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Abstract

In this paper we obtained the formula for the common solution of the linear differential equation of the second order with
the variable coefficients in the more common case. We also obtained the formula for the solution of the Cauchy problem.
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1. Introduction
We consider the equation

Llyl =y" + p()y" + q(t)y = f(1),1 € I, ey
where [ = (t1,1;), t; < to, p(t),q(t) and f(¢) are known continuous functions on /.

Many works are dedicated to the determination of the common solutions of the linear and nonlinear ordinary differential
equations. But in common case any formulas for the decision of the linear differential equations haven’t obtained. It is
well known that if p() = po = const, q(t) = qo = const, then depending on the sign of discriminant D = p(z) — 4qo the
common solution of the equation (1) will be written by three formulas. In this theme the equation (1) is investigated in
the more common cases.

2. Formulas for solution of the equations (1)

Depending on the correlation between p(f) and ¢(¢) formulas for the determination of the common solution of this equation
were obtained.

Theorem 1. Let

¢ ()
@'(0)

q(t) = (¢ (1)) 20¥ O {b’(t)(eo’(t))'l — B (r)e] 2w it . [p(r) + ] (¢’ (0)'b(1)—

— a(nb()} + (¢ (1) {a’(t)(go’(r))'l — () + o) | p(1) + ‘; ((;) ] <¢'(t>)'1} : @)
Bt = e [7OCOM _ o/ (0 (1)) + @P(1) -
—a(1) [p(t) + “; ((f)) ] @Oy + q(t)(so’(t))'z} el 3)
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where ¢’ () and ¢” (¢) are respectively first and second derivatives of the function ¢(#), b'(¢) and o’ (¢) are respectively the
derivatives of the functions b(7) and a(t). b(t) # 0 and ¢’(¢) # O for all t € 1. Then the common solution of the equation

(1) will be written in the next form
V(0 = c1yi(0) + coya(t) + y3(0), 1 €1

where ¢ and ¢, are arbitrary constants,
yi(t) = exp {_ f [a/(t) + b(t)efa(r)w'(t)dt] tp'(t)dt},

= S | SO o),

u(t) = exp [— fb(t)ef"(’)‘p/(’)dtt,o’(t)dt] &exp {f [b(t)ef“(’)‘P/(t)d’ - %] w'(t)dt} ¢’ (Hdt,

b(1)
y3(l‘) = e_f"(’)‘ﬁ/(’)d’[ (:;‘P ([)dtf fﬁ“)‘/’/(f)dl f(t)dt _ V(t):| ,

b(t)¢' (1)
(1) = exp [— f b(nel ”(’)‘”/(’)d’(p’(t)dt] { f b(gz’)(t) X

X exp [ f b(t)e“W’(’)dfgp'(t)dz] dr - f exp { f [b(t)e“(’)“"(’)‘” ﬁg] (t)dt}

ﬁ(f) [ 88 (ar () ,
) U Bg @ | ¢ Dy

L{y1]=0,Lly:] =0, Lly;] = f(n),1 € I.
1) At first we proof L[y;] = 0. In fact if we differentiate (5) we shall obtain

Proof. We show that

Yi(0) = = [a(t) + byel OO o 1)y, ),

W@ = {[o + bwel ] (g 13-
= [ @) + 5 el " OU bt el O] ' (1) -
~ @) + boel OO o (1)) yi o),
Then taking into account (10), (11) and (2) we have
Liyi1 = {[@?() + 20@)b(nel “OF O + (0> IO ON] (¢ (1)) - o/ (' (1) -
= b (g (el OO — pnya(r)(g ()2l “OF N — e (1) - ble)g (1) x
x e WOFOdY (1) 4 () [~ (1) - b (el “ OO yy(1) + gy (1) =
N0 g = (@ @)l OO b (0@ 1) = b(t)a(r)-

— (el 090 1 by (1)) [pa) ¥ ‘;(()) } (@ (1) %
X {o/(t)@/(t))—l - () + a()( (1) [p(t) + “;((t)) ]} =0,tel

Thus it is proved L[y;] =0
2) We show L(y,) = 0. If we differentiate (6) and (7) we shall have

Yy(1) = —alt)g (Dya(t) + & 2O O [ﬁ%«:'me‘f B e _ u’(r)] ,

(1) = =b(Del ¥ O (un) + @w (eI Boe o,

b(r)
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By substituting (13) in (12) we obtain
Va(t) = —a(t)g ()y2(1) + b(D)g' (H)u(?). (14)
Differentiating (14) we obtain
¥y (1) = [=a' (¢ (1) — e (D] y2() — a(D¢’ (Y3 (1) + [/ (D¢’ (1) + b(D¢” (D] u(t) + b(D)g’ (D' (1).
Hence taking into account (13) and (14) we have
Y1) = |~/ (0 (6) = alD)p” (1) + (1) (0)* | ya(t) +

+ [/ (00 (1) + by (1) = e0b()(& (1)) = DA (1))l “OF O (r) +

+ B (D)e | e 0, (15)
On the strength of (14) and (15) it follows that

Lly21 = y2(0) {q(t) ADE {a’(r)«o/(r))—‘ = () + a @ ) | p) + ‘;((f)) }}} +
+u(t) {B' (' (1) + b0)g (1) — (Db (1) = B (1) (1)) P9 Dty
+pb(r)g (1)) + B (1) [ F5¢ 0. (16)
By substituting (2) in (3) we have
B(1) = B (1) (1) = bA(p)el *OF0d 1| ) 4 SD/,/ ((t)) ] @' (1) b(t) — a(t)b(t),t € 1. (17

Taking into account (17) and (6) from (16) we obtain

Lly2] = y(0) {q(r) - @0 {a'o)(w’(r))‘ — @0+ aOg ) [” o ((;)) }}}
B

— B()( (1))2e] 20 it~ | a(t)w'(t)dt[ oS G i _ u(t)] _

= 120 {0 - (¢ 0)? [o/(t)(go’(t))—l — 0% + 2@ (1) [p(t) R ] -
= el LN @) b (0 (1) = Bl OO
+ [p(t) (p,'/((t))} (@' ()~ b(t) a'(t)b(t)}} =0,tel.
Here we use the formula (2).
3)We are going to proof L{ys] = (), ¢ € I. Differentiating (8) and (9) we have
¥5(0) = —alg () + ¢ L7070 {% P X
- [ e f J 5 @t b(g Z’)(t) di — v'(t)} ’ (18)

V(1) = —b(t)el *O¢ Ddig (1y(1) + exp [— f b(r)el ‘W’W’ga’(t)dt] X

* {b(i;fpt')(t) exp [f b(t)efa(t)w’(t)dtéd(l)dl] —exp {f [b(t)efoz(t)sc’(t)dt_

B [89 g war SO B¢’ (1)
b()] (’)d’} U ’ b(t)so’(t)dt} b() }

From here by simplifying we obtain

V(D) = b0l OO ) + b(lj;(;’) o " [ 58 (t)dt]
80 e S (@) B¢ (1)
eJEeon L0 dt] e (19)
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By substituting (19) in (18) we have

Y50 = —a()¢’ (y3(0) + b’ (Hv(@), 1 € 1. (20

Differentiating (20) we obtain

y3 () = [/ ()¢ () — a(D¢” (D] y3(1) — e (D)y5(1) +
+[D' (D¢ (1) + b(D)” (D] V(D) + b(D)e" (V' (D). 2D

Taking into account (19) and (20) from (21) we have
Y1) = [~/ (0 (1) = D) () + 2P (1) ()] y3(8) + [B/ (1) (1) + (1) (1)
— 2O () = B0 )l “F O] vty 4 £ (1) - (22)

_ 7)2 _[B® , 89 o (eyar S
B (1) exp[ ol (t)dz] [ [erteon L0y

By substituting (20) and (22) in (1) we have
Llysl = y3(®) [q(t) - pat)g' (1) — /' ()¢ (1) — alt)p” (1) + az(t)(so'(t))z] + (1) X
X [pOb()g (1) + b (0 (1) + b (1) = ab(1)(@' (1))* = (D) (1))2e] “ 0¥ O]

+ £() — B (1) exp [_ gg; (t)dt} [f fﬂ)w(t)dtb(t];(;,)(t)dt},t el (23)

Then taking into account (17) from (23) we obtain

Llys] = y3(0) [q(0) = p(a(t)e' (1) = o/ (¢ (1) — (D) (1) + (D& (O] + f() +

+ {b’(t)w’(t) — BP0 (1)l “OF O 1 b (1) | p(o) + ‘;((:)) ] - (24)
2 IB( ) B® Hdt f(t)
—a(t)b(H)(p (t))z} {v(t) —exp [— bt ) (t)dt] [f fo ¢ (0d b(t)—gp’(t)dt]} .
From (8) we have
_ _ B [sewar__J\) S _
V) - exp [ 0M (’)d’] U e ® ]
= —y3()e) * OO 4o [ (25)

By substituting (25) in (24) and taking into account (2) we obtain

Lyl = ) +y0{q@) - el U 07 5 (0 1) = b (nyel 0¥ O

b ()" (p(t) 20 ) - a(r)b(r)] — (@R [ @)+
oD@ (1) (p(r) AU (())) a2<t>]} = faniel

Then Llc1y (t) + c2y2(t) + y3(H)] = c1L[y1]1+ coL[y2] + Llys] = f(?), t € I, where cy, ¢, are unrestricted constants. Theorem
1 has been proved.

Example. We consider the equation (1) for p(r) =t,q(t) = 1, f(t) = 1,t € I = (0, 1).
From (2) and (3) we have
a(t) =0,¢0() =t,b(t) = t,B1) = 1,1 € (0, 1).

Then from (5), (6), (7) and (8) we obtain

YZ 1 f2 1 f2
i =e", y2<z)=—;—e*7ft—2e7dt, (= Lre 1),
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Theorem 2. Letty € I = (t1,1),

dt) = (¢ (1) e 7O {b’(t)(go’(t))—l — D(1)ele OF O [ (1) + (( )) ] (& () b(1)-
— abn)} + (¢ (1) {a'(r)«o’(z))l - (1) + (D)@' (1)) [p(t) + ‘; ((t’)) ]} : (26)
By = & b P OM _ i )+ aP0) -
—a(f) [p(:) + ‘; ((;) } @)™+ q(t)(so'(t))z} el (27

where b(t) # 0 and ¢’(7) # O for all ¢ € 1. Then solution of the equation (1) with initial condition
¥(to) = m,y'(ty) = n,m,n € R (28)

will be written in the next form

1 n
(0 = ) [ma/(fo) ’(to)]yl(t) S [ma(to) +b(to) + 710 )]yz(l) y3(0), (29)
where ,
y1<r>:exp{— f [a(s)+b(s)ef'6"<”“”‘“] '(s)ds}, (30)
to
) = &b OB By ). 31

ui(t) = exp [— f b(s)edo “(T)¢'(T)d7¢’(s)ds] BGs)

10 b(s)
X exp {f [b(‘r)ef’ a0y 0)dv ﬁg ;] ® (T)dT} ¢ (9)ds, 32)
to
_ ffo a(s)¢' (s)ds o ’ff Do (s)ds ! ’l; f‘—?w’(‘r)d‘r f(s) _
) =e [ ! f el 10 —b(s)<p’(s)ds i@, (33)

1@ = exp [_ f b(s)els T @ a’s] { f 1(s) - [ fs beyela OO d‘r] s
to fo b(s)¢’(s) fo

ftexp {f [b( el a0 O IiET;] '(T)dT}X

<50 U = dT] “"(s)ds}' oY
Proof. Differentiating (30), (31), (32), (33) and (34) we obtain
Y10 = = a0 + bOeh "™ g o), (35)
240 = a0 Oyt + ¢ b BB e L), (36)
(1) = ~b(D)eh " ey (1) + ﬁ( ;so (e o FE s, 37

Y0 = —ad Oys(t) + ¢ - a9 (s)ds { Vi) - B(Z(sot)(t) y

,f[o ﬁ( )‘p (s)ds f’O ”r)(p (T)dT f(s) f(t)
o f b(s)¢'(s) dst bty (1))’ (38)

36 ISSN 1916-9795  E-ISSN 1916-9809



www.ccsenet.org/jmr Journal of Mathematics Research Vol. 3, No. 3; August 2011

(D) B

e @ bn? X
SR T S TIET (GO

xe o ftoe " b @ "

Vi) = —b(D)eh "G 1y (1) +

Taking into account (37) and (39) from (36) and (38) we have
¥5 (1) = =g’ ()y2(1) + b(1)g (Hui (1),
Y3(0) = =)@’ ()y3(1) + b(t)g' (t)vi (1)
Differentiating (35), (40) and (41) we obtain

YO = 10 {2090 - b 00 b a2 -

! ’ t , 2
_ [af(t) + b(t)eho ¥ (‘”"‘] aor [a/(t) T b(peho ¥ WS] (go’(t))z} ,

Y5 () = [/ (D¢ () — a(t)g” (D] y2(t) — a(t)e’ )y, (1) +
+ [0 (D¢ () + b(D)@” ()] ui (1) + b()g’ (Duy (1).

Y5 (0) = [ (D¢ (1) — a(t)” (D] y3(t) — a(t)e’ ()y5(t) +
+[6' ()¢’ (1) + b()” (D] vi() + b’ (V] (1).

Taking into account formulas (40), (41) and (37) and (39) from (43) and (44) we have
W) = 120~ (06 () — @t (1) + PO O] + 01 (0) [B (00 (1) + (o) ()
— G’(t)b(t)((p/(t))z _bz(t)(so/(t))zef,; a(s)q:’(x)ds] n

[ By
+ﬁ(t)(<p'(t))2€ fzo k4 (S)d:’

Y{(1) = y3(0) |~ (0 (1) = D) (1) + > (1)(' ()] + 1 (1) [/ () (6) + b(t)g” (£)—
- OGO B0 ek O 1 pa) -

— M9y (5)ds ! ° PO o (rydr
- ope b [ TE g,
10 b(s)¢'(s)

On the strength of formulas (35), (42) and (26) we have

Lyl = 10 {a0 - @ OPeh O [pobo o) + v o) -

b(1)¢" (1)
(' (1)

—al(Ob(t) — B(1)e O — (@ (D) x

X [Pt )" + @ @ O + ae” ()@ 1) - P (]} =0, € 1.

Taking into account formulas (40), (45) we obtain

Lly2] = y2(1) [q(t) — a)p(D)g’ (1) = o/ (1) (1) — alt)g” (1) + @ (1)( (1))?] +
+ 11 () [bOP(O (1) + b (D' (1) + bD)g” (1) = a(Db(D) (' (1))’

" a(s)g’ (s)ds ’ — [ B9y (s)ds
— RO (0)h O 4 gy (e I EO e
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By substituting (26) in (27) we have

¢’ (1)
@' ()

(1) = b (1 (1) = B(1)elo ¥ O 4 (p(t) + )(cp’(t))"b(t) —a(b(0),1 € I. (48)

On the strength of (48) from (47) we obtain

Lly] = ya(t) {q(t) - @y [a’(t)(tp’(t))'l - () + a((@ () (p(r) + :’; ((:)) )]}

P[P0 O = B0k O o

+ b @) (pm L0 )] i+ e B0 o
@'(1)
From (31) we have
ul([) +e fro %‘P’(T)d‘r =~y (t)ef’o a(s)¢'(s)ds (50)

Taking into account (50) and (26) from (49) we obtain L[y,] = O fot ¢ € T. Farther on the strength of formulas (41) and
(46) we obtain

Liys] = y3(0) |~/ (D¢ (1) = )" (1) + ()¢ (1))” = p(a(t)g' (1) + q(1)| +
+v1(0) [b’(t)so’(w T b (1) — aOb)E (D) — B0 (1) ek " O, 1)

+ PO @) + £ - g e b0 [ LI (ORp)
] bOF ()

On the strength of (48) from (51) we have

Llys] = y3() {q(r) — (¢’ (1)) [o/(r)(w'(r))—l —a*() + alt) (¢’ ()" (p(r) +Z (”)}} +

¢'(1)
+ (@ () [b’(t)(so’ 0)" = B0l " OB _ a(b(r) + br) (¢ (1) x (52)
@' (0 [ e s [T [ GG 0av f(@)
(p( ) ,( ) )] [Vl(t) () f v b(T)QO,(T)dT:| :
From (33) we obtain
vi(t) - e h B f e oa _FO 4o el (53)
b(s)¢' (5)

By substituting (53) in (52) and taking into account formula (26) we have L[ys] = f(¢), t € I. Thus, the function
determined by formula (29) is the solution of the equation (1). We show the realization of the initial condition (28) i.e.

¥(to) = m, y'(tp) = n.
From (30), (31), (32), (33) and (34) we have

yi(to) = 1,y2(t0) = =1, u(to) = 0, y3(t0) = 0,v1(t0) = 0. (54)
Then from (29) we obtain
1 n 1 n
Y(ty) = —m [ma/(to) + (p’(to)] + m ma(ty) + mb(ty) + QD'(IO)] =
Differentiating (29) we have
1
(@) = ) [ma(to) + 710 )}yl() b0 [ma(fo) + mb(1o) + oG )]y'z(f) +5(0). (55)
Taking into account (54) from (35), (40) and (41) we obtain
Yi(to) = —[a(to) + b(t)]¢’ (1), (56)
Y3(to) = a(to)¢’ (1), y3(to) = 0. (57)
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Taking into account (56) and (57) from (55) we have

1 1
Y =~ [ma(lo) + wi(to] (=Dlatt) + blao)lg!(10) = 5o X
x |maty) + mb(to) + L] (i)' (1) = "X i) + 1o (1) +
¢ (f b(ty)
 Goslal) + bio)] - %(:‘;)[a(zw + blio)1! (1) — H;(Z(;) —n

Theorem 2 has been proved.
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