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Abstract

We study the discrete approximation to solutions of first-order system arising from applying the trapezoidal rule to a
second-order scalar ordinary differential equation. In the trapezoidal rule the finite difference approximation are Dy; =
(@ +2-1)/2. Dz = (fi + fie)/2. for k= 1,2, ..n, and 1 = kh for k = 0,....1, 0 = G((0. ). Qo + 21)/2. @umt +20)/2)).
where f; = f(t;,yi,z:) and G = (g%, g!) are continuous and fully nonlinear. We assume there exist strict discrete lower
and strict discrete upper solutions and impose additional conditions on f; and G which are known to yield a priori bounds
on, and to guarantee the existence of solutions of the discrete approximation for sufficiently small grid size. We use
the homotopy to compute the solutions of the discrete approximations. In this paper we study the first-order system of
difference equations that arise when one applies the trapezoidal rule to approximate solutions of the second-order scalar
ordinary differential equation.

Keywords: Second order scalar ordinary differential equation, Strict discrete lower and strict discrete upper solutions,
Bernstein-Nagumo condition, Brouwer degree theory

1. Introduction

Consider the continuous two-point boundary value problem

Y= flt.y,y), te0,1], (1)
G((y(0), y(1), ((0),y'(1))) = 0 (2)
where f: [0,1]xR? - Rand G = (g% g"), g’ : R*xR? — R,i = 0, 1 are continuous and fully nonlinear. The trapezoidal

rule for solving (1), (2) involves rewriting the problem as the first-order system (see for example Russell,1977 and Denny
and Landis, 1972),

Y o= 2 3)
7 = fty2). “4)

Its discretization has the form
Dyy = (zk + z-1)/2 =: 1i(y, 2), &)
Dz = (fi + fi-1)/2 = pi(y, 2), (6)
G((v0, yn)s ((zo + 21)/2, (zp-1 + 2)/2)) = 0, (7

where the grid size h = 1/n, Dyy = Ok — Yx-1)/h, Dzy = (2x — zx—1)/h for k = 1,2,--- ,n and the grid points t; = kh for
k=0,1,---,n,and f; = f(t;,yi, 2)-
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If y = y(¢) is a solution of (1), then y = y(f) and z = y’(¢) is a solution of the system (3), (4). By a solution of (5), (6) and
(7), we mean a vectory = (Yo, V1, ,¥n) and z = (20,21, - - , 2») satisfying (5) and (6) for k = 1,2,--- ,n and (7).

Replacing k by k + 1 in (6), we get
Dz = (firr + f)/2. (3)

Hence a solution of the discrete approximation, (5) and (6) is a solution of the second order difference equation

D*yiet = D(Dygs1) = D(zjst + 2)/2 = (fiet + 2fi + fir1)/4 =2 gi(y, 2) &)

where f; = f(tj,y;,z) for j=k—-1,k,k+1andk=1,--- ,n—1.

Following Henderson and Thompson (2001) we assume that there are strict lower and strict upper solutions for (1), &
and B, respectively, which are very strongly compatible with the very general nonlinear boundary conditions given by
G = 0. Moreover we assume that the right hand side of (1), f, satisfies a Nagumo growth bound with respect to y’ for (¢, y)
satisfying a(f) <y < ().

Thompson (1996) introduced the notion of compatibility of boundary conditions with lower and upper solutions and
established the compatibility conditions for the Sturm-Liouville, the periodic, and the Neumann boundary conditions.
Moreover he showed that under the above assumptions there are solutions of (1) and (2).

Henderson and Thompson (2001) showed that under these assumptions @ = (a(ty), - - ,a(t,)) and B = (B(ty), - - ,B(t,))
are strict discrete lower and strict discrete upper solutions, respectively, for (9) provided the step size h = t; —t;-; = 1/n
is sufficiently small. Using these strict discrete lower and strict discrete upper solutions and the Nagumo growth bound
they established a priori bounds on difference quotients of solutions independently of step size provided the step size is
sufficiently small. They introduced the central notion of very strong discrete compatibility of the boundary conditions
G = 0 with the strict discrete lower and strict discrete upper solutions, @ and B, respectively. Under the assumptions of
Henderson and Thompson (2001), they showed the boundary conditions are effectively very strong discrete compatible
with @ and B and exploited this to show that solutions of the discrete problem exist for sufficiently small step size.

We introduce a variant of strict discrete lower and strict discrete upper solutions @ and B, respectively, appropriate for the
study of (9). We show that @ = (a(ty),--- ,a(t,)), and B = (B(ty), - -- ,B(t,)) are strict discrete lower and strict discrete
upper solutions, respectively, for (9) provided the step size is sufficiently small. Combining these with the Nagumo growth
bound we establish a priori bounds on the z; and hence on Dyy for solutions of (5) and (6) independent of the step size for
sufficiently small step size.

We introduce the central notion of very strong discrete compatibility of the boundary conditions G = 0 with @ and S.
Following Henderson and Thompson we show that our boundary conditions (6) are effectively very strongly discrete
compatible with @ and 8. Our boundary conditions (7) are a variant of those of Henderson and Thompson and again we
need to modify Henderson and Thompson’s arguments. We use this machinery to show that solutions of our discrete
problem exist for sufficiently small step size.

In order to state our results we need some notation. We denote the boundary of a set 7' by 97 and the closure of T by
T. As usual C"(A; B) denotes the space of m times continuously differentiable functions from A to B endowed with the
maximum norm. In the case of continuous functions we abbreviate this to C(A; B). In the case B = R we omit the B.

For any vector s = (sg,---,5,) € R and u = (ugp,---,u,) € R™ we write s < uif s < g fork =0,---,n. If
Yy = (o, »vn) € R™! then set Dy, = (v — yi—1)/hfor 1 <k <n.If1:[0,1] = Randn > 01is an integer, then we set
1=(, - ,1,) € R™! where [, = l(k/n) fork =0,--- ,n. If ¢ € R is a constant then set ¢ = (cy, . .., ¢,), where ¢; = ¢ for
all k.

If A is a bounded open subset of R”, p € R”, f € C(A;R") and p ¢ f(JA) we denote the Brouwer degree of f at p by
d(f, A, p).

2. Preliminary Results

Definition 1. We call a (B) a strict lower (strict upper) solution for (1) if a (8) € C? [0, 1], and there exists y > 0 such
that

" (1) — f(t,a(t),a’ (1)) 2y, t € [0, 1], (10)

J@.B@),B (1) =B @) 2y, 1 €[0,1]). Y

We will call the pair non-degenerate if A = (@(0),8(0)) X (a(1),5(1)) is non-empty. If y = 0, in (10), (11) then we call
(B) a lower (upper) solution for (1).
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We call & (B) a strict discrete lower (strict discrete upper) solution for (9) if there is y > 0 such that

J (et @1, D) 2f(t, an Dar) (-1, @x—1, Da-1)
4 4 4

2
D apyq —

>y, (12)

S (st Bre1, DBrs1) N 2 f(t, B DBr) N S -1, Br=1, DBx-1)

4 4 4
~D*Bis1 = 7) (13)

fork=1,--- ,n—1where
@ =a), @=(ag.an, - ), (14)
B =B, B=BoB1 - Bn)- (15)

If y = 0, then we call @ (B) a discrete lower (discrete upper) solution for (9). In view of (10) and (11) by abuse of notation,
we set A = (g, Bo) X (@,,B,) and say @ and B are nondegenerate if A is nonempty.

To state our main result we will need the following variant of the Bernstein-Nagumo condition.

Definition 2. Let a <y < 8 be strict lower and strict upper solutions for (1). We say the f satisfies the Bernstein-Nagumo
condition for if there exists nondecreasing ¢ € C([0, 0]; (0, 0)) and N > 0 such that

| f&,y, p) IS @ p ) forallt € [0,1] and y € [a(t), B(1)] (16)
and
N sds .
fg m > max{f(t) : t € [0, 1]} — min{a() : t € [0, 1]} (17)

where o = max{| f(1) — a(0) |,| B0) — a(1) |}.

As indicated earlier, we use the strict discrete lower and strict discrete upper solutions with maximum principle arguments
to obtain a priori bounds on solutions of the discrete problem. Moreover we use the following discrete version of the
Bernstein-Nagumo condition to obtain a priori bounds on z; for solutions of the discrete problem.

Definition 3. (see Henderson and Thompson, 2001) Let @ < y < B be strict discrete lower and strict discrete upper solu-
tions for (9). We say the f; satisfy the discrete Bernstein-Nagumo condition for k = 1, - - - , n if there exists nondecreasing
¢ € C([0, 0]; (0, 00)) and N > 0 such that

| [t vk, p) 1< ¢ p D) for all yy € [aw, Bl k= 1,2, ,n (18)
and
N sds
f — >max{B;:k=0,--- ,n} —min{ay : k=0,--- ,n} (19)
o h(s)

where o = max{| 8, — ao |,| Bo — @, }.

Note that if @ and 3 are strict lower and strict upper solutions for (1) and f(z, y, p) satisfies the Bernstein Nagumo condition
with respect to a and S then the f; satisfy the discrete Bernstein Nagumo condition with respect to @ and B given by (14)
and (15).

Existence proofs for BVPs commonly employ modifications on f. We will make the necessary modifications by using the
following notation.

If ¢ < d are given, let 7 : R — [c, d] be the retraction given by
n(y, ¢, d) = max{min{d, y}, c}. (20)
For each € > 0, let K € C(R % (0, 0); [—1, 1]) satisfy

(1) K(., €) is an odd function
(2) K(t,e) =0, iff r = 0 and
(3) K(t,e) = 1forall ¢ > e.
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If c < d and € > 0 are given, let T € C(R) be given by
T(y,c,d,e) = K(y —n(y,c,d), €).

Let

fi = ft 70k @, B 7(p, ~L, L)), and
Dyt = (1= | Tk @B © Dt + 23 + Fr)/d+
Tk B O oy +2f1 + fr)/4 ] +e).
LetQ: [0,1] % [0, 1] — R be given by

(1 —x)t, forall0<tr<x<l,
(I1-tx, forall0<x<r<l,

Q(x,1) = {

2n

(22)

and for all C, D € R, let w(C, D) : [0, 1] — R be given by w(C, D)(x) = C(1 — x) + Dx. Let X = R"™! x R™! x R? with

the usual product norm. Define T : R**! — R"! by

T(g) = —h ) QU 1)) for k=0,1,---,n
i=0

for all g € R"*!. Clearly T is continuous and

D1 =g k=1,---,n—1
Yo =A, yn=B

if and only if

y = T(g) + w(A, B).

Thus (y, z) is a solution of

D1 = (fr1 +2fi + fic)/4 = gy, z), k=1,---,n—land
Ik = Zle hDz; + zo = Zf-;l hpi+z0 = hk(y,2), k=1,---,n

Yo = A, Yn = B
0= 201 -yo/h-2u

if and only if
Y\ _ (T(&(y,2) + WA, B)
z I(y, z) ’
where
lo(y,z) = 2(y1 — yo)/h — z1.
Let (y, z) be a solution of (27). We show that it is a solution of (5) and (6).
Let hy = Dyy — (zx + zx—1) /2. Then
Dhy = D%y — (Dz + Dzi-1) /2
=gk — (pr+ pr-1) /2
=0, fork=2,...,n.
Thus
h, =hy, forl <k<n
=Dy —(z1+2)/2=0.

Thus (y, z) is a solution of (5), as required.

3. A Priori Bounds

(23)
(24)

(25)
(26)

27)

Lemma 1. Let a < B be strict lower and strict upper solutions for (1) on [0, 1] and let @ and B be given by (14) and (15).
There exists 61 > 0 such that if h = 1/n < &), then a and B are strict discrete lower and strict discrete upper solutions,

respectively, for (9).

18 ISSN 1916-9795  E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 3, No. 1; February 2011

Proof Now «a; = a(t), B = B(#x). By the Mean Value Theorem,

| Day |,| DBy |< max{| /(1) |,| B/(t) |: t € [0, 1]} + 1 = L,
| D* s |,] D*Brat 1< max {[ " (@) |,| B/ (@) |: t € [0, 1]} + 1 = P.

By Taylor’s Theorem, a(t,_1) = a(t;) — ha'(t;) + O(h?), thus | Day — o' (t) |< Kh and hence | Day — o' () | converges
uniformly to zero as h goes to zero. By Taylor’s Theorem,
a(tir1) = aty) + ha' () + %a"(tk) + o(h?) (28)
a(ti-1) = a(ty) —ha' () + %a”(tk) +o(h?). (29)
By (28), (29) | D*ayy1 — @’ (1) |< n(h) where we write ¢ = o(h) when ¢ = n(h)h and n(h) — 0 as h — 0. Thus
| D?ay1 — @” (1) | converges uniformly to zero as h — 0.

Then by the uniform continuity of f on bounded subset of [0, 1] X R2, there is 8, such that 0 < & < &,

Dlajy; - (f(fk+1,ak+1,D0/k+1) . 2 e Day) - flticr, it Da-t)
4 4 4
> o (8) — (f(l‘k+1,01(fk+1), & tet)) | 2f (e @(ti), @' (0))
4 4
L St et @) Y
4 2

> 7
T2

In addition, we may choose ¢; such that for 0 < h < ¢,

S (st Brsr, DBrs1) N 2 f(t, B> DBx) . S =1, Br=1, DBr=1)
4 4 4
- S st Btrs1), B (tres1)) . 2f(t, B(tr), B (1)
- 4 4
N S -1, Bti=1), B (tr—1))
4

- DBy

) _ﬁ"(tk“'l) - %

>

N[

The following Lemma concerns solutions to the modified difference equations.

Lemma 2. Let @ < be nondegenerate strict discrete lower and strict discrete upper solutions for (9). Assume that there

is a constant K > 0 such that | f(t, y,p) |< K for all (t,y, p) € [0,1] x R%. Assume that f(t,,a],p) > f(t,,y],p)for all

j€{0,---,n}, aj > y;and p € R and f(t],ﬂj,p) < f(t],y],p)for all j €{0,--- ,n}, B; < y;jand p € R. Then there exist
02 > 0 such thatfor 0 < h=1/n< 6y, solutions (y,z) of
Dy = (zx + zk-1)/2, (30)
Dz = (fi + fi-D/2, (31)

satisfying ag < yo < Bo and a, < y, < By, satisfya <y <B.

Proof Let y and z be solutions of (30), (31) satisfying (yo,y,) € A. We show that@ <y < B. Suppose that a, > y; for
some ¢ € {0,--- ,n}. Since @y < yo < Bo, @, <y, < B, then we may assume @, — y, has maximum at k for some 0 < k < n
with @y — y; > 0. This implies D(a; — yx) = 0 > D(ak+1 — Yi+1). Hence

D>y — DZYk-H <0. (32)

Also we have

=Dyir1 + h(fpq + 21+ fre)/4
—Dyk+1 + hK.

—Dyy

IA
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Thus
0 < Day — Dy, < Day— Dypy1 +hK
< Da/k - Da/kH + hK
< h(max | a”(t) | +K)
< WP+ K)<d(P+K), forh <8y,
and

| Daj— Dy;| < |Da;— Dyi|+|Da;— Dag|+| Dy - Dy;|

< hQ2P +2K) < 62(2P + 2K), for h < 6,

if j =k —1or j=k+ 1. By the uniform continuity of ]N‘ on bounded subsets of [0, 1] x R2, we may choose 0, € (0,07)
such that for all points (¢,y, p) and (¢, u,v) € [0, 1] X [@n,Bu] X [-L, L] with |y —u |[< dp and | p — v |[< 62(2P + 2K), we

have | f(t,y,p) — f(t,u,v) |< y; here d;, P and L are given in Lemma 1.

From the definition of lower solution ay, for ¢, sufficiently small thus we obtain
Dy — D*ypnt

S S st @, Do) + 2 f (1, ag, Dag) + f (-1, -1, Datg—y) iy
= 4

S, Yierts Dyit) + 2 (s yieo Dyi) + f(t-15 i1, Dyi-1)
1 .

Now yi < ax, 50 f(tk, Y. Dyi) > f(ti, @ Dag) = y as | Dy — Day |< 6,(2P +2K). Similarly if y; <ajforj=k—1or
Jj = k+1then f(¢;,y;,Dy;) > f(tj,a;,Da;) =y as | Dy; — Da; |< 6,(2P + 2K). Moreover if y; > a; with j = k-1 or
j=k+1then|y;—a;|<dand| Dy; — Da; |< 62(2P + 2K), thus f(t;,y;, Dy;) > f(tj,a;, Da;) —y.

Dza’k_H - Dzyk+]

. St @1, Daggr) + 2 f (b, i, Dag) + f(tr—t, ag—1, Dag_y) iy

4
(e, ket Daer) + 2 (1, i, D) + f (-1, -1, Daj-y)

1 y
=0.

Hence D%y — Dzyk+1 > 0 which is a contradiction to (32). Thus a; < y; for j € {0,---,n}. Similarly 8; > y;. Thus
a<y<p

The following Nagumo style result is an analogue of ( Thompson, 1996, Theorem 2.1)

Theorem 3. Let @ < B be strict discrete lower and strict discrete upper solutions for (9). Let f; satisfy the discrete

Bernstein-Nagumo condition for k = 1,--- ,n. Ify is a solution of (5)-(7) witha <y <Bthen|z |[< N fork=1,---,n
where N is given in (19).

Proof Let By = max{B; : k =0,--- ,n}, @, = min{ay : k =0,--- ,n}. Choose € > 0 so that
N
sds
fa— m>ﬁ]y[—a’m+6. (33)

Suppose that | z; |[< N for all k is false. Thus there is ko such that | zz, |> N. We consider the case zx, > N; the case
Zk, < —N is similar. We show there is k; such that 0 < z;, < o. First consider the subcase z; > 0 for all k, 0 < k < n. Then

n

S h
o 2lyn =30 =l ) hDyi |= Y 5+ zim).

i=1 i=1

Thus z;, < o for some k;.
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Now consider the subcase z;, < 0 for some k,. Assume ky < ko; the subcase ky > ko is similar. Thus there is k; > k» such
that z;,-1 < 0 < zi,. But by (6) and the continuity of f over the bounded interval [0,1], say | f |< K implies | pi |[< K.
Thus | zx — zk-1 |= 1 | pi |< hK for h < %, and thus

O0<zi, =21+ @ — 1) S — -1 ShK <o
as required. Proceeding with this argument we may choose k; and k3 such that 0 < zg,

<
forki <k <ks. Let W = {i : ky < i < ks,z > zi1}. Thus [0, N] € U,g5lzi1, 22 Le w
such that [, N] € U,plzi-1,zi]. Hence [0%, N*] C Uylz? 1, 271,

N < gyando <z <N

o<
C W be a minimal subset of W

Now
fN sds f”z dr
o Bs) e 201
2
< -
;:V 2, 2¢(\/T)
2_ 2
4 %
< reiS
= 20(Vz)
_ Z Z - Zz 1
2¢(zi-1)
Here we use ¢(+/7) is non-decreasing and 0 < z,»z_l < z,-z
2 2_ 2
3 -3 Zi_Zil{ 1 1 }
< - .
Z = 2¢(V2D) ZW 2 oG o@
Now
Z :ZZi+Zi—1hDZi <ZhZi+Zi—1
— 2¢(z1 2 ) A2
ieW iew iew
as

| Dz; |< (Iﬁl+|ﬁ 1) < (¢<z,~>+¢<zi_1))s¢<zi> (34)

as 0 <z < z, and ¢ is al non-decreasing function. Morg)ver since W is minimal, Wi W, U W, where (zi1,20) N
(zj-1,2j) # D, Vi # j,i, j € W, and similarly for i # j, i, j € W;. Now ¢(0) < ¢(z;-1), Vi € W. Thus

Zziz—zfl{ [ 1}
= 2 Pzic1)  ¢(z)

W,
(i + zi-)(@ = Zim1) { [ }
) 2 d(zic)  d(z)
1

< (N + Dmax{| z; — zi-1 |}¢(0')

(N+ DHKh
<

(o)

since zx < N + 1 for all Kk when hK < 1, so
| zi+2zi-)/2I1sN+1and |z -z [=h|pi IS hK.

Similarly

Zz?—z,?l{ [ 1}<(N+1)Kh
=2 $zi1)  P@)) T plo)

W,
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Thus
fN sds
)
i+ Zie 2(N + )Kh
< Zh(z Ziz1) N ( )
— 2 é(0)
ew
2(N + 1)Kh
< P YVie)t —————
201+ =
ew
ky
< Z (Vi—vyi-) +€
i=ko+1
when % < e Since 0 < (z; +zi-1)/2fork; + 1 <i < ks, thusy; > y;_; for k; + 1 < i < k3. Hence
N sds - re<p N
N =k T €= —Qp €
. B0 Yk, = Yo M

which is a contradiction to (33), and the result follows.
4. Nonlinear Boundary Conditions and Compatibility

Let @ < B be non-degenerate, strict discrete lower and strict discrete upper solutions, respectively for (9).

Definition 4. (Henderson and Thompson, 2001) We call the vector field
V= (wo, yh e C(a;R?) discrete inwardly pointing on A if for all (C, D) € da

¢’(ao. D) > Day, ¥°(Bo. D) < Dp; (35)
and

y'(C,a,) < Day, ¥'(C.B,) = DB,. (36)
We call y strongly discrete inwardly pointing if the weak inequalities are replaced by strict inequalities.

Definition 5. (Henderson and Thompson, 2001) Let G € C(A x R?;R?). We say G is very strongly (strongly) discrete
compatible at level L with @ and g if for all discrete (strongly discrete) inwardly pointing ¥ on A satisfying | ¢ |< L,

G(C,D) # 0 for all (C,D) € dn 37
and

d(G, A,0) #0, (38)

where
G(C, D) = G((C, D); y/(C, D)) for all (C, D) € A.

If it is very strongly (strongly) discrete compatible at all levels then we simply say it is very strongly (strongly) discrete
compatible with @ and .

Remark 4. If G is very strongly (strongly) discrete compatible with @ and B then the Brouwer degree (38) is independent
of the (strongly) inwardly pointing vector field . It is not difficult to see that (strongly) inwardly pointing vector fields
always exist. Moreover, since we consider very strongly discrete compatible boundary conditions G, it follows that (38)
holds for all discrete inwardly pointing vector fields, and so we will choose  as follows:

C - -C
U(C.D) = B = o) =+ e = ) g (39)
and
D - qa, L, — D
U(C.D) = (B =) =+ (o, = o) (40)
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For the linear Sturm-Liouville boundary conditions, G = (go, gl) where

80((YOsy,z), ((zo +21)/2, (Zp-1 + Zn)/z)) =apyo —ai(zo +21)/2-A=0

and

&"(00: ) (o + 20)/2, Guot + 20)/2)) = boyn + b1(zac +2,)/2 = B =0

where ag + by > 0, ap + a; > 0, and by + b; > 0. These include the Picard (also called Dirichlet) boundary conditions in
the special case ag = 1 = by and a; = 0 = b;. For the Neumann boundary conditions

g()((yo,yn), ((zo +21)/2, (Zp-1 + zn)/2)) =@ +z2)/2-A=0
and
8" (00 3. (o +20)/2. @t +20)/2)) = Gt +20)/2 = B =0

while for the periodic boundary conditions

(00, ) (o + 2072, Gt +20)/2)) = o =y = 0
and
2" (G0, ), (20 + 20)/2, (2t +20)/2)) = @t +20)/2 = (20 +21)/2 = 0.

For these boundary conditions it is not difficult to show that the very strong discrete compatibility conditions become the
familiar ones usually assumed in the presence of lower and upper solutions; that is,

ap| —alDal <A< aoﬁl - alD,Bl,
boa, + bDa, < B < boﬁn + leﬂn

for the linear Sturm-Liouville boundary conditions,
Da, > A,DB, <A, Da, < B,DB, > B
for the Neumann boundary conditions, and
@y = ap, 1 = Bn, Day > Day,, DBy < D,
for the periodic boundary conditions.
We will need the following result of (Thompson, 1996).

Lemma 5. Let a < B be strict lower and strict upper solutions for (1) on [0, 1], and let G € C(A x R%R?) be very
strongly compatible with a and f3. Let @ and B be the strict discrete lower and strict discrete upper solutions for (9) given
in Lemma 1 and N > 0. There exists 63 € (0,06;) such that if 0 < h = % < 03, and ¥ = W0, y') € C(A; R?) satisfies

\¥(C,D)| < N, (41)
(@0, D) > Day, ¢°(By, D) < DBy and (42)
' (C,a) < Day, ¥'(C,B,) = DBy, (43)

on A, then
G(C,D) # Oforall (C,D) € dA and (44)
dGg,A,0) # 0, 45)

where

G(C,D) = G((C,D);¥Y(C, D)) for all (C,D) € A. (46)

We call G satisfying (45) for ¥ satisfying (41) through (43) very strongly discrete compatible with @ and B at level N.

5. Existence of Solutions

We now present our main result.
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Theorem 6. Assume that there exist non-degenerate strict lower and strict upper solutions a < f3 for (9), that the f
satisfies the Bernstein-Nagumo condition and that G € C(a x R?,R?) is very strongly compatible with a and 8. Then
there exists 6 > O such that for 0 < h = 1/n < 6 there exist solutions 'y and z of problems (5), (6) and (7) witha <y < B
and |z |< L+ 1fork=1,-- ,nand| zo |< 22202 4 [ 4 1.

Proof Choose
L> max{l @ 1,18 ®|,0,|Y(C,D)|: (C,D) € n,te |0, 1]} +1, 47)

and € > 0 such that

L=l sds
o _ de =4 —
L ¢(S) +e >ﬂM @y + 2€ ﬁe e
where @, = minfa(?) : t € [0,1]}, By = max{B(?) : 1 € [0,1]}, ac := @, — €, Be := Py + €, @ = ac and B¢ j := B, for
jE {07 7”}‘

By Lemmas 1 and 5 we may choose ¢ > 0 sufficiently small that for 0 < 2 = 1/n < 6, @ and B given by (14) and (15) are
strict discrete lower and strict discrete upper solutions for (5) that are very strongly discrete compatible with G at level L.
Let ¥ = (y°, ¢') be the discrete inwardly pointing vector field on A with [¥| < L. We modify f; for y not between @ and
B. We show that a solution of the modified problem lies in the region where f;, k = 0, - ,n is unmodified and hence is
the required solution. We use Brouwer degree theory to prove existence for the modified problem and compute the degree
using a homotopy; the modification is chosen to facilitate the construction of a suitable homotopy.

Consider the BVP

Dyt = (1= | Tt @B © Dt + 2f 1 + fo)/4+

Tk e B O (Fray + 21+ fr)l4 | +6) = Frul <k <n—1 (48)
k ~ ~
w= Y (fi+fi)2+2. 1<k<n (49)
i=1
20 = 2(y1 —yo)/h -z (50)

together with boundary conditions (7) where n, T, p; and }k are given in (20), (21), (6) and (22) respectively.

Clearly F is a bounded continuous function on R"*! x R"*!, and satisfies Nagumo condition in Q.. In particular

| D*Yiat | I (Frgr + 2f% + fio1)/4 | +€ so that

1
< 2(60 21 D +260 5 D + (1 51 D) + €
and

| D?yyi1 |< ¢(L) + € = K, for all (,2).
Now @, = (@cp," - ,@ey) 18 a strict discrete lower solution for the problem (48), (49). Since

D2aesir = 0 > —(| (fad: +2(fa + (fad1)/4 | +€)

where (fz); = f(t, 2, Dz), and
(fae)k = f(tks ﬂ(ylm a’e’ﬂs)’ ﬂ(Dae,Ia _L9 L))
Since a, is a contant vector, D, = 0 so &, is a strict discrete lower solution. Similarly B, = (B¢0,Be.1, - »Ben) 1s a strict

discrete upper solution for this equation. Since | D?*yie1 I K = ¢(L) + € for all (1;, y;,z) € [0, 1] x R x R"™! for all
| zi < L, thus by Lemma 1, 2 and Theorem 3, the solutions (y, z) of (5) and (6) satisfya <y <f and | z |< L+ 1 for

k=1,---,nand| zg |< 2 Bu-antle ”’”25 + L+ 1 when (yg, y,) € A. As (fk+1 +2fk +fk /4 and Z: l(f, +f 1)/2 + 7o coincide
with (ka +2fi + fie1)/4 and Zf‘zl(f + fie)/2+z0fork=1,--- ,n—1,i=1,--- ,nin this region it suffices to show that
there are solutions (y, z) of (48), (49), (50) and (7) with (yo,y,) € A. Let

Q. :{(y,z)eR’mx}Rf“r1 P e <Yj<Bejlz < Mfor0< j<n, OSkSn}
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where M = 2ﬁM+”’+25 +L+1,and T, = Q. x A. Define K : R x R+ — R=1 £ Rotl x R+ 5 R+ by
Wk(y, Z) — }k+1+zik+lik4
Liy2) =3, L iy

fork=1,---,n—=1,i=1,--- ,nand Ly(y,z) = 0, (y,z) € R™! x R™!. Define
H:T.x[0,1] - X by

H(y,z,C.D, 1)
- ((Z) - 3/1((2@1 ) yO;;;C;Z), 0 ’0)) (- 31)((@5 +oﬁe)/2)’ 6c.0)
for0< A< %
H(y,z,C,D, )
= ((Z) -3~ 1/3)(T(ZE§’),”Z§))) _ ((2@1 i yo;jgfiil), - ’O))’ 6c.0)
for% s/lsg, and
H(y,z,C,D, )
) ((z) ) (T(ngyzj))) - ((2(y1 - yo;;(hcil;) 0. ,0)), S(y,2,C, D, )
for % <A<,

where ‘/’ is giVCIl by (39) and (40)’ a. = (a's,Oa Qe1,° a’s,n) aﬂs = (ﬁe,O’ﬁe,l, e sﬂe,n)’ and
$(y.2.C.D, ) = G((C, D), (31 = 2/3)((z0 + 21)/2, a1 + 2)/2)) + 3(1 = DY(C, D)).

Clearly H is continuous. It is easy to see that (y,z) is a solution of (48), (49), (50) and (7) with (y,z,C,D) € T iff
H(y,z,C,D, 1) = 0. If there is a solution of H(y, z,C, D, 1) = 0 with (y, z, C, D) € dI'. then we are done. So we assume
there is no such solution in oI'.. We show H is a homotopy for the Brouwer degree on I'; at 0. We argue by contradiction
and assume solutions exist to H(y, z,C, D, 1) = 0 with A € [0, 1] and (y, z,C, D) € 0l ..

We consider the cases 4 € [2/3,1] and A € [1/3,2/3); the case A € [0, 1/3) is trivial because G(C, D) # (0,0) with

(C,D) € 0A and
y) W(C.D) @+ B2 (0
(z) 3ﬁ(2(y1—yo)/h—Z1,0,--- ,o) a 3”)( 0 );t(o)

for (y, z) € 0Q).

Case i) 1 € [2/3,1].
By assumption there is no solution with 4 = 1. Assume there is solution (y, z, C, D) with 1 € [2/3,1). We assume as
before that@ <y <, yo = C and y, = D. Assume that (yy, y,) € 0A. If yy = ap, then (zg + z1)/2 > Da;. Thus

3(1=2/3)(z0 +21)/2 + 3(1 = D¢’ (vo, yu) = Dy

since YV is strongly inwardly pointing. It follows from the very strong discrete compatibility of G that S(y,z,C, D, 1) #
(0,0), which is a contradiction. Similarly the other cases (C,D) = (yo,y,) € 0A also lead to a contradiction. Thus
(C,D) ¢ dn.

Assume y € d(a.,Bc), so either y; = @, ory; = B¢ ; for some j € {0,--- ,n}. Assume y; = e, ; for some j € {0,--- ,n}.
Again from the proof of Lemma 2, we get a contradiction. Similarly y; # B ; for some j € {0,--- ,n}. Hence y ¢ 0Q.

Assume | z; |= ZW + L + 1 for some j, 0 < j < n. By Theorem 3, | z; [< 00 < L+ 1 for some j € {1,--- ,n} and
| zo |< 2'8M+’"+25 + L + 1 which is a contradiction, where z; is given in (25). Thus z ¢ dQ.. Thus there are no solutions of
H(y,z,C,D) =0 with A € [2/3,1] and (y, z,C, D) € ..

Case (ii) A € [1/3,2/3].
Since G is very strongly discrete compatible, there is no solution (y, z, C, D, 1) to H = 0 with (C, D) € dA. The proof of
the case (y, z) € 09 leads to a contradiction in a similar way as for [2/3, 1).
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Thus H is a homotopy for the Brouwer degree and since (., 0) = (I, G) where [ is the identity on R"*! x R"*! it follows
that

d(H(, 1),T,0) = d(H(,0),T,0)
=d(G, A, (0,0)) # 0.

Thus there is a solution (y, z, C, D) € T of H(y,z,C, D, 1) = 0 and hence a solution (y, z) € R""! x R™*! to the problem
(5), (6) and (7).

Remark 7. Sincea <y <Band|z|< L+ 1fork=1,---,nand| zo I< 2% + L + 1 it follows that | Dyy. | and
| Dz | are bounded independently of 6 > 0. It follows that given € > 0, there is § > 0 such that for 0 < h < ¢ there is a
solution 'y, z of problem (5), (6) and (7) with

max{|y(t,y,z) —y(@®)|:0<tr<1}<e

and
max{|z(t,y,z) -y ()| : 0 <t < 1} <,

where y is a solution of (1) and (5),

yt,y.2) = yr+ (@t —10)/2, forty <t <tiy1, 0<k<n-1and
2t,y,2) = zZx+ (fim1 + ) —1)/2, forty <t<ty, 0<k<n-1.

Indeed, using an argument similar to that in the proof of (Gained, 1974, Theorem 2.5 ) it follows that (y(,y, z), z(¢, Y, Z))
converges uniformly to a solution of (1) and (5) together with (2) and hence to (y,y") where y is a solution of (1) and (2).
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