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Abstract
1

, , . . p(5-A4) . o . .
By introducing the difference polynomial operator 27 ", a kind of 2-periodic trigonometric
Interpolation problem of anti-periodic function is discussed. Some conditions of existence of solutions are
established and the explicit expressions are given under the corresponding conditions.
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The anti-periodic research on theoretical and applied mathematics have become one of the direction of
mathematical research, has been widespread concern. The research, in the approximation and interpolation

theory of function, about 7 - cycle of (0,m) trigonometric interpolation problem of anti-periodic function has
attracted great attention and has been studied extensively after Delvos, FJ published their paper, see
(Franz-Jurgen Delvos, Ludger Knoche. 1999)(Franz-Jurgen Delvos. 1993). In (Shangqin He, Xiangqian Hou.

2007), The author discussed that 7 - cycle of 2-periodic (0,m) trigonometric interpolation problem of
anti-periodic function, and found the solution conditions for the existence, fundamental polynomials and
interpolation polynomial of explicit expressions. However, in (Shangqin He, Xianggian Hou. 2007), the theorem
asked to be interpolation function has a m-order differentiable, not to be at the junction point interpolation
function non-differentiable situation. By using differential operator instead of difference polynomial operator, we
obtained the following conclusion, see (Shangqin He, Xiangqian Hou. 2006):
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Theorem A: If/™ is a anti-periodic function with 7 - cycle and h h , then we
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in which
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Q, f(xk):f(xk)’( (Zh DG, ) =( (2h /Jf)(}’k).
There is some discussion about the Construction of ™) and () in the theorem A described by (Shangqin He,
Xiangqian Hou. 2006), but they haven’t get the fundamental polynomials and interpolation polynomial of
PG-A,)
explicit expressions. In this paper, we refer to discuss a kind of 2-periodic Coon ! trigonometric
Interpolation problem of anti-periodic function based on (Shangqin He, Xiangqgian Hou. 2007).The main
problems are following:

x k7 y o=x + {a }"-1 {’5 }"-1
For any equidistant nodes ~ 7, " " 2n Mm=0L2n=1) a4n4 two sets of complex U "I m=0 Vmim=0

1
there exists only T(x) e, under which conditions such that
1
Toyma PGEAID) =4,

Assume " is the trigonometric polynomials space which maximum number is not exceeding n, thus,

T, =span{l} 1, =7, +span{coskx,sinkx} o, ={T ez, |T(x+x)=T(x)}

If ©n = Ter, |[Tx+m)=T(x)} is the trigonometric polynomials subspace with 77 -cycle, thus, we can
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conclude that

Wy =Ty Orpy = Oy Wypin = O,y +spanf{cos2(k +1)x,sin 2(k + 1)x}

Suppose oy ={Ter, |T(x+r)=-T(x)}

7 _cycle, then

is the anti- periodic trigonometric polynomials subspace with
1 _ R 1 1 .
wy =10} @5, = W3, Oy = @y +span{cos(2k +1)x,sin(2k + 1)x}
T
T, =0, ®o, O<h<—
Obviously, +, for any J(x)eCyy ,if 2n me N , define difference operator A

NS ()= [0 Ay f () = A, f () = [(x+ 1) = f(x =)

AT f(x) = A[AT f(x)] = Z( 1)[ }/x+(m—2k)h]

(m >2 ).
d j M
P(t)=Y p,’/(peR) . P(D)=Y PD/(D="L)
Set J=l is real algebraic polynomial MeZ | g 4" i the differential
- P(t 2= Z’Zh)’ b - -
polynomials operator exported by ® and ( is the difference polynomials operator
exported by P

The main result is the following:

P(1)

Theorem 1 (I) Suppose is real even polynomial, there exists a unique trigonometric polynomial r (x), such

that

T(x,)=a, PGADGI=A,

>

P(isin(Zk71)h)+P(isin(2n72k+1)h)i 0
Where h h .
(II) Suppose P(1) s real odd polynomial, there exists a unique trigonometric polynomialT (x), such that
1
T(x,)=a, PGAN0)=5,
P(isin(Zk —1)h)_P(isin(2n—2k+1)h
Where h h

)#0

Assume 7, (%) , P n (%) denote the considered problem of fundamental polynomials, respectively. Then

rm(x) = r()(x_xm) pm(x) = p()(x_xm) m :1,2,"',}’1—1
1
Where ro(x), Po(X) satisfy ro(xn,):5om’ (P Aa)0)3m) =0

1
pu(e) =0, PP =0 01,1

Theorem 2 ( I ) Suppose P(1) is the real even polynomial,

isin(2k —1)h

P )+P(ZSII’1(2}1 2k+1)h)¢0
if h h , then
” 2P(isin(zn;lzkﬂ)h)
Rx)=Y — — cos(2k —1)x
=y n[P(l sin(2k — l)h) N P(zsm(2n -2k + l)h)}
h h

(M
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2

po(x)= y sin(2k —1)x

P

isin(n =2k +Dhy

isin(2k —1)h
h h )

)+ P(

(II) Suppose P(1) s the real odd polynomial,
P(isin(2k —l)h) _P(isin(Zn -2k + l)h) 40
if h h , then
2P(isin(Zn -2k +1)h)
N h
=- : — 2k -1
1,(x) ; H{P(ism(zlic - l)h) B P(l sin(2n ;12k + 1)h)} cos( )x
3)
g 2
= : _ in(2k —1
() ; n[P(ism(Z}llc DAy pisin2n ;lzk n l)h)} sin(2k —)x
“)

Theorem 3 (I) Suppose f(x) is anti-periodic function with 7 -cycle, P()

zs1n(2}llc —l)h) + P(zsm(Zn ;Zk + l)h) -

P( 0

n=l1 n-l1

T(x)= Zf(xm)ro(x —x,)+ Z (P(ﬁA;,)f)(ym )Py (x = x,)

m=|
>

1 1
such that T'(x,)= f(xm) , (P(E Ay )T)(y”’) - (P(EA/: )f)(ym) '

Where 0 (x) and Po (x) is given by (1) and (2).

is anti-periodic function with 7 -cycle, P(t)

isin2n -2k +1)h

(I) Suppose f(x)
isin(2k —1)h

P( )—P( )#=0
h h , there exists a unique trigonometric polynomial

satisfied

n-1 n—1 1
T(x) = zf(‘xm)r()(x_xm) + Z(P(EAh)f)(ym)pO(‘x_xm)

m=0 m=0

(P AT, = (PG A ),)

wehthat  TOu)=f(x,) W gy I Z R B )

Where "0 (x) and Po (x) is given by (3) and (4).

1. Lemma

1
Lemma 1 (Shangqin He, Xiangqian Hou. 2007) If T(x)ea)zH,

(] :1:3732'”_1) s then

T(x)= i (ay; ,c0s(2j —=1)x+b,,  sin(2j—1)x)

Jj=1

is real even polynomial, if

1
, there exists a unique trigonometric polynomial T(x) e, satisfied

is real odd polynomial, if

T(x) € a);_nfl

. a. .
there exists constant /7, /

T(x)= i(azfl cos(2j —1)x+b,, ,sin(2j—1)x)

Lemma 2(Shangqin He, Xiangqian Hou. 2007) If J=1

1 . . .
T(x,)= EZ {(a2j—1 +a,, o )cos(2j —1)x, + (bZ/'—l - bZn—(Zj—l) )sin(2j —1)x, }

J=1

Lemma 3 (1) Suppose J s odd,

Al cos(2k —1)x = (2isin(2k —1)h)’ cos(2k —1)x

B

, then
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Al sin(2k —1)x — (2isin(2k —1k) sin(2k —1)x |

(2) Suppose J is even,
AJ cos(2k —1)x =i(2isin(2k — 1))’ sin(2k —1)x

B

Al sin(2k —1)x — —i(2isin(2k —1)h)’ cos(2k —1)x .
Proof: By Induction obviously,

Suppose /s odd Al cos(2k —1)x = (2isin(2k —1)h)’ cos(2k —1)x

Al sin(2k —1)x — (2isin(2k —1)h) sin(2k —1)x |

Al cos(2k —1)x =i(2isin(2k —1)h)’ sin(2k —1)x ’

Suppose J s even,

A] sin(2k —1)x = —i(2isin(2k =1)h)" cos(2k —1)x

T(x)=Y (ay;,cos(2j—)x+b,,  sin(2j—1)x)
Lemma 4(Shangqin He, Xiangqgian Hou. 2007) Assume =l ,
then

(1) TG =60, (m=0,12,--.n=1yieanq only if

Lm=0
2 5_{!%

a,. . +a == _ . om =
2j-t - =2y ij—l_bZn—(Zj—l)_O j=L2,--n ! 0,m=0

n, , , for

@ TC)=0m=0,12,-.n=1yiranq only if

Ay Ty 0y = 0 b2j—l _bZil—(zj—l) =0 j=L2,--n
B

E >

forany "€ N |

T(x)= Zn: (ay; ,co8(2j—1)x+b,, sin(2j—1)x)

J=1
s

Lemma 5 (Shangqin He, Xianggian Hou. 2007) Assume
then

(1) T(y,)= by, (m= 0,1,2,--,n~1 ) if and only if

2 ) 2 . .
Ay =y ) :;cOS(ZJ =Dy, by by 0 =;Sln(2j -Dy, j=12,n
@) I(y,)=0 (m=0,1,2,-n=1y4r 004 only if

A+ 0y o) = 0 ij—l _b2n—(2j—1) =0 j=L2,--n
9 b

forany " €N
2. The proof of theorem

T(x) = [ay_, cos(2k —1)x + by, _, sin(2k —1)x]
Suppose k=1 ,
T

Vs
. ym = xm +— yO =4
Since 2n and 2n , we can conclude that
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Z[Azk ,cos(2k =1)x, + B,, ,sin(2k —1)x,,]

B

T(ym) T('x +y0)
in which,

Ay =ay; ,008(2j =1y, + by, ,sin(2j 1)y, )

By =by;008(2) =)y, —ay; sin(2j — 1)y, 6)
2.1 The proof of theorem.

Proof: If P(t) is the real even polynomial, define

Uy (%) =D [ Ay, c0s(2k = 1)x + B,,_, sin(2k —1)x]
k=1

1 1
P(—A)T =P(—A)U
then, ( A DT (,,) (2h i) 2n—1(‘xm),

( AU, l(x) ZP (—)/A Z[ . c0s(2k —1)x + B, sin(2k —1)x]

M n

Z P (L)’ A,{[Az,{f1 cos(2k —1)x+ B,, ,sin(2k —1)x]
_ =l k=l 2h
Applying the lemma 3,

P(ziA,JUZn_I )

—Z ( ) Z[(2z)/sm (2k —1)h- Ay, , cos(2k —1)x + (2i)’ sin’ 2k —1)h- B,, , sin(2k — l)x]

- Z[P(W) (4, cos(2k —1)x+ B,, , sin(2k — l)x)}

By the lemma 2,

1
P(E AU, (x,)

1 isin(2k —1)h isin(2n—2k+1)h
Z{[ (A p

isin(2k = 1Dh isin(2n =2k +1)h .
[P((—))B% | p(sinC ) )BZWZM}Sln(Zk—I)xm

V- } cos(2k -1)x,,

h h v
P(LA W, (x,)=0
Since I(x,)=0 , 2 M , In view of lemma 4, we can conclude that
{azlm +a,, 24, =0
bzk—l _b2n—2k+1 = and
isin(2k —1)h isin(2n -2k +1)h
P(%)Azkl + P( ( 7 ) )A2n—2k+l =0
isin(2k —1)h isin(2n -2k +1)h
P((T))szl - P( ! 7 ) )B,, 24 =0
. @)
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It follows from (5), (6) and (7), we can find that

isin(2k — l)h) N P(l sin(2n -2k +1)h
h h

isin(2k — 1)h) N P(l sin(2n—2k +1)h
h h

isin(2k — l)h) N P(l sin(2n—2k +1)h
h h

zsm(2}llc — 1)h) N P(l sin(2n ;IZk +1)h

P(zs1n(2k—1)h)+P(zsm(2n—2k+l)h) 40

Obviously, when h h is hold, there exist solutions to the
equations(Herui Zhang, Bingxin Hao. 1979).

(P( )Cos(2k —D)y,ay;, , +

(P( )sin(2k —1)y,by,, =0

(P( )cos(2k =D yeb,y, , —

(P( )sin(2k —1)y,a,, , =0

In the same way, we can conclude the results of (II). The proof is complete.
2.2 The proof of theorem 2.

Proof: Suppose P(t) is the real even polynomial,
1 1 < isin(2k —1)h isin(2n—2k +1)h
P(EAh)rO(ym) ZEZ{P(%)AUI +P( ( )
k=1

h

VA, i ]cos(2k —1)x, +

isin(2k —1)h isin(2n—2k +1)h

P( i )By = P( A VB, 2k 1sin(2Zk =1)x,, }
1
r(x )=3 P(_Ah)ro(ym)zo
Since "0\'m/ T Fom and 2h are hold, applying the lemma 4,we can find that
2
oy T oy gpn1 =
n

b, —b =0 L
2k=1 - T2n=2k+1 ,and in view of lemma 5, we can find that

isin(2k —1)h isin(2n -2k +1)h
P(%)Aﬁ—l +P( ! 7 ) )AZn—2k+1 =0
isin(2k —1h isin(2n-2k+1Dh
P(%)Bﬂl - P( ( i ) )BZn—ZkJrl =0
3

It follows from (5), (6) and (8), we can find that
isin(2k — 1)h) N P(l sin(2n—2k +1)h
h h
isin(2k —-1)h isin2n—-2k+1)h . . 2 _isin(2n—-2k+1)h
(@I=Dhy y psind ) sin(2k = 1)yyby , == PN )
h h n h
isin(2n -2k +1)h
h
isin(2k —1)h isinn—-2k+1)h__ . 2 _isin(2n—-2k+1)h
(p(SEZDRy | plsind ) sin2k ~ 1)y, == P )
h h n h
From this, we can calculate that
isin(2n -2k +1)h
h
)+ P(

(P( ) cos(2k —1) yyay,_, +

(P( )cos(2k —1)y,

)+ P( ) cos(2k =) yoby, | —

isin(2k —1)h
(P( P

)sin(2k - 1)y,

2P(

Ay = P
isin(2k —1)A
(D

)
isin(2n—2k+1)h
h

) b2k—l =0 ,

E
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isin(2n—2k+1)h

0 2P( )
- h 2% —1
7 (x) ; ) {P(isin@}/lc ~Dhy , pisin(n ;l 2k + 1);,)} cos(2k —1)x

thus,

P(=A,)p0(3,)

In the same way, we can conclude that 2h
1 isin(2k —1)h isin(2n -2k +1)h
Sy, )
= k=1

h

)4y, 25 ]c0s(2k —1)x,, +

isin(2k —1)h isin(2n -2k +1)h
¥)B2k—l_P( ( )

[P( P P

)B,, 5., ]sin(2k —1)x, }

B

1
P(—A =5
inWhiCh’ pO(xm):O and (2h h)pO(ym) Om.
Ay + 340 =0

By lemma 4, we can find that {bz"‘l ~byy 241 =0 ,

in view of lemma 5, we obtain that
isin(2k —1)h isin(2n -2k +1)h
¥)A2k—l + P( ( )
h h
isin(2k —1)h isin(2n—2k+1)h 2 .
¥)32k71 - P( ( ) )B,, 2i0 =—sin(2k - 1)y,
h h n
)
In view of (5), (6) and (9), we can conclude that
isin(2k —1)h isin(2k —1)h
h
isin(2k —1)h
h

P(

2
VA 25 = ;COS(2k -Dy,

P(

) cos(2k - y,a,,_, +

(P( )+ P(

)+ P(

isin(2k —1)h
(P( P

))sin(2k —1)yyhy, , = =cos(2k ~1)y,
n

))cos(2k —=1)y,b,,_, —

)+ P(

isin(2k —1)h
(P( P

isin(2k —1)h
h

isin(2k —1)h isin(2k —1)h

. 2 .
(P( Y )+ P( ) sin(2k -1 y,a,, , = ;sm(Zk -y,
From this, we can calculate that ayy =0 ,
b = 2
2 isin(2k —1)h isin(2n -2k +1)h
n[P( ( ) )+ P( ( ) N
h h _
PYOED: 2 sin(2k —1)x
0 - .. — ) — -
= n[P(l sin(2k l)h) N P(l sin(2n -2k +1)h il

Thus, h

In the same way, we can conclude the results of (II). The proof is complete.

2.3 The proof of theorem 3.

By virtue of Theorem 1 and Theorem, we can conclude the results. The proof is complete.
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