(Of)”' g(xk—'_gk%dk(a))_gk
k
S”gkn' g(xk+0k%dk(a))_gk , VkeN,
k
Thus (l_p)(l_ﬂ)”gk”S g(xk_'_gk%dk(a))_gk ,VkeN.
k

By (H2) and (15), we can obtain ” gk” — 0(k € N,k — +©), which contradicts with (8). The above proof
shows that {” g ”} has a bound, therefore {”d f ”} has a bound. The proof is completed.

Theorem If (H1) and (H2) hold, the new algorithm generates an infinite sequence {X, } , then
lim|g,[=0. (16)

k—o0

Proof  Suppose (16) does not hold, then there exists an infinite subsequence N, and &> 0, such that
||gk|| >¢g,VkeN,.

From the proof process of lemma 4, we have

.
ey <y a ||gk||2 <D ||gk||2 <+,
k=m

keN, keN,

Therefore ¢, — 0(k € N,,k — +00) . By lemma 4, we obtain that there exists M >0 such that
|d,||<M,VEkeN. (17)

By lemma 2, lemma 4, Cauchy-schwarz inequality and (17), we can obtain that when & = &, / P, then
2
(1=p)1=- g | =1~ p)(-g/d, (@)

<(g(x, +6, Lgdk(a))_gk)Tdk(a)

'k

(24
< ”dk(a)” g(x, +6, L_dk(a))_gk
k
(04
<M g(xk+9kL_dk(a))_gk . (18)
k
Becauser, = 0(k € N, k = +0) , by lemma 4 ,we obtain
a|d (a)|— 0k e N,, k — +). (19)

By (H2), (18)and (19), we obtain ” g ” — 0(k e N,, k — +00) , which contradicts with previous supposition.

Therefore (16) holds. The proof is completed.
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