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Abstract
We present here prime cordial labeling for the graphs obtained by some graph operations on given graphs.
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1. Introduction

We begin with simple, finite, connected and undirected graph G = (V(G),E(G)). For all standard terminology and
notations we follow (Harary F., 1972). We will give brief summary of definitions which are useful for the
present investigations.

Definition 1.1 If the vertices of the graph are assigned values subject to certain conditions then it is known as
graph labeling.

For a dynamic survey on graph labeling we refer to (Gallian J., 2009). A detailed study on variety of applications
of graph labeling is reported in (Bloom G. S., 1977, p. 562-570).

Definition 1.2 Let G be a graph. A mapping f: V (G) — {0, 1} is called binary vertex labeling of G and f (v) is
called the label of the vertex v of G under f.

For an edge e = uv, the induced edge labeling - E (G) — {0, 1} is given by f'(e) =|f (u) — £ (v)|. Let vr(0), vy
(1) be the number of vertices of G having labels 0 and 7 respectively under f'while e, (0), e, (1) be the number of
edges having labels 0 and I respectively under 1",

Definition 1.3 A binary vertex labeling of a graph G is called a cordial labeling if |v,(0) —v;(1)| <1 and |e; (0) —
er(1)| < 1. A graph G is cordial if it admits cordial labeling.

The concept of cordial labeling was introduced by (Cahit 1.,1987, p.201-207). After this many researchers have
investigated graph families or graphs which admit cordial labeling. Some labeling schemes are also introduced
with minor variations in cordial theme. Some of them are product cordial labeling, total product cordial labeling
and prime cordial labeling. The present work is focused on prime cordial labeling.

Definition 1.4 A prime cordial labeling of a graph G with vertex set V(G) is a bijection f : V(G) —
{1,2,3,.../V(G)]} defined by f(e =uv) = 1 ; if ged (flw), f1v)) = 1

=0 ; otherwise
and /. er(0) - ex(1) /< I.A graph which admits prime cordial labeling is called a prime cordial graph.

Definition 1.5 Let G be a graph with two or more vertices then the total graph T(G) of a graph G is the graph
whose vertex set is V(G) U E(G) and two vertices are adjacent whenever they are either adjacent or incident in
G.

Definition 1.6 The composition of two graphs G; and G, denoted by G,;/G,/ has vertex set V(G1[G;]) = V(Gy)
X V(Gz) and Cdge set E(G][Gz]) = {(M],V]) (MQ,VQ) / U, € E(Gl) or [u1 = U and Vv € E(Gz)] }

Definition 1.7 A vertex switching G, of a graph G 1is the graph obtain by taking a vertex v of G, removing all the
edges incident to v and adding edges joining v to every other vertex which are not adjacent to v in G.

2. Main Results
Theorem 2.1 T(P,) is prime cordial graph,v n > 5.
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Proof : Ifv; v, v5..... veand e; e, e; ... e,be the vertices and edges of P then v, v, v . v, e; e;e;. . .. e,
are vertices of T(P,).

We define vertex labeling f- V(T (P,)) — {1, 2, 3./ V(G)/ } as follows. We consider following four cases.
Casel: n=3.5

For the graph T(P;) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5),
(3.4), (3,5), (4,5). Then obviously es(0) = 1, e;(1) = 6. That is, |ef(0) -ep(1) | =5 and in all other possible
arrangement of vertex labels | er(0) - ex(1) | > 5. Therefore T} (P3) is not a prime cordial graph.

The case when n=5 is to be dealt separately. The graph 7(Ps) and its prime cordial labeling is shown in Fig 1.
Case2: nodd n=>7

Jv)=2f(v) =4,

Fie)=2(i+3), 1< i<[n2/-2

S Olwzts) = 3, f Oluzssz) = L f Olnrzfss) =7,
SOl =4i+9, 1< i < [n2)-2
fle)=fpuny ) +2i, 1< i < [w2/-1,

S @) = 6. f (€lw2)r1) = 9, [ (€l )+2) =3,

Sl jein) =4i+7, 1< i < [n/2]-2

In this case we have e, (0) =e, (1) +1=2(n-1)
Case3: n=2,4.6

For the graph T(P,) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (2,3). Then obviously e(0) =
0, es(1) = 3. Therefore T(P,) is not a prime cordial graph.

For the graph T(P,) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (2,3),
(2,4), (2,5), (2,6), (2,7), (3.4), (3.5), (3.6), (3,7), (4.,5), (4,6), (4,7), (5.,6), (5,7), (6,7). Then obviously es(0) =4,
e/(1) = 7. That is, | er(0) - ef(1) | =3 and in all other possible arrangement of vertex labels | er(0) - ex(1) | > 3.
Thus T(P,) is not a prime cordial graph.

The case when n=6 is to be dealt separately. The graph 7(P) and its prime cordial labeling is shown in Fig 2.
Case4 neven,n=>8

fov)=2f(v) =4

fis)=2(i+3), 1< i<n2-3

S Ou2) =6, f Vurer) =9, f (Vuz+2) =5,

fOwze2e) =4i+7,1< i < n/2-2
fle)=f(up-a) +2i 1< i < n2-1,

Slew2) =3, f(ewz+1) = 1, f(enr+2) =7,

flewrszs) =4it 9, 1< i < n2-3

In this case we have e, (0) =e, (1) +1=2(n-1)
That is, T(P,) is a prime cordial graph, vn >35.

Hlustration 2.2 Consider the graph T (P;). The labeling is as shown in Fig 3.
Theorem 2.3 T (C,) is prime cordial graph, vn >35.

Proof : Ifv; vy v v,and e; e, e; ... e,be the vertices and edges of C,then v, v, v; . v, e; ese;. . . e,
are vertices of 7(C,).

We define vertex labeling  f- V (T(C,)) — {1, 2,3, o V(G)/ } as follows. We consider following four cases.
Casel: n=_4

For the graph T(C,) the possible pair of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (1,8),
(2,3), (2,4), (2,5), (2,6), (2,7), (2,8), (3.4), (3.5), (3,6), (3,7), (3.8), (4,5), (4,6), (4,7), (4.,8), (5,6), (5,7), (5.8),

(6,7), (6,8), (7,8) . Then obviously es(0) = 6, e/(1) = 10. That is, |ef(0) - er(1) | =4 and all other possible
arrangement of vertex labels will yield | er(0) - ex(1) | > 4. Thus T(C,) is not a prime cordial graph.
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Case2: neven, n=>6

Sov)=21(v) =8,

fiegd =4i+10, 1< i < n2-3

JOuw2) =12, fuz+) =3, [ (Vuz+2) =9, f Vurz+3) = 7,
fOups2+9) =4i+9 1< i < n2-3
Sfle) =4, f(e) =10,

fleiz)) =4(i+3),1< i < n2-3,

flewz) =6, flenast) =1, f(en2+2) =3,
fewr+1+)=4i+7, 1< i < n2-2

In view of the labeling pattern defined above we have
er (0)=ey (1) =2n.

Case3: n=_3

For the graph T(Cj;) the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4),
(2,5), (2,6), (3,4), (3,5), (3,6), (4,5), (4,6), (5,6). Then obviously es(0) = 4, e;(1) = 8. That is, | er(0) - ef(1) | =4
and all other possible arrangement of vertex labels will yield | er(0) - er(1) | > 4. Thus 7(C;) is not a prime
cordial graph.

Case4: nodd n=>35

Jv) =2,

fie)=4(i+1), 1< i<[n2/-1

S Olwztsr) = 6, f (Viwatszd) = 9, f (Vlwnsss) =3,
FOlwajesed) =4i+71<i < n-[n2/-3

S(e) =4,

flerv) =4i+6,1<i < [n2]-1,

Selr) +1) =3, felwr) +2) =L f(€lur) +3) =7,
Flelwase 349 =4i+9, 1<i <n- [n/2] -3

In view of the labeling pattern defined above we have
er (0)=ey (1) =2n.

Thus f 1is aprime cordial labeling of T (C,).
Hllustration 2.4 Consider the graph T (Cy). The labeling is as shown in Fig 4.

Theorem 2.5 P, [P,] isprime cordial graph v m>S5.

Proof : Let wu; u, us ... u, be the vertices of P, and v;, v, be the vertices of P, We define vertex
labeling f: V (P, [P,])— {1 23,.... / V(G)/ '} as follows. We consider following four cases.

Casel: m=2,4

For the graph P, [ P,] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (2,3), (2,4), (3,4).
Then obviously e(0) = 1, e/(1) = 5. That is, | er(0) - ef(1) | =4 and in all other possible arrangement of vertex
labels we have | er(0) - ex(1) | > 4. Therefore P, [ P,] is not a prime cordial graph.

For the graph P, [ P,] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (1,7),
(1,8) (2,3), (24, (2,5), (2,6), (2,7), (2,8), (3:4), (3,5), (3,6), 3,7), (3.8), (4,5), (4,6), (4,7), (4.8), (5,6), (5,7), (5.8),
(6,7), (6,8), (7,8) . Then obviously e,(0) = 7, e/(1) = 9. i.e. |ef(0) - er(1) | =2 and in all other possible
arrangement of vertex labels we have | er(0) - ex(1) | >2. Thus P, [ P,] is not a prime cordial graph.

Case 2: m even, m =6

S(ur,vi) =2, f(uz,vi) =6,

S(uzei ,vi)=4i+10, 1< i <m/2-3
SWmpvi) =12,

fWmp+ivi)=4i-3, , 1< i <m/2
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S(urvz2) =4, f(uzvz) =10,

f(uzei ,v2)=4i+12, 1< i <m/2-3
SWmpv2) =6, f(Wmps1,v2) =3,
fMWmpri+iv2)=4i+3, 1< i <m/2-1
Using above pattern we have

ey (=ey (h= -2

Case3: m= 3

For the graph P,/P;] the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (1,6), (2,3), (2,4),
(2,5), (2,6), (3.4), (3,5), (3,6), (4,5), (4.6), (5,6). Then obviously e,(0) = 4, e,(1) = 7. That is)| er(0) - e/(1) | =3
and in all other possible arrangement of vertex labels we have | er(0) - ex(1) | > 3. Thus P,/P;] is not a prime
cordial graph.

Case4: modd, m=>5

flu; ,vi)=4(+i), 1< i <[n/2/-1

S fugvi) =2,

S puagrr,vi) =6, fuajr2,vi) =9 [ fwafrs, vi) =3,
ffnfeze i+ vi)=4i+7, 15 i <[n/2/-2
Sf(ur,vz) =4,

flurei va)=4i+6 1< i < [n/2/-1

S g1, v2) =3, f@pungr2,v2) =L [ fwngrs, v2) =7,
ffpsizs i v2)=4i+9, 1< i <[n/2/-2

Using above pattern we have

er (0)=es (I)+1=2n+[n/2/-1.

Thus in case 2 and case 4 the graph P, [P,/ satisfies the condition | e s (0)-e; (1)|§ 1.

That is, P, [P,/ is a prime cordial graph v m >35.
Hllustration 2.6 Consider the graph P, [Ps]. The prime cordial labeling is as shown in Fig 5.
Theorem 2.7 Two cycles joined by a path P,, is a prime cordial graph.

Proof: Let G be the graph obtained by joining two cycles C, and ol by apath P,,. Let v, v, v . v, . v']‘
v,, v3... v, be the vertices of C,, C, respectively. Here u; u, u;..... are the vertices of P,. We define
vertex labeling f: V(G) — {1, 2,3, ..... / V(G)/ '} as follows. We consider following four cases.

Casel: modd, m=>35

Su)=fov)=2f(v) =4

fisd) =2(i+3), 1< i < n-2

fluis) =f(vy) + 2i, 1< i < [mp2/-2

S W) =6, fWimpfe1) =3, f(Ufmasez) =1
fimatezri) =2i+3 1< i < [m/2/-1
f(V/1 ) =f (), f(V;'+1 ):f(v; )+2i, 1< i < n-1
In view of the above defined labeling pattern we have
er (0)=e; (1) =n+[m2].

Case2: m=3

Su)=fv)=0671(v)=2f(vy) =4,

f(isg) =2(i+3), 1< i < n-3
f)=3,f(Vi )=f@)=1, f(v> )=35

f(Va: )=2i+51< i < n-2

In view of the above defined labeling pattern we have

122 ISSN 1913-1844  E-ISSN 1913-1852



www.ccsenet.org/mas Modern Applied Science Vol. 4, No. 8; August 2010

er (0)=e;y (1) =n+1

Case 3: m even, m >4

Su)=fv)=2f(v) =4,

fvieg =2(i+3), 1< i < n-2

fwiv)=fv) + 2i, 1< i < m/2-2

SWwr) =6, flumps) =3, fhmprrd) =1

ftmp+2+i) =20+ 3, 1< i < m/R2-2

SO ) =flun), fOier )=f(V)+2i, 1< i < n-1I
In view of the above defined labeling pattern we have

er (0)=e;p (D+1=n+m?2

Cased4: m=2

Sw)=fv)=2

fovi)=2(i+t1), 1< i < n-1

fOVi ) =f(u)=1

(Vi )=2i+1 1< i < n-1

In view of the above defined labeling pattern we have

er () +1=e; (1) =n+l.

Thus in all cases graph G satisfies the condition / e r ) -er (1) /<1.

That is G is a prime cordial graph.

Hlustration 2.8 Consider the graph joining to copies of Cs by the path P,. The prime cordial labeling is as
shown in Fig 6.

Theorem 2.9 The graph obtained by switching of an arbitrary vertex in cycle C, admits prime cordial labeling
exceptn = 5.

Proof : Let v;,v,,.....v, be the successive vertices of C, and G, denotes the graph obtained by switching of a
vertex v. Without loss of generality let the switched vertex be v; and we initiate the labeling from the switched
vertex v,

To define /> V (Gv,) — {1, 2, 3.../V(G)/} we consider following four cases.
Casel: n=4

The case when n=4 is to be dealt separately. The graph Gv; and its prime cordial labeling is shown in Fig 7.
Case2: neven,n =6

Jv) =2, ftv) =1,1(v) =4

fvs+) =2(i+3), 1<i<n/2-3

JOwz2+1) =6, f(Vur+2) =3

JOnp+2+9) =2i+3,1<i<n2-2

Using above pattern we have

er ()=ey ()+1 =n-2

Case3:n=35

For the graph Gv, the possible pairs of labels of adjacent vertices are (1,2), (1,3), (1,4), (1,5), (2,3), (2,4), (2,5),
(3.4), (3,5), (4,5). Then obviously es(0) = 1, e;(1) = 4. That is, |ef(0) - ep(1) | =3 and in all other possible
arrangement of vertex labels we have | er(0) - er(1) | > 3. Thus, Gv; is not a prime cordial graph.

Case4:nodd n>7

Jv) =2, f(v)) = 1, f{vy) = 4
fvse) = 2(i+3), 1<i<[n2/-3
SOzt ) = 6, [lnz v 2) = 3

Published by Canadian Center of Science and Education 123



www.ccsenet.org/mas Modern Applied Science Vol. 4, No. 8; August 2010

SOlwagezsd) =2i+ 3,1 <i <[n/2 /-1
Using above pattern we have
er () +1=ep (1)=n-2

Thus in cases 1, 2 and 4 [ satisfies the condition for prime cordial labeling. That is, Gv;is a prime cordial
graph.

Hlustration 2.10 Consider the graph obtained by switching the vertex in C,. The prime cordial labeling is as
shown in Fig 8.

3. Concluding Remarks

It is always interesting to investigate whether any graph or graph families admit a particular type of graph
labeling? Here we investigate five results corresponding to prime cordial labeling. Analogous work can be
carried out for other graph families and in the context of different graph labeling problems.
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2 4 6 9 5 11
8 10 3 1 7
Figure 2. T(P¢) and its prime cordial labeling
2 4 8 3 1 7 13
10 12 6 9 5 11

Figure 3. T(P;) and its prime cordial labeling
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Figure 5. P, [Ps] and its prime cordial labeling
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Figure 6. Two cycles Cs join by P; and its prime cordial labeling

Figure 7. Vertex switching in C,4 and its prime cordial labeling
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Figure 8. Vertex switching in C; and its prime cordial labeling

126 ISSN 1913-1844  E-ISSN 1913-1852



