www.ccsenet.org/mas Modern Applied Science Vol. 4, No. 8; August 2010

Solution of Free-Particle Radial Dependant Schrodinger Equation
Using He's Homotopy Perturbation Method

A. A. Mahasneh
Department of Applied Physics, Faculty of Science, Tafila Technical University
P. O. Box: 179, Tafila 66110 (Jordan)
Tel: 96-27-9626-2750  E-mail: d_aamahasneh@yahoo.com

A. M. Al-Qararah
Jordan Nuclear Regularity Commission
P. O. Box: 830283, Amman 11183 (Jordan)
Tel: 96-27-9654-2076  E-mail: Thegeant@yahoo.com
Abstract

Homotopy perturbation method (HPM) is one of the newest analytical methods to solve linear and nonlinear
differential equations. In this paper, HPM is used to formulate a new analytic solution of free-particle radial
dependent Schrodinger equation. In contrast to the traditional perturbation methods, the homotopy method does
not require a small parameter in the equation. In this method, according to the homotopy technique, a homotopy
with an embedding parameter J €[0,1] is constructed, and the embedding parameter is considered as a small
parameter. The obtained result shows the evidence of simplicity, usefulness, and effectiveness of the homotopy
perturbation method for obtaining approximate analytical solutions for the radial dependent Schrodinger
equation.
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1. Introduction

In order to solve radial dependant Schrodinger equation for a free-particle; V(r) = 0, we will examine the
application of the Homotopy Perturbation Method (HPM), which was proposed first by He (1999). The HPM is
designed for solving differential and integral equations, linear and nonlinear, and has been the subject of
extensive analytical and numerical studies. The method, which is a coupling of a homotopy technique and a
perturbation technique, deforms continuously to a simple problem which is easily solved. This method, which
does not require a small parameter in an equation, In contrast to the traditional perturbation methods, has a
significant advantage in that it provides an analytical approximate solution to a wide range of nonlinear problems
in applied sciences. This method doesn’t need linearization, perturbation or un-justified assumptions. The HPM
yields the solution in terms of a rapid convergent series with easily computable components (He, 2003).

In the last two decades with the rapid development of differential equations science, there has appeared
ever-increasing interest of scientists and engineers in the analytical techniques for linear and nonlinear problems.
The widely applied techniques are perturbation methods.

Latif (2005) applied the HPM to search for exact analytical solutions of linear differential equations with constant
coefficients. In addition, based on the precise integration method, a coupling technique of the variational iteration
method (VIM) and HPM is proposed to solve nonlinear matrix differential equations. Rezania et al (2009) used
HPM and VIM to solve the heat equations which are functions on time and space. This type of equation governs on
numerous scientific and engineering experimentations. Zhang et al (2006) obtained an explicit analytical solution
for nonlinear Poisson-Boltzmann equation by the HPM. Wang et al (2007) applied HPM to solve
reaction-diffusion equations which is governed by the nonlinear ordinary differential equation. Furthermore, HPM
is also applied to solve the Helmholtz equation, and the results reveal that this method is very effective and simple
(Bizzar et al, 2008).

In this work, HPM, in a realistic and efficient way, is proposed to provide approximate solutions for Free-particle
radial dependent Schrodinger equation (spherical Bessel equation).

2. Basic Idea of HPM:

To illustrate the basic ideas of the new HPM, we consider the following nonlinear differential equation
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A@w)-Fr) =0, reQ (D
with boundary conditions

B(u,d—u) =0, rel 2)
dn

where A is a general differential operator , F(r) is a known analytic function , I' is the boundary of the domain
Q . The operator A can , generally speaking, be divided into two parts L and N, where L is linear, while N is
nonlinear. Eq. (1), therefore, can be written as follows (He, 2003):

L(uw)+N(w) - F(r) =0 3
By the homotopy technique (Liao, 1997), we construct a homotopy Vv (r, §): Q x [0,1]—R which satisfies
Hv,0) =(1-0)[L(v)-L(u,)] +0 [A(Vv)-F@)] =0, 6€[01],reQ “)
or

H(v,0) =L(v)-L(uy)+0 L(uy) +J [Nv)-F@)] =0, 0€[01]reQ (5)

Where 6 < [0, 1] is an embedding parameter, u, is an initial approximation of Eq. (1), which satisfies the
boundary conditions. Obviously, from Eq. (4) and Eq. (5), we have

HW,0) =L(v)-L(u,) =0 (6)
Hv,1) =A(v)-Fr) =0 O]

The changing process of 6 from zero to unity is just that of v(r, d) from u,(r) to u(r). In topology, this is called
deformation, and L(v) - L(u,), A(v) — F(r) are called homotopic. We use the imbedding parameter § as a “small
parameter"”, and assume that the solution of Eq. (5) can be written as a power series in 9:

v=v,+0v,+57 v+ v, +57v, + (8)
Setting 6 = 1 result in approximate solution of Eq. (1):
uzgingv =v,+v, v, tv, +v, +o 9

The coupling of the perturbation method is called the homotopy perturbation method, which has eliminated
limitations of traditional methods. In the other hand, the proposed technique can take full advantage of the
traditional perturbation techniques (He, 2004). The series (9) is convergent for most cases, however, the
convergent rate depends upon the nonlinear operator A(v):

1) The second derivative of N (v) with respect to v must be small, because the parameter 3 may be relatively
large, i.e. 6 — 1.

ON . .
2) The norm of L~ (a—j must be smaller than one, in order that the series converges.
v

3. Free-Particle Radial Schrodinger Equation
In spherical coordinates, the Laplacian takes the form

2

szizi l”22 + 21. i Sil’lgi +% 62 (10)
r- or or) r-sin@ 00 060 ) rsin” 0\ op

The time-independent Schrédinger equation reads

¢

- .
H,w=Ew = ‘—jj V;+I"{r)‘r,-u'=Er,-f
\ 2m ) )
Where 1-}0 is the Hamiltonian, V(r) is the potential energy, and E is the energy of the particle. In spherical

coordinates, the Hamiltonian H , takes the form

2 [ 7 2 i 2 Y]
. in 2o —h—iz 1 9 (Gnol +% ‘3—2 +V(r)
2m | r- or or)| 2m r”|sinf 00 060 ) sin“ @\ op

(12)
For a free particle, V(r) = 0, then H , becomes

2 [ 7] 2 i 2 V]
H, __" in ,Ji _h_Lz .1 9 sin&ﬂ +% 8_2 (13)
2m | r- or or 2m r~| sin@ 060 060 ) sin~ @\ op

1 2
The first pat which involves only derivative with respect to r, describes the kinetic energy of the radial motion.
The second part, describes the kinetic energy of the angular motion. The quantum angular momentum of the
particle is given by the operator (Schiff, 1968)
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L =—ih(FxV
(=¥ (14)
where V is the expression for gradient in spherical coordinate and has the form
- s - -
-~ .~ c 1. d .~ 1 ¢
“? = El’ - +_‘ e"fﬁ_-'_ec . - ‘
or ri ~oé siné dg )
' (15)
Meanwhile, 7 =rr,so
- .- RPN RN NS B I
L==ih(r=xV)= r(rxr}_‘ +(rx6‘Jﬁ +(rxq-?] —— |
cr co siné ég
- (16)
(ixt)=0, (?xé]=q3jand Pxp=-6,
But and hence
L=-in goi—é ,1 9 (17)
060  sinf O0¢p
the unit vectors 6 and ¢ are resolved into their Cartesian components (Tannoudji, 1977)
L =—ih —sin(oi—cosgocot&i
06 o
. o . 0
L =—ih|+cosp——sinpcotd — (18)
’ 06 op
Linf 2
: o0

4

Therefore, the partial differential operator takes the form

Li=—n ,1 9 ei ! - (19)
smﬁ@@ 849 sin? 00

and this operator involves only derivatives with respect to € and ¢. Hence, it is easy to rewrite the free

particle Hamiltonian of Eq. (13), which becomes

2 2 =2 P
- ™~y B - 20
H — ‘F' — ‘ —

)

. . e Yy
~m ~m | i rcF J i i (20)
Hence L’ commutes with the radial kinetic energy and hence with I-}o. The kinetic energy operator also

commutes with fz , because L; commutes with L* and with the expression depending on r. This proves that
the operator of the kinetic energy is invariant under rotations (Eisberg and Rinsik, 1985):

[H,,[*]=0
The same commutation relation holds for the operators in Cartesian coordinates, which are related to the operator
in spherical coordinate. Any eigenspace of L is left invariant by I-}o .If w, is an eigenvector of L?, then
H , ¥, 1is an eigenvector of Vg belonging to same eigenvalue (Dirac, 1999). In order to solve the Schrédinger
equation in spherical coordinates, the trial function
V(r,0,0) = Z Z —R,, (")Y," (6,9) (22)
=0 m:—l

could beused . Y, (6,¢) are the eigen-functions of L* with eigen-values 7°/(¢ +1) . We see immediately that
the partial differential operator of I-} becomes an ordinary differential operator

7 _i[ d> 2d aunj 23

ar* r dr r?
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which is called the free radial Schrédinger operator. The angular kinetic energy appears in the form of a
potential energy ((¢+1)/r>. This term is called centrifugal potential energy or centrifugal barrier, because it
has the effect of a repulsive force in the radial direction (Flugge, 1971). Immediately it can be shown that
HY=EVY holdsif R,
1 ( d* 2d z(z+1)

2m\ dr rdr

() is a solution of the radial Schrédinger equation

0 rdr JR() ER(r) 24)

After multiplying by r* and rearranging the terms, we get

r2d2R§’)+2rdR(r)+(2m2E r2—£(£+1)jR(r)=0 (25)
dr dr
where k* =2mE /h*, therefore Eq. (25) becomes
rzdzdligr)+2rd§r(r)+(k2r2—£(€+1))R(r)=0 (26)
This is the spherical Bessel differential equation. It can be transformed by letting & = kr , where then
rdR(r) :krdR(r):(de(r) @7
dr kdr dé&

2d2R(r) B 2dzR(r)
v R @8
Substitution of Eq. (27) and Eq. (28) into Eq. (26) gives
gzddlzg(r) 25“(” +(& - e+n)R(r)=0 (29)
Now, we look for a solution of the form R () =Y (&) &%, therefore
dR (r) _ dY (&) -1 _l -3/2
TETE 4 Y(§)§ (30)
d’R(r) _dY (&) ,an 1dY (&) ,5n 1dY(§) ,5n 1,3 512

& ae 4 2 de —< 2 dc —< (Z)Y(Cf)ff €2y
d’R(r) _ dY ($) o _dY (&) 5 2 -5/2

e ae 4 e 4 +4Y(§)§ (32)
Substitution of Eq. (30) and Eq. (32) into Eq. (26) leads to

2 sz (5) —1/2 _dY (5) —3/2 3 -5/2
5[5:’52 4 e 4 +4Y(§)§ j+

(33)
25(6”] g;) gV Y &) ‘):—3/2}_'_(52 —€(€+1)) Y (&) EM2=0
If we multiply Eq. (33) by f’”z , we will get
d’¥ (&) dY (), 2 ar (¢) 1 -1 2 _ _

5[ FERT =gt Y(r§)§ ] f[ e 2 ©¢ J+(§ (+1)) Y (€) =0 (34)
Summing up similar terms yields

2dY (&) L dY () (. 12

C R +(E-(+D?) Y (© =0 (33)

But the solutions to this equation are the ordinary Bessel functions of half integral order; J,,,,, and N,,,,
(Griffiths, 1995) therefore

Y ()=4,J,,1,(E)+B, N ,,,(S) (36)
J,,, and N, , arerelated to the spherical Bessel and Neumann functions, j, and n,, respectively by:
110 (8)
Ji(&) =45 Jantr (37)
N
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(&)= \f 2 (E) %)

Substitution for JM/2 and N,,,,, inEq.(36) leads to

Y(§)=A/\/%«/Ejz(§)+3/\/%\/5n;(f) (39)

The Bessel functions j, are finite at the origin, but the Neumann functions blows up at the origin. Accordingly,

we must have B, =0, and hence the normalized solutions of Eq. (26) are

R(r)=&"Y (kr)=4, j,(kr) (40)
The function j,(kr) is most commonly given in series form by
D2 2" k2 (0 + p)! L
Jry=3 4 EL LR P sy 1)
i pl20+2p +1)!
pP=

4. Solution of Radial Dependent Schriodinger Equation for a Free-Particle Using HPM

In this section, we implement the HPM, in a realistic and efficient way, to provide approximate solutions for the
radial dependence Schrédinger equation (spherical Bessel equation) subject to the condition that R(r) is bounded
at r = 0. For the sake of continuity, this equation is rewritten here

2d’R(r) dR(r) 2.2 _
s +2r ” +(k 2P =L+ D)R () =0 w)

In view of Eq. (4) or (5), the homotopy for Eq. (42) can be constructed as

2
HR.8)=r2 Rz(r) 1o IRC) +[8k2 2 ~10+D]R(r)=0 ,5<[0,1]
dr r (43)
The basic assumption of HPM is that the solution R(r) can be expressed as a power of series in d.
R(r)= 25" R,(r)=Ry(r)+ SR, (r)+ 8 R, (r)+ & Ry(r ). (44)
n=0
The terms up to &° are considered, where
R(r)=R,(r)+ R, (r)+ 8 R,(r)+ 8 Ry (r) (45)
dR(r) _dR,(r) | SdR\(r) | o dRy(r) <y dR(r) )
dr dr dr dr dr
2 2R 2 2 2R
d REF) . d 02(r) v d Rlz(r) L5 d Rzz(r) LS d 32(r) 47
dr dr dr ar dr
Substitution of Eqgs. (45-47) into Eq. (42) yields
2 2 2
d R (r)+§ R (r) 52 Rzz(r) +53 d R32(r) +
dr® dr® dr dr
o [ AR | SdR(r) | o dRy(r) Ry () )
dr dr dr dr
(612> =00+ ) |(Ry () + SR, () + R, (1) + 5° Ry (1)) =
Summing up the coefficient of like power of & gives
2
5|29 Roz(r) RGN
dr dr
2
5! [rz AR (o R 2R (ry—aes l)Rl(r)j +
dr dr
(49)

2
5 (rz d 222(” +2r dR;r(r) +k2r2R](r)—£(€+1)R2(r)J+

2
g R o dR(0)
dr dr

+k2r2R2(r)—€(€+l)R3(r)J =

where,
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d’R dR
5 az(r) w2r R iR (=0 (a,)
dr dr
d’R,(r dR,(r
St 12( )+2r 1 )—€(€+1)R1(r)=—k2r2Ru ) (@)
dr dr
d’R,(r dR,(r
o r? 22( )+2r 2( )—/f(ﬁ+1)Rz(r)=—k2r2R1(r) (ay)
dr dr
d’R,(r dR.(r (50)
A 32( )+2r s( )—€(€+1)R3(r)=—k2r2R2(r) (a;)
dr ar
d’R (r) dR ()
67 r? d:z +2r dpr —L(L+DR, (r)=—k 2rzR(}H)(r) (a,)
where Ry(0)=R',(0)=0for p=1,2,3,....., Consequently, the solution of Eq. (50-a,) is

Ry(r)=Cyr'+ .

r (+1
(51
Where C, and C, are arbitrary constants. Subsisting the initial condition R(r = 0) = 0 and taking into account
the condition that R(r) is bounded at r = 0, we get

Ry(r)=Cr' (52)
After setting R,(r)=C,r" in Eq. (50-a,) we get
R R
PR o AR R, () =~k P (53)
dr dr
The general solution of Eq. (53) is given by:
k*
R/(r)=4,-C,——r"" 54
=4 -G 4
Where the arbitrary constant A; = 0, because R;(r) =0 at (r = 0). Therefore, the solution takes the form
—k*C
R (r)= Lyt 55
1(r) Y (55)

The normalized radial dependent solution R;(r) is illustrated in Fig. (1) at different values of /. Similarly, after
setting R,(r)=—(k>C,/40+6)r"" into Eq. (50-a,) we get

d’R,(r) dR,(r) ko,
2 22242 (0 DR, (r) = +C frd 56
r e r dr ( ) 2(”) l4f+6r (56)

which has the solution

k' 0+4
C,—————r
(40+6)(8¢+20)
and the arbitrary constant A, = 0, because R,=0 at (r = 0). Therefore,
k ! rl+4
' (40 +6)(80+20)

The normalized radial dependent solution R,(r) is shown in Fig. (2) at different values of /.
Equivalently, the solution of Eq. (50-a;) is given by

k* 146
V(405 6)(80+20)(120+42)
In general, the p™ term is given by
(D K 2L+ DL+ p)! Y
20 +2p +1)!
It is worth to mention that the solutions R, (r) forp=0,1,2,3, ..., satisfy Eq. (42).
As aresult, according to Eq. (44), the solution of Eq. (42) can be constructed as

Ry(r) =4, + (57

R,(r)=+C (58)

R,(r)=—C

(39)

Rp(’”)zcl

(60)
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& ) RTQUADC )
R(r)_;c' p\20+2p+1) 1)

For computing purposes, the solution provided by Eq. (61) as R(r) can be approximated by the p™ term Ry(r)

* _1\ [ 2 | 1
R,,(’”)zzcl D’k (2£+1).(£+p).; r+2p )
o 1pI(20+2p +1)!

The general solution R(r) up to the third term is illustrated in Fig. (3).

4. Conclusion

As a result, we conclude that the HPM can provides the expected solution and works successfully in handling
differential equations directly which produces the solutions in terms of convergent series with easily computable
components, and requires less computational work when compared with other methods. A convergent series
solution for the radial dependent Schrodinger equation has been obtained, which is realistic and effective.
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1 (radius)

Figure 1. The radial solution R,(r) of Radial dependent Schrédinger equation (spherical Bessel equation) at

different values of /.

1 {radius)

Figure 2. The radial solution R(r) of the radial dependent Schrodinger equation (spherical Bessel equation) at

different values of /.
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1 (radius)

Figure 3. The general solution R(r) of the radial dependent Schrédinger equation (spherical Bessel equation) up to
the third term of Eq. (61), at different values of /.
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