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Abstract 

Carbon nanotube structures correspond to the vibrational frequencies and modes of CNTs. In this study, the 
vibrational frequencies and the Raman RBM (radial breathing mode) of multi-walled carbon nanotubes 
(MWCNTs), and carbon nanotubes (CNTs) embedded in elastic medium are simulated based on a continuum 
mechanics. According to this the theoretical analysis, we can understand how the vibrational modes of CNTs 
effect the RBM frequency shift. It is found that the vibrational frequency of RBM is complicated due to the van 
der Waals (vdW) interaction between layers of MWCNTs. The highest RBM frequency of MWCNTs depends 
mostly on the diameter of the innermost layer, being insensitive to the layer numbers. The analytical 
approximation offers a useful method for determining precisely the diameter of the MWCNTs. 
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1. Introduction 

The vibration behavior of carbon nanotubes (CNTs) has been extensively investigated due to their importance in 
nano-electro-mechanical systems (NEMS) and nanosensor application. Raman spectroscopy is a technique 
widely used to study the vibrational modes of CNTs and characterize their structures (Binnig & Quate, 1986; 
Jorio et al., 2003; Dresselhaus et al., 2005; Aydin & Akins, 2010). The Raman spectrum analysis usually focuses 
on three specific frequencies, which are low-frequency radial breathing mode (RBM) and other higher-frequency 
modes such as D- and G-bands. The D-band, known as the disorder or defect mode, originates from edge 
configurations in graphene where the planar sheet configuration is disrupted. The G-band is the primary mode in 
graphene and it provides a good representation of sp2 bonded carbon. Therefore, the ratio of D-band to G-band is 
usually used for evaluating the quality or purity of CNTs. In the Raman analysis of CNTs, a low-frequency peak 
with less than 300 cm-1 are assigned to the RBM, which is very sensitive to the nanotube diameters (Dresselhaus 
et al., 2005).  

The molecular structure of single-walled carbon nanotubes (SWCNTs) can be considered as graphene sheet of 
carbon atoms rolled into seamless hollow cylinder, and multi-walled carbon nanotubes (MWCNTs) are regarded 
as several co-axially arranged SWCNTs with varying diameter. Although the D- and G-bands are found in 
graphite, the RBM is specific to CNTs and is representative of the isotropic radial expansion of CNTs. Therefore, 
the Raman RBM is an important parameter for determining the distribution of diameters for CNT samples. The 
RBM corresponds to the coherent vibration of the carbon atoms in the radial direction, and the RBM frequency 
of SWCNTs has been proved to be inversely proportional to the tube diameter (Popov et al., 1999; 
Venkateswaran et al., 2003). Venkateswaran et al. (2003) have studied the pressure-dependance of RBM 
frequency. They were able to fit the experimental data with a functional form obtained from a simple elastic 
model. 

Generally, the molecular dynamics (MD) simulation can be used to investigate the RBM frequencies (Lawler et 
al., 2003; Kurti et al., 1998) and the mechanical properties of CNTs (Mylvaganam & Zhang, 2004; Qian et al., 
2002; Yakobson, 1998; Zhang et al., 1998; Srivastava et al., 1998), but the MD method is time consuming 
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computation and demands an available computational power of hardware, especially for larger atom numbers. A 
simulation method that reduces the computational cost is a challenging task for studying larger atomic systems in 
engineering calculations. At present, the dynamical properties of CNTs have been effectively studied based on 
the continuum mechanics due to relatively less calculation time and good prediction (Agrawal et al., 2006; 
Natsuki et al., 2004; Hu et al., 2008; Wang et al., 2006; Natsuki et al., 2008). At present, low-frequency phonons 
in CNTs have been calculated using the continuum approximation (Chico et al., 2006; Mahan, 2002). The 
continuum model allowed consideration of an arbitrary wall thickness for the nanotubes. Chico et al. (2006) 
analyzed the effect of the nanotube wall thickness on the eigenfrequency of CNTs based on a thin-shell 
approximation. They reported that several modes did have a strong dependence on the parameter. Mahan (2002) 
obtained an analytical formula for the Raman frequencies and for the velocities of acoustical modes. The general 
formulas can be applied to the breathing modes of SWCNTs, which is in good agreement with the experimental 
results. Based on MD simulation and non-local continuum model, Shi et al. showed 2:1 internal resonance 
between the RBM and the circumferential flexural mode (CFM) in SWCNTs (Shi et al., 2009). They observed 
that the change of the transformation time from RBM to CFM due to the variation of the perturbation velocity 
field. Although some studies of Raman RBM of double- or multi-walled CNTs also have been carried out using 
continuum mechanics (Wu et al., 2007; Wang & Ru, 2005; Han & Goddard, 2009; Popov & Henrard, 2002) 
these analytical models were discussed theoretically and there was a lack of experimental investigation. Popov 
and Henrard (2002) studied the breathinglike phonon modes of MWCNTs using a valence force field model. The 
predicted intensity of breathinglike modes was compared to available low-frequency experimental data. It was 
shown that their predictions correspond well the experimental resonant Raman spectrum of two-layer tubes. 

In this work, we present an analytical solution for Raman RBM frequency of MWCNTs using the circular ring 
mode. The effects of CNT diameters and layer numbers on the RBM frequency are discussed in detail using the 
present approach. The analytical approximation can offer an estimation for determining the diameter and layer 
number of the MWCNTs. Moreover, the elastic medium dependency of embedded matrix on the RBM frequency 
of double-walled carbon nanotubes (DWCNTs) is also simulated and investigated. The calculated results were 
compared to the experimental observation, showing a good agreement in the frequency shifts. 

2. Theoretical Approach 

2.1 Governing Equations 

Love’s shell theory is proposed as the governing differential equations of vibration of CNTs (Soedel, 2006). For 
a circular ring, where ݒ  and ݓ  are the deflections in the circumferential ߠ  and the radial directions, 
respectively, the vibration equations can be given by ஽ோర ቀడమ௩డఏమ െ డయ௪డఏయቁ ൅ ௄ோమ ቀడమ௩డఏమ ൅ డ௪డఏቁ ൌ ݄ߩ డమ௩డ௧మ                           (1) 

஽ோర ቀడయ௩డఏయ െ డర௪డఏరቁ െ ௄ோమ ቀడ௩డఏ ൅ ቁݓ ൅ ݌ ൌ ݄ߩ డమ௪డ௧మ                         (2) 

where ܴ is nanotube radius, ݌ is the distributed radial pressure acting on the nanotube per unit axial length, ߩ 
is the mass density, and ݐ is time. 

The CNTs can be regarded as rolled graphitic layers and to have a finite wall thickness of a graphene sheet, 
which are much less than the diameter of CNTs. Therefore, the bending stiffness (D) and membrane stiffness (K) 
of CNTs can be given by  ܦ ൌ ா௛యଵଶሺଵିఓమሻ	, ܭ ൌ ா௛ଵିఓ			                                  (3) 

where ܧ and ߤ is the elastic modulus and Poisson’s ratio of the graphene sheet, respectively. 

Eliminating ݒ form Equations (1) and (2), we have ܮ஺ݓ ൅ ݌஻ܮ ൌ 0                                      (4) 

where ܮ஺ and 	ܮ஻ is the differential operators, given by  ܮ஺ ൌ ሺ݄ߩሻଶ డరడ௧ర ൅ ݄ߩ	 డమడ௧మ ቄ ஽ோర డరడఏర െ ቀ ஽ோర ൅ ௄ோమቁ డమడఏమ ൅ ௄ோమቅ െ ቀ஽௄ோలቁ డమడఏమ ቀ డమడఏమ ൅ 1ቁଶ          (5) 
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஻ܮ ൌ ቀ ஽ோర ൅ ௄ோమቁ డమడఏమ െ ݄ߩ డమడ௧మ                               (6) 

For the DWCNTs, the coupled equations of the pressure ݌ in Equation (4) caused by the van der Waals (vdW) 
interaction between the inner and outer nanotubes can be given by ݌ଵ ൌ ܿሺݓଶ െ  ଵሻ                                   (7)ݓ

ଶ݌     ൌ ܿሺݓଵ െ  ଶሻ                                   (8)ݓ

which the subscripts 1 and 2 from Equation (7) and Equation (8) denote the inner and outer nanotube, 
respectively. c is the vdW interaction coefficient between the inner and outer nanotubes of DWCNTs, which can 
be obtained from Lennard-Jones potential, given as (He et al., 2005)  

6 6
13 71 2

4

1001 1120

3 9

R R
c H H

a

   
  

 
                               (9) 

where 

 
 

2

1 2 20 21 cos

mm
m

d
H R R

 

 

 


    7,13m                          (10) 

and 

 
1 2

2

1 2

4R R

R R
 


                                     (11) 

where a is the carbon-carbon bond length (0.142 nm), 1R  and 2R  are the inner and outer radii of the 
DWCNTs, and   and   are the vdW radius and the well depth of the Lennard-Jones potential, respectively. 
The vdW parameters in the Lennard-Jones potential are taken as 0.34 nm   and 2.967 meV   (Saito et al., 
2007). 

Substuting Equations (7) and (8) into Equation (4), the coupled governing equations of the vibration in 
DWCNTs are written as  

ଵݓ஺ଵܮ  ൅ ஻ଵܮ ሼܿሺݓଶ െ  ଵሻሽ=0                               (12)ݓ

ଶݓ஺ଶܮ     ൅ ஻ଶܮ ሼܿሺݓଵ െ  ଶሻሽ=0                               (13)ݓ

2.2 The Solution of Governing Equations  

The motion governing equations constituted by Equations (12) and (13) are high-order linear differential 
equations. The harmonic solution of the equations can be expressed as  ݓ௝ ൌ ߠሺ݊ݏ݋௝ܿܣ ൅ ݆ ሻݐ߱ ൌ 1, 2                             (14) 

where ܣ௝, ሺ݆ ൌ 1, 2ሻ is the amplitude of vibration in the inner and outer tubes. ߱ is the vibration frequency. n 
is the circumferential wave number, which characterizes the vibration mode shapes of nanotubes.  

Substituting Equation (14) into Equations (12) and (13), we obtain the coupled equation, given in matrix form as   

൦ሺ݄ߩሻଶ߱ସ െ ൫௡మାଵ൯ఘ௛ఠమோభమ ቀ௡మ஽ோభమ ൅ ቁܭ െ ଶ݄߱ߩܿ ൅ ܿ ቀ ஽ோభర ൅ ௄ோభమቁ ݊ଶ െܿ ቀ ஽ோభర ൅ ௄ோభమቁ ݊ଶ ൅ ଶെ݄ܿ߱ߩܿ ቀ ஽ோమర ൅ ௄ோమమቁ ݊ଶ ൅ ଶ݄߱ߩܿ ሺ݄ߩሻଶ߱ସ െ ൫௡మାଵ൯ఘ௛ఠమோమమ ቀ௡మ஽ோమమ ൅ ቁܭ െ ଶ݄߱ߩܿ ൅ ܿ ቀ ஽ோమర ൅ ௄ோమమቁ ݊ଶ൪ ൬ܣଵܣଶ൰ ൌ 0 (15) 

The vibration frequency of CNTs can be determined by the nontrivial solution in Equation (15). The vibration 
amplitude ratio of the inner to the outer tubes is 

஺భ஺మ ൌ ି௖൬ ವೃభరାೃ಼భమ൰௡మା௖ఘ௛ఠమ
ሺఘ௛ሻమఠరି൫೙మశభ൯ഐ೓ഘమೃభమ ൬೙మವೃభమ ା௄൰ି௖ఘ௛ఠమା௖൬ ವೃభరାೃ಼భమ൰௡మ                   (16) 
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For SWCNTs, the vibration frequencies of the transverse deflection ሺ߱௡ଵሻ and the circumferential deflection ሺ߱௡ଶሻ can be given by simple formulas from Equation (15) 

 
߱௡ଵ߱௡ଶቅ ൌ ൜௄భଶ ൬1 ∓ ට1 െ ସ௄మ௄భమ ൰ൠభమ                            (17) 

where  ܭଵ ൌ ௡మାଵఘ௛ோమ ቀ௡మ஽ோమ ൅ ଶܭ	  ,ቁܭ ൌ ௡మ൫௡మିଵ൯మሺఘ௛ሻమோల  (18)                      ܭܦ

The mode shape of ݊ ൌ 0 is called the radial breathing mode (RBM). At ݊ ൌ 1, a bending vibration does not 
exist. We think of the ring as being displaced in a rigid-body motion. Two positive roots in the nontrivial 
solution correspond to the vibration frequencies in the transverse and circumferential directions. The transverse 
deflection of CNTs starts from ݊ ൌ 2. 

At ݊ ൌ 0, we can obtain the vibrational frequency of RBM from Equations (17) and (18) 

               ߱ ൌ ௄ఘ௛ோమ                                      (19) 

2.3 Vibration Frequency of Dwctns Embedded in Matrix 

For the DWCNTs embedded within an elastic medium, a Winkler spring model has been used to deal with the 
interface between CNTs and matrix. The pressure p per unit axial length, acting on the outer nanotube due to the 
surrounding elastic medium, can be described as ݌ ൌ െ݇଴ݓே                                    (20) 

where the negative sign indicates that the pressure p is opposite to the deflection of the nanotube. wN is the 
deflection of the outermost tube. k0 is a spring constant determined by the material constant of the elastic 
medium.  

Consider that the outer tube of DWCNTs is subjected to the pressures by the elastic medium and the inner tube, 
therefore, Equations (12) and (13) can be rewritten as ܮ஺ଵݓଵ ൅ ஻ଵܮ ሼܿሺݓଶ െ  ଵሻሽ=0                                (21)ݓ

ଶݓ஺ଶܮ     ൅ ஻ଶܮ ሼܿݓଵ െ ሺܿ ൅ ݇଴ሻݓଶሽ=0                            (22) 

According to the Whitney-Riley model, the spring constant k0 is given by Yang and Wang (2007) 

          ݇଴ ൌ ௥ୀோಿ൯ݓ൫݌ ா೘ଵାఓ೘ ଵோಿ                                (23) 

where ܧ௠ and ߤ௠ are the modulus and the Poisson’s ratio of the elastic medium, respectively. ܴே is the 
outermost radius of DWCNTs.  

2.4 Raman RBM Vibration of MWCNTs 

The RBM frequency of MWCNTs occurs in the vibration mode ݊ ൌ 0. Applying Equation (4) to each layer 
(Radius ௝ܴ , ݆ ൌ 1,⋯ ,ܰ) of all concentric nanotubes of an individual MWCNT, the N-coupled governing 
equations for MWCNTs are expressed as െ݄߱ߩଶܣଵ ൅ ௄ோభమ ଵܣ െ ܿଵሺܣଶ െ ଵሻܣ ൌ 0, 

െ݄߱ߩଶܣଶ ൅ ௄ோమమ ଶܣ െ ܿଵሺܣଵ െ ଶሻܣ െ ܿଶሺܣଷ െ ଶሻܣ ൌ 0, 

   െ݄߱ߩଶܣே ൅ ௄ோమಿ ேܣ െ ܿேିଵሺܣேିଵ െ ேሻܣ ൌ 0,                      (24) 

where ௝ܿ , ሺ݆ ൌ 1,⋯ ,ܰሻ are the vdW interaction coefficient between the jth and (j+1)th layers. ܣ௝	ሺ݆ ൌ 1,⋯ ,ܰሻ 
are the vibration amplitudes of each nanotube.  
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A nontrivial solution of Equation (24) determines the RBM frequencies of MWCNTs and the relative amplitude 
ratios ܣ௝ ⁄ேܣ , ݆ ൌ 1,⋯ ,ܰ.  

3. Results and Discussion 

In this simulation, the material constants of CNTs are the elastic modulus of 1 TPa, the mass density of 2.27 
g/cm3 and the Poisson’s ratio of 0.16. The effective layer thickness of one layer tube was taken to be that of 
graphene sheet with 0.34 nm.  

The RBM mode is defined by the circumferential wave number of ݊ ൌ 0, which indicate that the vibrational 
frequency of RBM mode has the lowest value. For the circumferential wave number ݊ ൌ 0, the RBM frequency 
of SWCNTs is shown in Figure 1 as a function of nanotube diameter. The RBM frequency decreases with 
increasing diameter. To examine the precision of predicted results, the data of the experimental results by Raman 
spectroscopy (Liu et al., 2001; Fantini et al., 2004) and the MD simulation (Popov & Henrard, 2002) are plotted 
in the Figure 1. The prediction results quite agree with experimental data of Raman measurement and the 
classical MD simulation.  

 

Figure 1. Relationship between RBM frequency and tube diameter for SWCNTs 

 

In Figure 2, RBM frequencies of both SWCNTs and DWCNTs are shown as a function of nanotube diameter 
(the inner layer diameter for DWCNTs). The DWCNTs exist in two RBMs, and the RBM frequency of 
SWCNTs is found to be in between to those two RBMs of DWCNTs. The frequency curve of SWCNTs goes 
asymptotically to the DWCNT curves. In small tube diameter, the RBM frequency of SWCNTs is close to the 
high frequency of DWCNTs. As the tube diameter increased, however, the value of frequency tends to that of the 
low frequency of DWCNTs. The existences of two RBM frequencies of DWCNTs are caused by the vibration 
displacement between the inner and outer tubes that has the same or the opposite phase. The simulation results 
indicate the RBM vibrations of in-phase and anti-phase modes corresponding to the low and high frequencies, 
respectively. The Raman scattering from DWCNTs were experimentally measured by Kuzmany et al. (2008). 
The upper spectrum of DWCNT was more or less a replica of the high frequency, which were around 315 and 
345 cm-1 for the inner-shell (6,5) and (6,4) tubes, respectively. According to the calculation, we predict that the 
theoretical values are the 314 and 341 cm-1, respectively. For low-frequency of DWCNT with in-phase mode, the 
observed Raman shifts were 164 and 182 cm-1 for the inner-shell (6,5) and (6,4) tubes, and the simulation values 
are 174 and 181 cm-1 respectively. There is good agreement between the measured and predicted results, and the 
relative errors are less than 6%. Figure 3 shows the vibration amplitude ratio as a function of CNT diameter. The 
negative amplitude ratio shown in Figure 3 indicates the opposite vibration directions of the outer and inner 
tubes. The vibration of anti-phase mode causes has higher frequency than that of in-phase mode. It is seen that 

0 1 2 3 4 5 6 7
0

100

200

300

400

500

 Continuum mechanics (Present)
 Molecular dynamics (By X.X.Shi)
 Expermental (By K.Liu)
 Expermental (By C.Fantini)

Diameter (nm)

Fr
eq

ue
nc

y 
(c

m
-1
)



www.ccsenet.org/jmsr Journal of Materials Science Research Vol. 2, No. 4; 2013 

6 
 

the vibration amplitude ratio is near 1.0 or -1.0, which means that the inner and outer tubes have the same 
vibration amplitude. 

 
Figure 2. Influence of DWCNTs on the RBM frequency as a function of the inner layer diameter 

 
Figure 3. Influence of the tube diameter on amplitude ratio of the outer to inner tubes 

 

RBM frequencies of triple-walled carbon nanotubes (TWCNTs) were also calculated. Figure 4 shows the 
relationship between RBM frequency and the inner diameter, and a schematic of configuration with different 
models. For the three-layer tubes, the opposite vibration direction between the adjacent tubes indicates the 
anti-mode, responding to the highest frequency (A), as shown in Figure 4. The in-phase mode, characterized by 
identical vibration directions, has the lowest frequency (C). The mixed mode for three-layer tubes exhibits an 
intermediate frequency (B). The vibration amplitude ratios, corresponding to the above three modes, are shown 
in Figure 5 as a function of tube diameter. It is found that the amplitude ratios tend to constant values with 
increasing diameter. For larger diameter TWCNTs with the in-phase mode, the vibration amplitudes are almost 
same for each layer of three concentric tubes because the amplitude ratios are near 1.0. For the mixed-phase 
mode, the vibration direction of two innermost tubes is consistent but opposite to the two outmost tubes. The 
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ratio of the innermost to the outermost tubes ܣଵ ⁄ଷܣ  is near -1.0. In high frequency vibration with the anti-phase 
mode, the amplitude ratios, ܣଵ ଶܣ ⁄⁄ଷܣ , are obtained to be 1.0 െ1.87 0.88⁄⁄  for the inner diameter 6.0 nm.  

 

 

Figure 4. Relationship between RBM frequency of TWCNTs and the inner tube diameter 

 
Figure 5. Amplitude ratio of the inner to outer tubes for TWCNTs as a function of tube diameter 

 

Figure 6 shows the layer number dependence on the RBM frequency of MWCNTs, in which the innermost 
radius is fixed at 1.0 nm. The highest frequency of MWCNT corresponds to the anti-phase mode, and tends to a 
constant value of about 150 cm-1 at more than four layers. This means that the highest vibration frequency of 
MWCNT is dominated by the innermost diameter. It is found that the lowest frequency, corresponding to the 
in-phase mode, decreases with increasing number of layers. The mixed phase modes of in-phase and anti-phase 
constitute many intermediate frequencies. The predicted results agree well with those of Popov and Henrard 
(2002). Figure 7 shows a comparison of Raman shift between the theoretical values and experimental 
measurement for MWCNTs with fixed innermost diameter of 1.2 nm (Benoit et al., 2004). For the five-layer 
CNTs, the relative error of each peak is within about 5%. The highest frequency holds a constant frequency of 
about 198 cm-1 from 5 walls to 50 wall CNTs, which marches the calculated value. It is also proved that the 
lowest frequency decreases with increasing layer numbers.  
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Figure 6. Dependence of layer numbers on the RBM frequency of MWCNTs 

 

 

Figure 7. Comparison between the calculated values and the experimental measurement for MWCNTs 

 

The RBM frequencies of embedded DWCNT are shown in Figure 8 as a function of tube diameter. Compared to 
higher RBM frequency, the lower frequency has more difference between the pristine and embedded DWCNTs. 
The Raman shift tends to increase when CNTs are embedded to elastic medium. Hasan et al. (2009) have used 
Raman spectroscopy to confirm the presence of SWCNTs within composites. The Raman shift predicted by the 
theoretical approach shows a correspondence with the Raman measurement results. 
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Figure 8. Influence of medium around CNT on the RBM frequency as a function of tube diamater 

 

4. Conclusion 

We present an analytical approach for the RBM of MWCNTs considered to be coupled together through the 
vdW interaction between tube layers. The Raman RBM of MWCNTs are simulated based on a continuum 
mechanics, and the effects of layer number of CNTs, embedded medium and the diameter on the RBM 
frequency are investigated in detail. The main results show as follows: 

(1) The RBM frequencies of MWCNTs predicted by the present continuum mechanics are in good agreement 
with those of MD method and the experiment measures.  

(2) The RBM frequencies of CNTs decrease with increasing diameter. The in-phase mode of MWCNTs 
corresponds to the lowest frequency, and the vibration amplitudes at each layer are stable/unchanged for larger 
diameter. The anti-phase mode has the highest vibration frequency. 

(3) For the embedded DWCNTs, the Raman frequency shift tends to increase compared to the pristine DWCNTs. 
The result shows an agreement with Raman’s measurement observation. The Raman frequency shift from the 
embedded to pristine DWCNTs has more difference in low vibrational mode.  
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