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Abstract

A new type of generalized convex functions, termed preinvex functions, is further discussed in this paper. A new result
that if a preinvex function satisfies intermediate-point semistrict preinvexity then it is also a semistrictly preinvex
function is obtained. Furthermore, another simplified proof for a criterion of preinvex functions under weaker
conditions and an impotant application of preinvex functions are given.
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1. Introduction

Convexity and generalized convexity play a central role in mathematical economics and optimization theories.
Therefore, the research on convexity or generalized convexity becomes one of the most important aspects in
mathematical programming. A significant generalization of convex functions termed preinvex functions was introduced
by (Weir and Mond, 1988). Yang and Li obtained some properties of preinvex function in (Yang and Li, 2001).Yang also
discussed the relationships among convexity, semistrict convexity and strict convexity in (Yang,1994). In this paper,
preinvex functions is further discussed in this paper. A new result that if a preinvex function satisfies intermediate-point
semistrict preinvexity then it is also a semistrictly preinvex function is obtained. Furthermore, another simplified proof
for a criterion of preinvex functions under weaker conditions and an impotant application of preinvex functions are
given.

Now we recall some definitions .

Definition 1.1 (Weir,1998,p.29) A set K — R" is said to be invex if there exist a vector function
n:R"xR" — R", such that

Vx,ye K,VAe[0l]= y+An(x,y)e kK.
Definition 1.2 (Yang,2001) Let K < R" be an invex set with respect to77: R" X R" — R" . Let
f K — R.Wesaythat fispreinvexonK ,ifVx,y e K,A4 €[0,1],
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SO+ AnCe,y) <A () +A=-)f(y).

Definition 1.3 (Yang,2001) Let K < R" be an invex set with respect to 77: R" X R" — R" . Let
f K — R.Wesaythat f is semistrictly preinvex on K , if VA € (0,1) Vx,y € K, f(x) # f(y),

S +An(x,y)) < () + (A=) f(¥).

Condition C. Let77: R" x R" — R". We say that the vector-valued function 77 satisfies Condition C if for
any x,y € Kanyde(0,D,

N,y +An(x, y)) = -An(x, ),

n(x,y + An(x, y)) = (1= D)n(x, ).

x—y,(x=0,y20)

x—y(x<0,y<0)

—2-p(x>0,y<0)

2—y,(x<0,y>0)

By Example 2.2 in (Yang, 2003), we know that 7 satisfies the Condition C. Another example that
17 satisfies the Condition C may refer Example 2.4 in (Yang, 1995, p.901).

Examplel. Let n(x,y) =

2. Main Results

In (Yang,2001, p.256), the authors have discussed the preinvex functions and semistrictly preinvex
functions.In this section, we will discuss the properties of preinvex functions. Firstly, we give the following
basic lemma.

Lemma 2.1 Let f be a lower semicontinous and satisfy f(y+7(x,»))< f(x) (Vx,yeK ),

1n:R" xR" — R satisfies Condition C. If for every pairx,y € K, there exist A € (0,1) such that
inequality

S +An(x,y) <A () +(1=-1)f(¥) Q.1

then the set A(x,y) ={a €[01]| f(y+an(x,y)<af (x)+(1—a)f(y)},Vx,y € K is dense in
the interval [0,1].

Proof . Given X,y € K,x # y suppose that A(xX,y) is notdense in [0,1]. Then , there exist & € (0,1)
and & >0 such that

Ax,y)yn(ad —s,a+&)=¢
For f(y+n(x,y))< f(x)(Vx,y€ K ),then 0 € A(x,y),and 1€ A(x,y).
Define
u=sup{a e A(x,y):a<a}
v=if{a € A(x,y):a>a}
Letu; <u, <..<u, <.., suchthat u, - u as k —>+0,and u, € A(x,y) foreach k then
S +un(x,y) <u, f(x)+A-u)f(y)
liminf f(y+u,7(x, ) < liminflu, £ () + (1= u,) £ ()] @)
Since f is a lower semicontinous, we have

S +un(x,y)) < liminf /(y +u,7(x, y)) (2.3)

Form (2.2) and (2.3), we obtain [ (y +un(x,y)) <uf (x)+(1—u)f(y) Hence u € A(x,y).
Similarly, we get v € A(x,y).
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Then, by the definitions of # andv,weobtain 0 <u <a <v <1, and
oau+(l-a)yve A(x,y),Va €(0,) (2.4)
Now denote x, = y +un(x,y),y, = y+vn(x,y)
Then under inequality (2.1), there exist a A € (0,1) such that
S, +An(x,p) S A (x)+A=-) f(»,) (2.5)
From Condition C, we have
Yy +AN(x, ) =y +vn(x, y) + An(y +un(x, ),y +vi(x, y))
=y+vn(x,y)+ An(y +un(x, y),y +un(x, y) - (u—-vn(x,y))
=y +[Au+A=)vn(x, y)
Hence, by (2.5) and u,v € A(x,y), we obtain
S+ [+ (=2l p) = £ (v, +An(x,.0,)
SA(x)+A=-Df () <[Au+A=-Ap]f () +[1-(Au+A=-A))]f ()
Which implies Au + (1 — A)v € A(x, ) , and contradicts (2.4). Thus this proves Lemma?2.1.

Theorem 2.2 Let f be a lower semicontinous and satisfy f(y+n(x,))< f(x) (Vx,yeK ),
17:R" xR" — R" satisfies Condition C. If for every pairx, y € K , there exist A € (0,1) such that

inequality (2.1) holds, then f is a preinvex function on K .
Proof. By Lemma2.1,VXx,y € K, A(x, y) is dense in the interval [0,1].

Then, Va €(0,1),3a,} < (0,1) N A(x,y),suchthat ¢, > & as n —> ©.
Since f(y+a,n(x,y)<a,f(x)+(1-a,)f(y), then
liminf (y +a,n(x, ) < liminfle, /() + (- @) /()]
Since f is a lower semicontinous, we have
S +an(x,y)) < liminf f(p +o,77(x, )
Thus — f(y+anxy) <af(x)+1-a)f(y) 2.6)

From Condition f(y+7n(x,)) < f(x)(Vx,y € K ), when A = 0,1 we also have
J+An(ey) <A () +1A=-2)f(y) @7

So f is a preinvex function on K .This completes the proof.

Remark 2.1 A criterion of preinvex functions is given by theorem 2.2. Comparing with (Yang,2001), we give
another simplified proof for the result.

Theorem 2.3 Let K — R" be an invex set with respect to77: R" x R" — R" which satisfies Condition C,
and f : K — Rbe a preinvex function for the same7). If there exists an « € (0,1), such that for all

x,yeK, f(x)# f(y) implies
Sy +an(x,y) <of (x)+(1-a)f(y). (2.8)
Then f is semistrictly preinvex on K with respect to77.

Proof. On the contrary, we assume that there exist x,y € K, 4 € (0,])suchthat f(x)# f(v) and
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S +Anxe, ) 2 4/ () +A=-4) f(y).
Without loss of generality, we assume the f(x) < f(v),let z=y+An(x,y).
Then, inequality (2.9) implies
J@2Hx)+1A=-4)f(y)> f(x).

Since f is preinvex function, we have

f@sHx)+A=-4)f ().
Which together with (2.10), leads to

S <f@)=HX)+A-D)f(»).
Let

z, =z+an(x,z)

2, =z 4an(z,,2)

z, =z+an(z,,,z),Vke N
According to (2.11) and (2.8) ,we have
f(@) = fz+an(x,z) < f(2).
f(z) = fz+an(z,2) < f(2).

fz)=fz+an(z,,2) < f(2).
From Condition C, we have
z, =z+a'n(x,z) = y+[A+a" (1-D)n(x,y)
Let k, € N be such that
ah [(1-a)< A/(1-2)

ki +1
Letf = A+a"(1- 1), B, :/1—1“

-
Then
0<B, <A<B <l.i=apf +(1-a)p,
Thus from Condition C,we have
z+a ' n(x,2) = y+An(x,y) + e n(x,y + An(x, y))
=y+[2+a" (1=, y)

=y+pn(x,y)=Xx.
From (2.12)(2.13), we obtain

f(X)=fz+a"n(x,2)) = f(z,) < f(2).
There are two cases to be considered.

(i) f(x) = f(») It follows from Condition C that
y+oan(x,y) =y + Fon(x,y)+an(y+ fin(x, y),y + F(x, y))
=y+nx,y)+a(f - B,)nx,y)
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=y+lap +(-a)Bn(x,y) =y +An(x,y) =z
Since [ is preinvex ,this implies
f(@)Zaof (X)+(1—a)f(¥) £ f(X).which contradicts inequality (2.14).

(i) f(X)<f(y). Since y+an(x,y)=y+An(x,y)=z
By (2.8), we get

f@ <X +1-a)f(y). (2.15)
Again, X = v+ pn(x,y) ,; =y+B,n(x,y) and f ispreinvex , we have

JE<BS)+A=B)f ) - (2.16)

JO LB f ) +U=5,)1 (). (2.17)

According to (2.15)-(2.17), we obtain
[ <A@ +A-Df(),
Which contradicts (2.11). This completes the proof.
Let the problem of minimum f'(x) subject to x € K be denoted by (P). Now, we can discuss an application

of preinvex functions to the problem (P).

Theorem 2.4 Let K — R"be a nonempty invex set with respect to 7: R" x R" — R"and f:K — R
be a preinvex function with respect to 77.If X is a local minimum to the problem (P), then X is a global
one.

Proof. If X is a local minimum to the problem (P), then there exists a neighborhood U e R”
with X € U and

F(X) < f(x),Vxe K U (2.18)

Assume that X is not a global one of (P) then there exists X € K with
f)<S(X) (2.19)

Since K < R" be a nonempty invex set with respect to 7: R"XR" —> R"and f:K —> R be a
preinvex function, then VA € (0,1)

JE+ANE) <A (D) +(1-2) f() < f(X) (2.20)

i.e. forany VA € (0,1), we have
S (x+An(x,x)) < f(%)
5ing(f+ An(x,X))=X , so there exists a & ( 0<S5<1 )and for all Ae€(0,5) with
-
X+ An(x,x) € K NU. Whicis a contradiction to (2.18).This completes the proof.

Remark 2.2 From Theorem 2.4, we can conclude that preinvex functions constitutes an important class of generalized
convex functions in mathematical programming.
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