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Abstract

A kind of boundary value problem about a second-order elliptic differential equation with variable coefficient is
discussed indirectly by transforming it as the second kind of variational inequality form. Using regularization method,
the variational inequality is formulated as an equal variational equation, which can be made discrete by the finite
element method. Abstract error estimate and the error estimates of the approximation are derived under the energy norm
and I -norm.
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1. Problem Statement

Suppose Qe R" is a bounded open domain, Tis the sufficiently smooth boundary of Q, and » is the outward
normal to r , meas(T')> 0 : V= {ue HY(Q),u> 0} ; KcVv : Where

a(u,v) = L”Z_:la” (x)%s—;dx+ Lﬂ(x)uvdx, ()= gijz;la,-j (x)pMds, g is a positive constant; (f,v)= Lﬁ»dx, fel'(Q).
In this paper, we discuss the boundary value problem about a second-order elliptic type differential equation with
variable coefficient as follows:

- ai{a,-,j(x) a”(’C)}+,B(x>u(x)=f<x) inQ
X axj

<g onl’ (1)

uai—uA+g|u|=0 onl”

The coefficients and the solution » in (1) satisfy:

n n
(i) Exista > 0, such that Zaﬁ (&L 2 az E2 aexe QVEER".
i,j=1 i=1
1

My,

BnA

. o o d

(if) () € L™ (), (x) = &2 (x), B(x) € L™ () ,%nj =
J

We had proven the variational inequality problem that is equal to problem (1), as follows:

{ﬁnd ueV,such that

a(u,v—u)+j(v)—j(u)2<f,v—u> YveV @

And the variational inequality exists only one solution. (Chen, 2008)

Problem (2) originates from many physics and engineering reality. The wvariational inequality includes an
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indifferentiable functional. Using the regularization method (Chen, 2008), and making use of the differentiable function
(R. Ding, 2005, pp.121-124), this problem was formulated as an equal variational equation. We will construct approach
by finite element method and give the abstract error estimate and the error estimates of the approximation under the
energy norm and L?-norm. For better dissertating, regularization about the variational inequality (2) and the process of
solving the equal variational equation (Chen, 2008) will be iterated in the next part briefly.

2. Regularization method and the equal problem

n
Using regularization method, we construct the differentiable functional j, (v):gz J:O!ij(x)l//g(v)ds to substitute
i,j=1

jv =g z o (x)|v|ds approximately, where

i,j=1
gé‘—%egzé?eg
2
vel)= [ooi={5 " f<ex ®
—géf—;—ggz,fﬁ—ég
And
g.éz2eg
olt)= éaléléeg (4)
-g.¢<-¢&

Easily we know that lim y, (v) = gy| . Problem (2) can be substituted approximately by the problem:
-0

find ue V,such that
)

a(u,v—u)+ j. (V)= je@) 2 (f.v—u) YveV

We can easily prove that j,(v) is convex, differentiable and lim j,(v)=j(v).
-0

The following theorem is quoted from the article (Chen, 2008), we give it directly without proof.

Theorem 1 Suppose » and u, are the solutions of problem (2) and (5) respectively, then when ¢ -0, u, convergs
to u strongly.

In the following we consider the equal form to variational inequality (5).

Let v=uzmw,t>0,weV in(5),then we have

ia(u,w)+gi j:ai/(x){w ds2i<f,V>

=
Let t—0%, we have

lim Welutw)-y,(u)
1—0" t

=y, (u)w = plu)w .

Then the solution ueV of problem (5) satisfies

alu,v)+ gz ‘[aij ()@(uvds = <f, v> YveV (6)

i,j=1
So we obtain the equal variational form (6) to problem (5).
3. The finite element approach and the error estimate

In order to carry on the stability estimate and the error analysis, we give the following lemma and the deduction at first.
C 1is used to express constant in the paper, and the identical letter appears in different place may express different
constants.

Lemma 1 Function ¢(r) is defined as (4), then ¢(f)e H'(~oo,4e) and satisfies Lipschitz and monotony conditions as
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follow:

)= g —fu—| Vuve R )

(o) o620 Vuve R ®)

Deduction 1 The solution of problem (6) exists uniquely and satisfies the following stability:
< €171 ©)

Proof The solution of problem (5) exists uniquely. Form the equivalence between (5) and (6), we know that problem (6)
has only one solution. Following we prove the stability estimate. Take v=u in (6), and take notice of ¢(0)=0 form

(9), by lemma 1, we have @(uu>0, also by g>0,¢; >0aeonl', we can obtain a(u,u)<(f,u). Additionally, as the
bilinear form a(u,u) is compulsive, we can obtain the stability estimate.
Suppose J, is a regular triangulation in Q, ¥V, cV is the corresponding linear finite element space. Marking
l; =valw.u) to express the energy norm. Consider the following finite element approximation problem about
problem (6).

find uy, € Vy,, such that

u 10
a(”h’vh)"'gz _[:ay(x)(/’(uh)"hd5=<favh> Vv, €V, (10)

ij=1

Just like deduction 1, we can obtain the existence and uniqueness of the solution of (10), and the solution similarly
satisfies the stability estimate (9). Abstract error estimate about solutions of (6) and (10) will be given in the next part.

Theorem 2 Suppose » and u;, are the solutions of problem (6) and (10) respectively, then we have error estimates

under the energy norm and L? -norm as follows:

n
= uhuEsc;g{uu—vhug+gznai,-(xmlnu—vhuﬂr)} (1)

ij=1

"u—uh"Lz(Q)SCZ"alj(xm sup {Hvlrellf/"w Vh"E}"“ ”h"E (12)

i,j=1
For assigned ge I?(Q), we V is the unique solution of the following elliptic problem (17).

Proof To perform subtraction between (6) and (10), we can obtain

alu _”h’vh)"'gz j:%; o) - luy oyds =0 Vv, e, (13)

i,j=1

From this expression, using the compulsive character of the bilinear form a(u,u), we have
2 <
,u()"u —uh"E _a u —uh,u—uh)

(“ Up,u— Vh gz_[_ (uh)](vh_”h)ds
" (14)
=alu .-, gzL = ol oy ks

i,j=1

—gZL (uh)](” Up )ds

i,j=1

By Lemmal, the bounded character of a(u,u) and trace theorem, we can obtain

Hollu = ”h||E</11||” wpl e =valp += 8ZL xfut =y vy, — ulds
i.j=1 (15)

1
S/ll"u—uh"E"u—vh"E +C;gzuaij(xml"u—uh"E"vh _”"Lz(l‘) v,el,
i,j=1
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Thus we obtain the error estimate expression (11).

In order to derive the error estimate under L norm, for discretionally assigned ge L*(Q), we first introduce the
following auxiliary problem

- Zi{m ) a“’(")} +fXx) =g inQ
ox;| "

ox;

irj=1 (16)
;_a) + }/(x)a) =0 onl’
"4
Where (x)= LR . The equal variational form of problem (16) is
u-—uy
find we V,such that (17)
Alw,v)= <q,v> VveV

Where, A(w,v)=alw,v)+ Z _[7’% (x)avds . We may know by lemma 1 that y(x)e L7(Q) and satisfies

i,j=1

Os;/(x)s% ) (18)

By 4(w,v), expression (18) and trace theorem, we know that the bilinear form 4(,) satisfies compulsive and bounded
conditions in ¥, so the solution of problem (17) exists unequally.

Let v=e=u—-u, in(17), using expression (13), the definition of #(x), lemma 1 and trace theorem, for Vv, eV, , we

can obtain
(e,q) = a(e, a))+ gz J:}/aij (x)a)eds = a(e, w—vy, )+ a(e, v )+ gz J:y/aij (x)a)eds
ij=1 i,j=1
= ale.o-vy)-g )" [ oy (Wlolw)- ol uds + 2y, [ 7o (hoeds
i, j=l1 i,j=1

= dlearv,) 23" [ @y (lotu) ol Jrv, i

i,j=1
1 n
< el lo=vall + €2 D flory Y e =l leo-vil,
ij=1
By the haphazardness of ge L*(Q) and v, € ¥, , we have expression (12). The proof finished.
By problem (20) and the compulsory condition of A(w,v), we can obtain the following lemma:

Lemma 2 When Q is a convex region or a full smooth bounded domain, the solution of problem (17) we ¥ N H?(Q)
and satisfies the stability estimate [¢f, < C|q| .

In order to obtain the error estimate, we define interpolation operator IT,, :Co(ﬁ)e V,, as follow: for Vve Co(ﬁ),
I,veV, suchthat IT1,v(P)=v(P),Vdissectionnode Pe Q.

By the above conclusions, theorem 2, lemmas 2 as well as the finite element interpolation theory, we can obtain
conclusions about the error estimate as follows.

Theorem 3 Suppose ueV is the solution of problem (7) and uj, eV, is the solution of (10), then when
ue H™"*(Q),er > 0, the following error estimates come into existence:

1

2 n
b=l <l + 22 D ey o e )
i,j=1
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n 1
"” “Up "L2 @S e 2"0{’7 (ij "“"1+a +gh? 2"0{’7 (XHL "”"H%W(F) (20)

i,j=1 i,j=1

Proof Let v, =I1,u in the abstract error estimate expression (11), then

n
b=l <C i sl + el bl
i,j=

e2y)

n
< Cqflu =10y + gZ"%‘ (x1|1||” =T oy
i,j=1

By the finite element interpolation theory ), for ue H*(Q).ax >0, we have

1
H”_Hh”HE < Coh“HuHHa ’ H” _Hh”HE(r) < C|h2 HuHIfM ()
Substitute them into the right margin of (21), and then we have the error estimate (19).

Let v, =11, in (12) and using lemma 2, we have

n
bl =€ s bl ol 3y o -,

i,j=l1

<Ch sup {lq""f""z}zu% 1| e - ”h"ESChZ"% 1| e = 2a

i,j=1 i,j=1
Additionally by (19) which have been proved above, we can obtain expression (20). The proof finished.
4. Conclusions

The variational equation equal to the variational inequality is made discrete by finite element method, which made the
interpolation computation directly to the original variational inequality simplified. The existence, uniqueness and
stability of the finite element solution are given. The abstract error estimate is established, and error estimate under the
energy norm and L* norm is given. The finite element analysis about the variational inequality problem narrated in the
paper is consummated.
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