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Abstract

In this paper we obtained the formula for the common solution of the linear differential equation of the second order with
the variable coefficients in the more common case. We also obtained the formula for the solution of the Cauchy problem.
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1. Introduction

We consider the equation
L[y] = y′′ + p(t)y′ + q(t)y = f (t), t ∈ I, (1)

where I = (t1, t2), t1 < t2, p(t), q(t) and f (t) are known continuous functions on I.

Many works are dedicated to the determination of the common solutions of the linear and nonlinear ordinary differential
equations. But in common case any formulas for the decision of the linear differential equations haven’t obtained. It is
well known that if p(t) = p0 = const, q(t) = q0 = const, then depending on the sign of discriminant D = p2

0 − 4q0 the
common solution of the equation (1) will be written by three formulas. In this theme the equation (1) is investigated in
the more common cases.

2. Formulas for solution of the equations (1)

Depending on the correlation between p(t) and q(t) formulas for the determination of the common solution of this equation
were obtained.

Theorem 1. Let

q(t) = (ϕ′(t))2e
∫
α(t)ϕ′(t)dt

{
b′(t)(ϕ′(t))−1 − b2(t)e

∫
α(t)ϕ′(t)dt +

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1b(t)−

− α(t)b(t)
}
+ (ϕ′(t))2

{
α′(t)(ϕ′(t))−1 − α2(t) + α(t)

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1

}
, (2)

β(t) = e−
∫
α(t)ϕ′(t)dt

{
− α′(t)(ϕ′(t))−1 + α2(t) −

−α(t)
[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1 + q(t)(ϕ′(t))−2

}
, t ∈ I, (3)
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where ϕ′(t) and ϕ′′(t) are respectively first and second derivatives of the function ϕ(t), b′(t) and α′(t) are respectively the
derivatives of the functions b(t) and α(t). b(t) � 0 and ϕ′(t) � 0 for all t ∈ I. Then the common solution of the equation
(1) will be written in the next form

y(t) = c1y1(t) + c2y2(t) + y3(t), t ∈ I (4)

where c1 and c2 are arbitrary constants,

y1(t) = exp

{
−
∫ [
α(t) + b(t)e

∫
α(t)ϕ′(t)dt

]
ϕ′(t)dt

}
, (5)

y2(t) = e−
∫
α(t)ϕ′(t)dt

[
−e−

∫
β(t)
b(t) ϕ

′(t)dt − u(t)
]
, (6)

u(t) = exp

[
−
∫

b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)dt

] ∫
β(t)
b(t)

exp

{∫ [
b(t)e

∫
α(t)ϕ′(t)dt − β(t)

b(t)

]
ϕ′(t)dt

}
ϕ′(t)dt, (7)

y3(t) = e−
∫
α(t)ϕ′(t)dt

[
e−

∫
β(t)
b(t) ϕ

′(t)dt

∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)dt

b(t)ϕ′(t)
− v(t)

]
, (8)

v(t) = exp

[
−
∫

b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)dt

] {∫
f (t)

b(t)ϕ′(t)
×

× exp

[∫
b(t)eα(t)ϕ′(t)dtϕ′(t)dt

]
dt −

∫
exp

{∫ [
b(t)eα(t)ϕ′(t)dt − β(t)

b(t)

]
ϕ′(t)dt

}
×

× β(t)
b(t)

[∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
ϕ′(t)dt

}
. (9)

Proof. We show that
L[y1] = 0, L[y2] = 0, L[y3] = f (t), t ∈ I.

1) At first we proof L[y1] = 0. In fact if we differentiate (5) we shall obtain

y′1(t) = −
[
α(t) + b(t)e

∫
α(t)ϕ′(t)dt

]
ϕ′(t)y1(t), (10)

y′′1 (t) =
{[
α(t) + b(t)e

∫
α(t)ϕ′(t)dt

]2
(ϕ′(t))2−

−
[
α′(t) + b′(t)e

∫
α(t)ϕ′(t)dt + b(t)α(t)ϕ′(t)e

∫
α(t)ϕ′(t)dt

]
ϕ′(t) −

−
[
α(t) + b(t)e

∫
α(t)ϕ′(t)dt

]
ϕ′′(t)

}
y1(t). (11)

Then taking into account (10), (11) and (2) we have

L[y1] =
{[
α2(t) + 2α(t)b(t)e

∫
α(t)ϕ′(t)dt + b2(t)e2

∫
α(t)ϕ′(t)dt

]
(ϕ′(t))2 − α′(t)ϕ′(t) −

− b′(t)ϕ′(t)e
∫
α(t)ϕ′(t)dt − b(t)α(t)(ϕ′(t))2e

∫
α(t)ϕ′(t)dt − α(t)ϕ′′(t) − b(t)ϕ′′(t) ×

× e
∫
α(t)ϕ′(t)dt

}
y1(t) + p(t)

[
−α(t)ϕ′(t) − b(t)ϕ′(t)e

∫
α(t)ϕ′(t)dt

]
y1(t) + q(t)y1(t) =

y1(t)
{
q(t) − (ϕ′(t))2e

∫
α(t)ϕ′(t)dt

{
b′(t)(ϕ′(t))−1 − b(t)α(t)−

− b2(t)e
∫
α(t)ϕ′(t)dt + b(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]}
− (ϕ′(t))2 ×

×
{
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]}
= 0, t ∈ I.

Thus it is proved L[y1] = 0.
2) We show L(y2) = 0. If we differentiate (6) and (7) we shall have

y′2(t) = −α(t)ϕ′(t)y2(t) + e−
∫
α(t)ϕ′(t)dt

[
β(t)
b(t)
ϕ′(t)e−

∫
β(t)
b(t) ϕ

′(t)dt − u′(t)
]
, (12)

u′(t) = −b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)u(t) +

β(t)
b(t)
ϕ′(t)e−

∫
β(t)
b(t) ϕ

′(t)dt. (13)
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By substituting (13) in (12) we obtain

y′2(t) = −α(t)ϕ′(t)y2(t) + b(t)ϕ′(t)u(t). (14)

Differentiating (14) we obtain

y′′2 (t) =
[−α′(t)ϕ′(t) − α(t)ϕ′′(t)

]
y2(t) − α(t)ϕ′(t)y′2(t) +

[
b′(t)ϕ′(t) + b(t)ϕ′′(t)

]
u(t) + b(t)ϕ′(t)u′(t).

Hence taking into account (13) and (14) we have

y′′2 (t) =
[
−α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
y2(t) +

+
[
b′(t)ϕ′(t) + b(t)ϕ′′(t) − α(t)b(t)(ϕ′(t))2 − b2(t)(ϕ′(t))2e

∫
α(t)ϕ′(t)dt

]
u(t) +

+ β(t)(ϕ′(t))2e−
∫
β(t)
b(t) ϕ

′(t)dt. (15)

On the strength of (14) and (15) it follows that

L[y2] = y2(t)
{

q(t) − (ϕ′(t))2
{
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]}}
+

+ u(t)
{
b′(t)ϕ′(t) + b(t)ϕ′′(t) − α(t)b(t)(ϕ′(t))2 − b2(t)(ϕ′(t))2e

∫
α(t)ϕ′(t)dt+

+p(t)b(t)ϕ′(t)
}
+ β(t)(ϕ′(t))2e−

∫
β(t)
b(t) ϕ

′(t)dt. (16)

By substituting (2) in (3) we have

β(t) = b′(t)(ϕ′(t))−1 − b2(t)e
∫
α(t)ϕ′(t)dt +

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1b(t) − α(t)b(t), t ∈ I. (17)

Taking into account (17) and (6) from (16) we obtain

L[y2] = y2(t)
{

q(t) − (ϕ′(t))2
{
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]}}
−

− β(t)(ϕ′(t))2e
∫
α(t)ϕ′(t)dte−

∫
α(t)ϕ′(t)dt

[
−e−

∫
β(t)
b(t) ϕ

′(t)dt − u(t)
]
=

= y2(t)
{
q(t) − (ϕ′(t))2

[
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
−

− e
∫
α(t)ϕ′(t)dt(ϕ′(t))2

{
b′(t)(ϕ′(t))−1 − b2(t)e

∫
α(t)ϕ′(t)dt+

+

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1b(t) − α(t)b(t)

}}
= 0, t ∈ I.

Here we use the formula (2).

3)We are going to proof L[y3] = f (t), t ∈ I. Differentiating (8) and (9) we have

y′3(t) = −α(t)ϕ′(t)y3(t) + e−
∫
α(t)ϕ′(t)dt

{
f (t)

b(t)ϕ′(t)
− β(t)

b(t)
ϕ′(t) ×

×e−
∫
β(t)
b(t) ϕ

′(t)dt

∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt − v′(t)
}
, (18)

v′(t) = −b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)v(t) + exp

[
−
∫

b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)dt

]
×

×
{

f (t)
b(t)ϕ′(t)

exp

[∫
b(t)e

∫
α(t)ϕ′(t)dtϕ′(t)dt

]
− exp

{∫ [
b(t)e

∫
α(t)ϕ′(t)dt−

− β(t)
b(t)

]
ϕ′(t)dt

} [∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
β(t)ϕ′(t)

b(t)

}
.

From here by simplifying we obtain

v′(t) = −b(t)e
∫
α(t)ϕ′(t)dtϕ′(t)v(t) +

f (t)
b(t)ϕ′(t)

− exp

[
−
∫
β(t)
b(t)
ϕ′(t)dt

]
×

×
[∫

e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
β(t)ϕ′(t)

b(t)
. (19)
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By substituting (19) in (18) we have

y′3(t) = −α(t)ϕ′(t)y3(t) + b(t)ϕ′(t)v(t), t ∈ I. (20)

Differentiating (20) we obtain

y′′3 (t) =
[−α′(t)ϕ′(t) − α(t)ϕ′′(t)

]
y3(t) − α(t)ϕ′(t)y′3(t) +

+
[
b′(t)ϕ′(t) + b(t)ϕ′′(t)

]
v(t) + b(t)ϕ′(t)v′(t). (21)

Taking into account (19) and (20) from (21) we have

y′′3 (t) =
[
−α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
y3(t) +

[
b′(t)ϕ′(t) + b(t)ϕ′′(t)−

− α(t)b(t)(ϕ′(t))2 − b2(t)(ϕ′(t))2e
∫
α(t)ϕ′(t)dt

]
v(t) + f (t) − (22)

− β(t)(ϕ′(t))2exp

[
−
∫
β(t)
b(t)
ϕ′(t)dt

] [∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
.

By substituting (20) and (22) in (1) we have

L[y3] = y3(t)
[
q(t) − p(t)α(t)ϕ′(t) − α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
+ v(t) ×

×
[
p(t)b(t)ϕ′(t) + b′(t)ϕ′(t) + b(t)ϕ′′(t) − α(t)b(t)(ϕ′(t))2 − b2(t)(ϕ′(t))2e

∫
α(t)ϕ′(t)dt

]
+

+ f (t) − β(t)(ϕ′(t))2exp

[
−
∫
β(t)
b(t)
ϕ′(t)dt

] [∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
, t ∈ I. (23)

Then taking into account (17) from (23) we obtain

L[y3] = y3(t)
[
q(t) − p(t)α(t)ϕ′(t) − α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
+ f (t) +

+

{
b′(t)ϕ′(t) − b2(t)(ϕ′(t))2e

∫
α(t)ϕ′(t)dt + b(t)ϕ′(t)

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
− (24)

−α(t)b(t)(ϕ′(t))2
} {

v(t) − exp

[
−
∫
β(t)
b(t)
ϕ′(t)dt

] [∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]}
.

From (8) we have

v(t) − exp

[
−
∫
β(t)
b(t)
ϕ′(t)dt

] [∫
e
∫
β(t)
b(t) ϕ

′(t)dt f (t)
b(t)ϕ′(t)

dt

]
=

= −y3(t)e
∫
α(t)ϕ′(t)dt, t ∈ I. (25)

By substituting (25) in (24) and taking into account (2) we obtain

L[y3] = f (t) + y3(t)
{
q(t) − e

∫
α(t)ϕ′(t)dt(ϕ′(t))2

[
b′(t)(ϕ′(t))−1 − b2(t)e

∫
α(t)ϕ′(t)dt+

+b(t)(ϕ′(t))−1
(
p(t) +

ϕ′′(t)
ϕ′(t)

)
− α(t)b(t)

]
− (ϕ′(t))2

[
α′(t)(ϕ′(t))−1+

+α(t)(ϕ′(t))−1
(
p(t) +

ϕ′′(t)
ϕ′(t)

)
− α2(t)

]}
= f (t), t ∈ I.

Then L[c1y1(t)+ c2y2(t)+ y3(t)] = c1L[y1]+ c2L[y2]+ L[y3] = f (t), t ∈ I, where c1, c2 are unrestricted constants. Theorem
1 has been proved.

Example. We consider the equation (1) for p(t) = t, q(t) = 1, f (t) = 1, t ∈ I = (0, 1).
From (2) and (3) we have

α(t) = 0, ϕ(t) = t, b(t) = t, β(t) = 1, t ∈ (0, 1).

Then from (5), (6), (7) and (8) we obtain

y1(t) = e−
t2
2 , y2(t) = −1

t
− e−

t2
2

∫
1
t2 e

t2
2 dt, y3(t) = 1, t ∈ (0, 1).
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Theorem 2. Let t0 ∈ I = (t1, t2),

q(t) = (ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

{
b′(t)(ϕ′(t))−1 − b2(t)e

∫ t

t0
α(s)ϕ′(s)ds

+

[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1b(t)−

− α(t)b(t)
}
+ (ϕ′(t))2

{
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

[
p(t) +

ϕ′′(t)
ϕ′(t)

]}
, (26)

β(t) = e
− ∫ t

t0
α(t)ϕ′(t)dt

{
− α′(t)(ϕ′(t))−1 + α2(t) −

−α(t)
[
p(t) +

ϕ′′(t)
ϕ′(t)

]
(ϕ′(t))−1 + q(t)(ϕ′(t))−2

}
, t ∈ I, (27)

where b(t) � 0 and ϕ′(t) � 0 for all t ∈ I. Then solution of the equation (1) with initial condition

y(t0) = m, y′(t0) = n,m, n ∈ R (28)

will be written in the next form

y(t) = − 1
b(t0)

[
mα(t0) +

n

ϕ′(t0)

]
y1(t) − 1

b(t0)

[
mα(t0) + b(t0) +

n

ϕ′(t0)

]
y2(t) + y3(t), (29)

where

y1(t) = exp

{
−
∫ t

t0

[
α(s) + b(s)e

∫ s

t0
α(τ)ϕ′(τ)dτ

]
ϕ′(s)ds

}
, (30)

y2(t) = e
− ∫ t

t0
α(s)ϕ′(s)ds

[
−e

− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds − u1(t)
]
, (31)

u1(t) = exp

[
−
∫ t

t0

b(s)e
∫ s

t0
α(τ)ϕ′(τ)dτ

ϕ′(s)ds

] ∫ t

t0

β(s)
b(s)

×

× exp

{∫ s

t0

[
b(τ)e

∫ τ
t0
α(v)ϕ′(v)dv − β(τ)

b(τ)

]
ϕ′(τ)dτ

}
ϕ′(s)ds, (32)

y3(t) = e
− ∫ t

t0
α(s)ϕ′(s)ds

[
e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ s

t0

β(τ)
b(τ) ϕ

′(τ)dτ f (s)
b(s)ϕ′(s)

ds − v1(t)
]
, (33)

v1(t) = exp

[
−
∫ t

t0

b(s)e
∫ s

t0
α(τ)ϕ′(τ)dτ

ϕ′(s)ds

] {∫ t

t0

f (s)
b(s)ϕ′(s)

exp

[∫ s

t0

b(τ)e
∫ τ

t0
α(v)ϕ′(v)dv

ϕ′(τ)dτ
]

ds

−
∫ t

t0

exp

{∫ s

t0

[
b(τ)e

∫ τ
t0
α(v)ϕ′(v)dv − β(τ)

b(τ)

]
ϕ′(τ)dτ

}
×

× β(s)
b(s)

[∫ s

t0

e

∫ τ
t0

β(v)
b(v) ϕ

′(v)dv f (τ)
b(τ)ϕ′(τ)

dτ

]
ϕ′(s)ds

}
. (34)

Proof. Differentiating (30), (31), (32), (33) and (34) we obtain

y′1(t) = −
[
α(t) + b(t)e

∫ t

t0
α(τ)ϕ′(τ)dτ

]
ϕ′(t)y1(t), (35)

y′2(t) = −α(t)ϕ′(t)y2(t) + e
− ∫ t

t0
α(s)ϕ′(s)ds

[
β(t)
b(t)
ϕ′(t)e−

∫ t

t0

β(s)
b(s) ϕ

′(s)ds − u′1(t)
]
, (36)

u′1(t) = −b(t)e
∫ t

t0
α(s)ϕ′(s)ds

ϕ′(t)u1(t) +
β(t)
b(t)
ϕ′(t)e−

∫ t

t0

β(s)
b(s) ϕ

′(s)ds
, (37)

y′3(t) = −α(t)ϕ′(t)y3(t) + e
− ∫ t

t0
α(s)ϕ′(s)ds

{
−v′1(t) − β(t)ϕ

′(t)
b(t)

×

×e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ s

t0

β(τ)
b(τ) ϕ

′(τ)dτ f (s)
b(s)ϕ′(s)

ds +
f (t)

b(t)ϕ′(t)

}
, (38)
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v′1(t) = −b(t)e
∫ t

t0
α(s)ϕ′(s)ds

ϕ′(t)v1(t) +
f (t)

b(t)ϕ′(t)
− β(t)

b(t)
ϕ′(t) ×

× e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ τ
t0

β(ν)
b(ν) ϕ

′(ν)dν f (τ)
b(τ)ϕ′(τ)

dτ. (39)

Taking into account (37) and (39) from (36) and (38) we have

y′2(t) = −α(t)ϕ′(t)y2(t) + b(t)ϕ′(t)u1(t), (40)

y′3(t) = −α(t)ϕ′(t)y3(t) + b(t)ϕ′(t)v1(t). (41)

Differentiating (35), (40) and (41) we obtain

y′′1 (t) = y1(t)
{
−α′(t)ϕ′(t) − b′(t)ϕ′(t)e

∫ t

t0
α(s)ϕ′(s)ds − α(t)b(t)(ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds−

−
[
α(t) + b(t)e

∫ t

t0
α(s)ϕ′(s)ds

]
ϕ′′(t) +

[
α(t) + b(t)e

∫ t

t0
α(s)ϕ′(s)ds

]2
(ϕ′(t))2

}
, (42)

y′′2 (t) =
[−α′(t)ϕ′(t) − α(t)ϕ′′(t)

]
y2(t) − α(t)ϕ′(t)y′2(t) +

+
[
b′(t)ϕ′(t) + b(t)ϕ′′(t)

]
u1(t) + b(t)ϕ′(t)u′1(t). (43)

y′′3 (t) =
[−α′(t)ϕ′(t) − α(t)ϕ′′(t)

]
y3(t) − α(t)ϕ′(t)y′3(t) +

+
[
b′(t)ϕ′(t) + b(t)ϕ′′(t)

]
v1(t) + b(t)ϕ′(t)v′1(t). (44)

Taking into account formulas (40), (41) and (37) and (39) from (43) and (44) we have

y′′2 (t) = y2(t)
[
−α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
+ u1(t)

[
b′(t)ϕ′(t) + b(t)ϕ′′(t)−

− α(t)b(t)(ϕ′(t))2 −b2(t)(ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

]
+

+ β(t)(ϕ′(t))2e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
, (45)

y′′3 (t) = y3(t)
[
−α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
+ v1(t)

[
b′(t)ϕ′(t) + b(t)ϕ′′(t)−

− α(t)b(t)(ϕ′(t))2 −b2(t)(ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

]
+ f (t) −

− β(t)(ϕ′(t))2e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ s

t0

β(τ)
b(τ) ϕ

′(τ)dτ f (s)
b(s)ϕ′(s)

ds. (46)

On the strength of formulas (35), (42) and (26) we have

L[y1] = y1(t)
{
q(t) − (ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

[
p(t)b(t)(ϕ′(t))−1 + b′(t)(ϕ′(t))−1−

−α(t)b(t) − b2(t)e
∫ t

t0
α(s)ϕ′(s)ds

+
b(t)ϕ′′(t)
(ϕ′(t))2

]
− (ϕ′(t))2 ×

×
[
p(t)α(t)(ϕ′(t))−1 + α′(t)(ϕ′(t))−1 + α(t)ϕ′′(t)(ϕ′(t))−2 − α2(t)

]}
= 0, t ∈ I.

Taking into account formulas (40), (45) we obtain

L[y2] = y2(t)
[
q(t) − α(t)p(t)ϕ′(t) − α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2

]
+

+ u1(t)
[
b(t)p(t)ϕ′(t) + b′(t)ϕ′(t) + b(t)ϕ′′(t) − α(t)b(t)(ϕ′(t))2− (47)

− b2(t)(ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

]
+ β(t)(ϕ′(t))2e

− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
, t ∈ I.

Published by Canadian Center of Science and Education 37



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 3, No. 3; August 2011

By substituting (26) in (27) we have

β(t) = b′(t)(ϕ′(t))−1 − b2(t)e
∫ t

t0
α(s)ϕ′(s)ds

+

(
p(t) +

ϕ′′(t)
ϕ′(t)

)
(ϕ′(t))−1b(t) − α(t)b(t), t ∈ I. (48)

On the strength of (48) from (47) we obtain

L[y2] = y2(t)
{

q(t) − (ϕ′(t))2
[
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

(
p(t) +

ϕ′′(t)
ϕ′(t)

)]}
+ (ϕ′(t))2

[
b′(t)(ϕ′(t))−1 − b2(t)e

∫ t

t0
α(s)ϕ′(s)ds − α(t)b(t)+

+ b(t)(ϕ′(t))−1
(
p(t) +

ϕ′′(t)
ϕ′(t)

)] [
u1(t) + e

− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
]
. (49)

From (31) we have

u1(t) + e
− ∫ t

t0

β(τ)
b(τ) ϕ

′(τ)dτ
= −y2(t)e

∫ t

t0
α(s)ϕ′(s)ds (50)

Taking into account (50) and (26) from (49) we obtain L[y2] = 0 fot t ∈ T . Farther on the strength of formulas (41) and
(46) we obtain

L[y3] = y3(t)
[
−α′(t)ϕ′(t) − α(t)ϕ′′(t) + α2(t)(ϕ′(t))2 − p(t)α(t)ϕ′(t) + q(t)

]
+

+ v1(t)
[
b′(t)ϕ′(t) + b(t)ϕ′′(t) − α(t)b(t)(ϕ′(t))2 − b2(t)(ϕ′(t))2e

∫ t

t0
α(s)ϕ′(s)ds

+ (51)

+ p(t)b(t)ϕ′(t)
]
+ f (t) − β(t)(ϕ′(t))2e

− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ s

t0

β(τ)
b(τ) ϕ

′(τ)dτ f (s)
b(s)ϕ′(s)

ds.

On the strength of (48) from (51) we have

L[y3] = y3(t)
{

q(t) − (ϕ′(t))2
[
α′(t)(ϕ′(t))−1 − α2(t) + α(t)(ϕ′(t))−1

(
p(t) +

ϕ′′(t)
ϕ′(t)

)]}
+

+ (ϕ′(t))2
[
b′(t)(ϕ′(t))−1 − b2(t)e

∫ t

t0
α(s)ϕ′(s)ds − α(t)b(t) + b(t)(ϕ′(t))−1× (52)

×
(
p(t) +

ϕ′′(t)
ϕ′(t)

)] [
v1(t) − e

− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ τ
t0

β(ν)
b(ν) ϕ

′(ν)dν f (τ)
b(τ)ϕ′(τ)

dτ

]
.

From (33) we obtain

v1(t) − e
− ∫ t

t0

β(s)
b(s) ϕ

′(s)ds
∫ t

t0

e

∫ s

t0

β(τ)
bτ ϕ

′(τ)dτ f (s)
b(s)ϕ′(s)

ds = −y3(t)e
∫ t

t0
α(s)ϕ′(s)ds

. (53)

By substituting (53) in (52) and taking into account formula (26) we have L[y3] = f (t), t ∈ I. Thus, the function
determined by formula (29) is the solution of the equation (1). We show the realization of the initial condition (28) i.e.
y(t0) = m, y′(t0) = n.

From (30), (31), (32), (33) and (34) we have

y1(t0) = 1, y2(t0) = −1, u(t0) = 0, y3(t0) = 0, v1(t0) = 0. (54)

Then from (29) we obtain

y(t0) = − 1
b(t0)

[
mα(t0) +

n

ϕ′(t0)

]
+

1
b(t0)

[
mα(t0) + mb(t0) +

n

ϕ′(t0)

]
= m

Differentiating (29) we have

y′(t) = − 1
b(t0)

[
mα(t0) +

n

ϕ′(t0)

]
y′1(t) − 1

b(t0)

[
mα(t0) + mb(t0) +

n

ϕ′(t0)

]
y′2(t) + y′3(t). (55)

Taking into account (54) from (35), (40) and (41) we obtain

y′1(t0) = −[α(t0) + b(t0)]ϕ′(t0), (56)

y′2(t0) = α(t0)ϕ′(t0), y′3(t0) = 0. (57)
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Taking into account (56) and (57) from (55) we have

y′(t0) = − 1
b(t0)

[
mα(t0) +

n

ϕ′(t0

]
(−1)[α(t0) + b(t0)]ϕ′(t0) − 1

b(t0)
×

×
[
mα(t0) + mb(t0) +

n

ϕ′(t0

]
α(t0)ϕ′(t0) =

mα(t0)
b(t0)

[α(t0) + b(t0)]ϕ′(t0) +

+
n

b(t0)
[α(t0) + b(t0)] − mα(t0)

b(t0)
[α(t0) + b(t0)]ϕ′(t0) − nα(t0)

b(t0)
= n.

Theorem 2 has been proved.

References

Polyanin A. D. & Zaitsev V.F. (2003). Handbook of Exact Solutions for Ordinary Differential Equations. (2nd ed.),
Chapman & Hall/CRC Press, Boca Raton.

Tada T. & Saiton S. (2004). A method by separation of variables for the first order nonlinear ordinary differential equa-
tions. Journal of Analysis and Applications, 2, 51-63.

Tada T. & Saiton S. (2005). A method by separation of variables for the second order ordinary differential equations.
Journal of Mathematical Sciences, Volume 3, 2, 289-296.

Walter W. (1998). Ordinary Differential Equations. Graduate Texts in Mathematics. Springer.

Published by Canadian Center of Science and Education 39


