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Abstract  
A kind of boundary value problem about a second-order elliptic differential equation with variable coefficient is 
discussed indirectly by transforming it as the second kind of variational inequality form. Using regularization method, 
the variational inequality is formulated as an equal variational equation, which can be made discrete by the finite 
element method. Abstract error estimate and the error estimates of the approximation are derived under the energy norm 
and 2L -norm. 
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1. Problem Statement 

Suppose nR∈Ω  is a bounded open domain, Γ is the sufficiently smooth boundary of Ω , and n  is the outward 
normal to Γ , ( ) 0>Γmeas ; { }0),(1 ≥Ω∈= uHuV ; VK ⊂ ; Where 
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In this paper, we discuss the boundary value problem about a second-order elliptic type differential equation with 
variable coefficient as follows: 
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The coefficients and the solution u in (1) satisfy: 
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We had proven the variational inequality problem that is equal to problem (1), as follows:  
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And the variational inequality exists only one solution. (Chen, 2008) 
Problem (2) originates from many physics and engineering reality. The variational inequality includes an 
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indifferentiable functional. Using the regularization method (Chen, 2008), and making use of the differentiable function 
(R. Ding, 2005, pp.121-124), this problem was formulated as an equal variational equation. We will construct approach 
by finite element method and give the abstract error estimate and the error estimates of the approximation under the 
energy norm and 2L -norm. For better dissertating, regularization about the variational inequality (2) and the process of 
solving the equal variational equation (Chen, 2008) will be iterated in the next part briefly. 
2. Regularization method and the equal problem 

Using regularization method, we construct the differentiable functional ( )
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Easily we know that ( ) vgv =
→

εε
ψ

0
lim . Problem (2) can be substituted approximately by the problem: 
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We can easily prove that )(vjε  is convex, differentiable and ( ) ( )vjvj =
→

εε 0
lim .

The following theorem is quoted from the article (Chen, 2008), we give it directly without proof. 
Theorem 1 Suppose u  and εu are the solutions of problem (2) and (5) respectively, then when 0→ε , εu  converqs 
to u  strongly. 
In the following we consider the equal form to variational inequality (5).  
Let Vwttwuv ∈>±= ,0,  in (5), then we have 
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Then the solution Vu ∈  of problem (5) satisfies 
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So we obtain the equal variational form (6) to problem (5). 
3. The finite element approach and the error estimate 
In order to carry on the stability estimate and the error analysis, we give the following lemma and the deduction at first. 
C  is used to express constant in the paper, and the identical letter appears in different place may express different 
constants.

Lemma 1 Function ( )tϕ  is defined as (4), then ( ) ( )+∞∞−∈ ,1Htϕ  and satisfies Lipschitz and monotony conditions as 
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follow: 

( ) ( ) Rvuvuvu ∈∀−≤− ,1
ε
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( ) ( )( )( ) Rvuvuvu ∈∀≥−− ,0ϕϕ                        (8) 

Deduction 1 The solution of problem (6) exists uniquely and satisfies the following stability: 
fCu ≤1                                         (9) 

Proof The solution of problem (5) exists uniquely. Form the equivalence between (5) and (6), we know that problem (6) 
has only one solution. Following we prove the stability estimate. Take uv =  in (6), and take notice of ( ) 00 =ϕ  form 
(9), by lemma 1, we have ( ) 0≥uuϕ , also by Γ≥> oneag ij ..0,0 α , we can obtain ( ) ufuua ,, ≤ . Additionally, as the 
bilinear form ( )uua ,  is compulsive, we can obtain the stability estimate. 

Suppose hJ  is a regular triangulation in Ω , VVh ⊂  is the corresponding linear finite element space. Marking 

( )uuau E ,=  to express the energy norm. Consider the following finite element approximation problem about 
problem (6). 
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Just like deduction 1, we can obtain the existence and uniqueness of the solution of (10), and the solution similarly 
satisfies the stability estimate (9). Abstract error estimate about solutions of (6) and (10) will be given in the next part. 
Theorem 2 Suppose u  and hu  are the solutions of problem (6) and (10) respectively, then we have error estimates 

under the energy norm and 2L -norm as follows: 
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For assigned ( )Ω∈ 2Lq , V∈ω is the unique solution of the following elliptic problem (17). 

Proof To perform subtraction between (6) and (10), we can obtain  
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From this expression, using the compulsive character of the bilinear form ( )uua , , we have 
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By Lemma1, the bounded character of ( )uua ,  and trace theorem, we can obtain 
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Thus we obtain the error estimate expression (11). 

In order to derive the error estimate under 2L  norm, for discretionally assigned ( )Ω∈ 2Lq , we first introduce the 
following auxiliary problem 

( )

( ) Γ=+
∂
∂

Ω=+
∂

∂
∂
∂−

=

onx
n

inqxx
x

xx
x

A

n

ji j
ji

i

0

)()()(
1,

,

ωγω

ωβωα
                               (16) 

Where ( ) ( ) ( )
h

h
uu

uu
x

−
−

=
ϕϕγ . The equal variational form of problem (16) is 

( ) ∈∀=
∈

VvvqvA
thatsuchVfind

,,
,

ω
ω

                                                  (17) 

Where, ( ) ( )
=

Γ
+=

n

ji
ij vdsxvavA

1,

)(,, ωγαωω . We may know by lemma 1 that ( ) ( )Ω∈ ∞Lxγ  and satisfies 

( ) Ω∈≤≤ xx
ε

γ 10                                                       (18) 

By ( )vA ,ω , expression (18) and trace theorem, we know that the bilinear form ( )⋅⋅,A  satisfies compulsive and bounded 
conditions in V , so the solution of problem (17) exists unequally. 
Let huuev −==  in (17), using expression (13), the definition of ( )xγ , lemma 1 and trace theorem, for hh Vv ∈∀ , we 
can obtain 
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By the haphazardness of ( )Ω∈ 2Lq  and hh Vv ∈ , we have expression (12). The proof finished. 

By problem (20) and the compulsory condition of ( )vA ,ω , we can obtain the following lemma: 

Lemma 2 When Ω  is a convex region or a full smooth bounded domain, the solution of problem (17) ( )Ω∈ 2HVω
and satisfies the stability estimate qC≤2ω .

In order to obtain the error estimate, we define interpolation operator ( ) hh VC →ΩΠ 0:  as follow: for ( )Ω∈∀ 0Cv ,

hh Vv ∈Π  such that ( ) ( ) Ω∈∀=Π PPvPvh nodedissection, .

By the above conclusions, theorem 2, lemmas 2 as well as the finite element interpolation theory, we can obtain 
conclusions about the error estimate as follows. 
Theorem 3 Suppose Vu ∈ is the solution of problem (7) and hh Vu ∈  is the solution of (10), then when 
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Proof Let uv hh Π=  in the abstract error estimate expression (11), then 
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By the finite element interpolation theory [3], for ( ) 0,1 ≥Ω∈ + ααHu , we have 
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Substitute them into the right margin of (21), and then we have the error estimate (19). 
Let ωhhv Π=  in (12) and using lemma 2, we have  

( ) ( )
( )

( )
( ) ( ) Eh

n

ji
ijEh

n

ji
ij

Lq

h

n

ji
ijEh

VvLq
Lh

uuxChuux
q

Ch

uuxv
q

Cuu
hh

−≤−≤

−−≤−

==Ω∈

=
∈Ω∈

Ω

1,
1

1,
12

1
1,

1

1sup

inf1sup

2

2
2

ααω

αω

Additionally by (19) which have been proved above, we can obtain expression (20). The proof finished. 
4. Conclusions 
The variational equation equal to the variational inequality is made discrete by finite element method, which made the 
interpolation computation directly to the original variational inequality simplified. The existence, uniqueness and 
stability of the finite element solution are given. The abstract error estimate is established, and error estimate under the 
energy norm and 2L  norm is given. The finite element analysis about the variational inequality problem narrated in the 
paper is consummated. 
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