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Abstract 

The aim of this paper is to investigate the geometric condition of singularity of )( 22
3 MSS Δ . The algebraic of 

singularityof )( 22
3 MSS Δ is obtained in (Luo and Chen, 2005). The result of this paper will be useful to further study the 

geometric condition of singularity of )3)((1 >Δ+ μμμ
μ MSS . 
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1. Introduction  
The definition of multivariate spline is stated as follows(Wang, 1994): for a given partition ∆ of a region Ω, the 
linearspace  

}),(,{:)( Δ∈∀Ω∈∈=Δ ikTk TCsPssS
i

μμ  

is called spline space of degree k  with smoothness μ , where iT  is a cell of the Δ  and  kP  is the polynomial 

space of total degree k≤ . 

Luo & Chen(Luo and Chen, 2005) investigated the singularity of the space )2)((1 ≥Δ+ μμμ
μ MSS  and gave out an 

algebraic necessary and sufficient condition to the singularity. Take 1=μ for instance, i.e. Morgan-Scott triangulation. 
Shi(shi,1991) and Diener(Diener,1990) obtained the geometric significance of  the necessary and sufficient condition 
of 7  ))(dim(S MS

1
2 =Δ , respectively. Du(Du, 2003) gave another type of the necessary and sufficient condition of the 

singularity of )(S MS
1
2 Δ  from the viewpoint of the projective geometry, that is, if the six quasi-inner edges are 

regarded as six points in the projective plane then they lie on a conic. 

Now, we research the condition of 2  µ = . 

2. Algebraic of Singularity of )( 22
3 MSS Δ  

The singularity of the spline space )( 22
3 MSS Δ  is investigated by Luo and Chen(Luo and Chen, 2005) using the 

Generation Basis method. They obtained a necessary and sufficient condition in algebraic form. 2
MSΔ is seen in Figure 

1. 
Denoted by  
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Then, the following conclusion in algebraic form is true 

Theorem 1. (LuoandChen,2005) The spline space )( 22
3 MSS Δ  is singular ( 11))((dim 22

3 =ΔMSS ) if and only if  
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                                                    (2) 

Let cba ,,  be three distinct non-infinity lines in 2P . Denoted by the intersection points between lines cba ,,  and 

)9,8,7(),6,5,4(),3,2,1( === ililil iji  respectively.  >=< cbu , . >=<>=< bawacv ,,,,  

Let 2l ′ , 5l ′ and  8l ′  be  

uavblvawblwaubl 888555222 ,, +=′+=′+=′ . 

Without loss of generality, we assume that the six points determined by intersections of Aa, Bb, Cc and intersections 
of 852 ,, lll ′′′ are distinct from each other in the triangulation . Under this assumption, we shall prove the following 
important conclusion. 

Theorem 2. The spline space ( )22
3 MSs Δ is singular if and only if the six points determined by intersections of Aa, Bb, 

Cc and intersections of 852 ,, lll ′′′ lie on a conic. 

Proof: Without loss of generality, we regard the lines u, v, w as basic lines, and let u = (1, 0, 0), w = (0, 1, 0), v = (0, 0, 
1). 
From (1), we have 

( )0,, 111 bal =   ( )444 ,,0 bal =      ( )777 ,0, abl =  
( )0,, 333 bal = ,  ( )666 ,,0 bal = , and ( )999 ,0, abl =  

( )0,, 222 abl =′ ,  ( )555 ,,0 abl =′ ,     ( )888 ,0, bal =′  
and 

( )91919191 ,, bbaaabllA −−=×= , ( )76767676 , babbaallB −=×=  , ( )43434343 ,, aaaabbllC −=×=  

( )0,0,1=×= vwa , ( )1,0,0=×= wub , ( )0,1,0 −=×= vuc . 
So the lines Aa, Bb and Cc can be expressed as follows: 

( )9191 ,,0 aabbaAAa −=×= , ( )0,, 7676 aabbbBBb −=×= , ( )4343 ,0, bbaacCCc −=×= . 

By direct calculations, the intersections of Aa, Bb, Cc and the intersections of  l,l,l 852 ′′′  are formed to be 

( )7691769176911 ,, bbbbbbaaaaaaBbAav =×= , ( )4376437643762 ,, aaaabbbbbbaaCcBbv =×= , 
( )9143914391433 ,, bbaaaaaabbbbAaCcv −−−=×= , ( )525252524 ,, ababaallv −=′×′=

( )858585855 ,, abaabbllv −=′×′= , ( )282828286 ,, aabbabllv −=′×′=  

We now give the equivalent condition that 621 ,,, vvv L  lie on a conic by Pascal’s Theorem. To do this, the three 

intersection points of three subtense of the hexagon with vertices 621 ,,, vvv L  are 

))(()()( 87643287643298765198765162511 bbbbbabaabbbaaaababbbbbbvvvvB ++=×××=
−−−−− 987651876432876432987651987651 )()(( aaaaaaaaabbabaaaaaabbbbaaaaaaa  
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)())( 987651987651876432876432987651 babbabaabbbabaaaababbbbaabbbba −−−−  

824376857691857691284376284376 )()(( baaaaaaabbbbabbbaaabbbbbbbbbaa −−−+    

))(() 824376284376857691857691824376 bbaaaaaabbbbabaaaabbbbbbaabbaa −+−− , 

))(()()( 98432198432197652197652163412 abaaaabbbbbbaaabbabbbaabvvvvB −−−=×××=
−−+−−− 976521984321984321976521976521 )()(( aaaabababbabbbaaababbaaaaaaaba  

)())( 9876521976521984321984321976521 babbabbabbbbabbaabbaaaaaaabbaaa +−+−  

289143527691527691289143289143 )(( abbbaaabbbbbbbbbaaabaaaabbbbbb +−− ）（    

))(() 289143289143527691527691289143 bbbbaaaaaaaabbaaaaaabbbbaabbbb +−−−+ , 

）（）（）（ 85914385914352437652437653423 )(vvvB bbaaaaaabbbbbbbbaaaaaaaav +−−=×××=

524376859143859143524376524376 )(( abbbaabbbbbbbbbbaaaabbbbabbbaa −−−−−− （）  

)())( 524376524376759143859143524376 abaaaabbbbbbaabbaaabaaaaaabbbb +−+−  

859143524376524376859143859143 )(( bbbbaaabaaaabbbbbbbbaaaaaabbbb −++− ）（  

))(() 859143859143523476524376859143 aabbaabbaaaabbbbaaaaaaaaabbbbb +−−−  

The directed area of triangle determined by 1B , 2B and 3B  is 

))()(()(),,( 843483951915762267
2

852285321 baababaaabbbaabbbbaaabbbBBB ++++−=  

)()( 987654321987654321
2

976431976431 aaaaaaaaabbbbbbbbbaaaaaabbbbbb +−  

Since the six points 621 ,,, vvv L are all distinct, we have 

))()(()( 843483951915762267
2

852285 baabbabaaabbbaabbbbaaabbb ++++−  

0)( 2
976431976431 ≠− aaaaaabbbbbb . 

Hence, it follows from Pascal’s Theorem (says that 621 ,,, vvv L  lie on a conic if an only if 0),,( 321 =BBB that  

the necessary and sufficient condition that 621 ,,, vvv L  lie on a conic is 
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4. Example 
In this section, we shall give two examples to illustrate our main results distinctly. One of the conic is elliptic conic, the 
other is hyperbolic conic. 

Example 1. Consider a given triangulation shown in Fig. 2, where  

),1,0,1(),1,1,0(),1,2,4(),1,2,4(),1,2,2/1( =−=−=−−== baCBA  

,0:,0:,0:),1,0,1( =−−=−−−=−−= zyxwzyxvyuc  

,04/1:,03/23/2:,03/44: 321 =−−−=+−−=+−− zyxlzyxlzyxl  

03/43/4:,03/23/2:,04/1: 654 =+−=+−=−− zyxlzyxlzyxl   

047/4247/42:,02/1:,022: 987 =−−−=−−−=−− zyxlzyxlzyxl . 

It can be proved that the spline space )( 22
3 MSS Δ  of piecewise polynomial of degree 3 with smoothness 2 is singular. 

The corresponding 987 ,, lll ′′′ are 
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047/547/5,02/1,0 987 =−−−=′=−−=′=+−−=′ zyxlzyxlzyxl . 

In this example, the conic corresponding to Theorem 2 is 

02624128801421158002861302 22 =++−+− yxyxyx , 

which forms elliptic conic and is shown in Fig. 2 
Example 2. The following example shows that a conic corresponding to Theorem 2 forms hyperbolic conic. Given a 
singular triangulation 2

MSΔ for spline space of piecewise polynomial of degree 3 with smoothness shown in Fig. 3, 
where 

),1,1,1(),1,2,0(),1,4,3(),1,3,4(),1,2,2/1( −=−=−=−−== baCBA  

,02:,022:,02/12/1:),1,0,1( =−−=−−−=−−−−= zyxwzyxvzyxuc  

,023/2:,02/12/3:,056: 321 =−−−=+−−=+−− zyxlzyxlzyxl  

,03/43/4:,0:,024/1: 654 =+−=+−=−− zyxlzyxlzyxl  

061/3861/38:,022:,07/87/1: 987 =−−−=−−=−− zyxlzyxlzyxl  

The corresponding 987 ,, lll ′′′  are 

0122/229122/229,023,014/1914/5 987 =−−−=′=−−−=′=−−=′ yxlyxlyxl , 

and the corresponding duality figure of the triangulation is shown in Fig. 3. A hyperbolic curve passing through the six 
points as mentioned Theorem 2 is shown in 3 and 

0
1112
1161

256
503

715
1022

1963
1028

2803
1143 22 =++−−+ zyzxzxyyx  
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Figure 1. MS
2Δ  

 

Figure 2. Example 1 
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Figure 3. Example 2 
 

 
 
 


