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Abstract

The dynamics of a system composed of hematopoietic stem cells and its relationship with neutrophils is ubiquitous due
to periodic oscillating behavior induce cyclical neutropenia. Underlying the methodology of state feedback control with
two time delays, double Hopf bifurcation occurs as varying time delay to reach its threshold value. By applying center
manifold theory, the analytical analysis of system exposed the different dynamical feature in the classified regimes near
double Hopf point. The novel dynamics as periodical solution and quasi-periodical attractor coexistence phenomena are
explored and verified by numerical simulation.
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1. Introduction

Mathematically and Biologically, the discussion of the complex dynamics of hematopoietic cell model is ubiquitous
and interesting due to its inherent highly nonlinear attribute. The hematopoietic stem cells(HSCs) originates from the
bone marrow to proliferate and differentiate into all other types of blood cells. Underlying biomedical discpline, people
introduced population dynamics to describe the relationship between cells compartments and the application of delay
differential equations is the necessary useful tool on hand.

The definition of a HSC has two properties: self-renewal and multipotent differentiation to cells with different function
capabilities. People set forth all kinds of mathematcical models with the good understanding of how introduce com-
partment cells of proliferating phase into comparment cells of nonproliferating phase. Therefore, HSCs system is build
on the basis that both nonproliferating phase and proliferating phase can produce, by successive divisions, all types of
blood cells(white cells, red blood cells and platelets). Mackeys model proposed at the end of the seventies describe a
decoupled quiescent phase of HSCS to study the dynamics of HSCs and its related diseases (Mackey, 1978). Since then
it has been improved and analyzed by many authors, including Mackey and coauthors (Pujo—Menjouet & Mackey, 2004;
Pujo—Menjouet et al., 2005; Fowler & Mackey, 2002). In their models, delay is an salient factor in introducing HSCs
population models. Proliferating cells can die with apoptosis and divide after a given time to produce two daughter cells,
then immedieatelly enter a new nonproliferating phase.

Due to the dysfunction in regulatory control process of blood cell production, some haematological disease emerge and
cyclical neutropenia(CN) is the most extensively studied with low level oscillating phenomena happening. Medical ob-
servation have exhibited that the neutrophils fall down into abnormally level in a period about 19 to 21 days, and longer
period happen in some patients with 40 to 80 days in human being. With the exception of period oscillating from 11
to 15 days, the similar oscillation character of cyclical neutropenia have been observed in the contrast experiment result
of grey collie. With the assumption that neutrophils experience maturation time to release into circulation through the
body, people have put forth the cyclical neutropenia dynamical system which is based on the negative feedack regulation
mechanism (Fowler & Mackey, 2002; Bernard et al., 2003; Santillan et al., 2000; Ma et al.,2010). Haurie suggests that
oscillation mechanism in cyclical neutropenia is due to destabilization of HSCs regulatory would explain the fact that
other cell lineages oscillate with the same period as cyclical neutropenia (Haurie et al., 1998; Haurie et al., 2000; Hearn
et al.,1998). Hopf bifurcation phenomenon has been observed in cyclical neutropenia model which lead to periodical
oscillation of neutrophil numbers and the stable periodic solution branches out from equilibrium (Haurie et al., 1998).
Biological meaningfully, Lei have developed CN model by introducing granulocyte-colony stimulating factors (G-CSF)
into CN administration with the assumption that G-CSF may decrease the amplification coefficient in neutrophil line for
the treatment of cyclical neutropenia (Lei & Mackey, 2014; Zhuge et al., 2012). Recently, the dependence of neutrophil
response on the period of simulated chemotherapy and the secondary response to G-CSF adminstaration is also reported
physiologically and mathematically (Haurie et al., 1998).
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Lei developed cyclical neutropenia model including G-CSF administration which can be described as follows:

d

_? = —(B(Q) + kn(N) + ks)Q + 26" B(Qr ) Ox, (1.1)
N |

E = —yyN +ANkN(NTN)QTN

Wherein, HSCs exist in its proliferating phase with nonlinear rate 8, and enter into CN compartment with nonlinear rate
ky. Commonly, both 8 and ky are given by the Holling function which listed

B f()@’ln B kceg
kn(N) = —G,In TN BO) = 7o
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In model (1.1), HSCs can be self-renewal and differentiate to produce all kinds of blood cells including white blood cells,
platelets and erythrocytes with rate ks. v, denotes apoptosis rate and 7, denotes proliferation time. The delay in circulating
neutrophil is Ty which can be decomposed as different time period experienced, that is, the proliferation time 7yp (days)
of its progenitor cells and the maturation time 7y, (days) of cyclical neutropenia. nyp expresses the proliferation rate and
7o is the death rate in its maturation phase. Therefore, the amplification coefficient in circulating neutropenia is

AN = ¢'INPTNP=YOTNM

In this paper, we introduce state feedback control mechanism to describe system (1.1) as

d
jl_? = —(B(Q) + kn(N) + ks)Q + 27" B(Qr ) O, + K(Qr,, + Or, —20), a2
N .

a7 = YN+ Avky (N, ) O,

Hopf bifurcation and the instability of system (1.2) may bring out the complex dynamical behavior as varying parameter
continuously. However, it is tremendous rough work to work out the threshold of Hopf bifurcation as varying time delay.
Recently, DDE-Biftool is developed to effectively solve the root attribution of the related characteristic equation and
compute the stability of the equlibrium solution of system (1.2). Hopf bifurcation occurs as a pair of imaginary roots of
the characteristic equation cross the imaginary axis from left half plane to right half plane transversally and gives rise
to oscillating periodic solutions with small amplitudes. In system (1.1), Hopf bifurcation point is tracked by regarding
amplification coefficient as bifurcation parameters and bistable regime of steady states and periodic solution is found by
using DDE-biftool software (Engelborghs et al., 2001; Green et al., 2002).

In this paper, we explore double Hopf bifurcation point of system (1.2) by tracking the secondary Hopf bifurcation lines
which form the resonant region near ’death island” (Zhang & Xu, 2013; Zhang & Xu, 2011; Ma et al., 2009). Different
features as asymptotically stability in ”death island” and periodic or chaotic attractor after double Hopf bifurcation exhibit
the richness of system dynamics inherently. In section 2, we discuss the stability of the related linearized system and dou-
ble Hopf bifurcation point which is highlighted by “death island” is explored by using DDE-Biftool. In section 3, by using
center manifold method and normal form theory, dynamics of the linearized system near the double Hopf bifurcation point
is analyzed. In section 4, dynamics of nonlinear system near the double Hopf point is analyzed. Numerical simulation
further verifies the classified dynamical results, and coexistence of periodical solutions and torus are detected near double
Hopf bifurcation point.

2. Double Hopf Bifurcation

Suppose E(Q*, N*) is a positive equilibrium solution of (1.1), by using DDE-Biftool, stability of equilibrium solution
E(Q*, N*) is computed with accuracy and Hopf bifurcation line is tracked by varying parameter continuously. We choose
v = 2.5, nyp = 2542,y = 0.25, fo = 0.8,ks = 0.012,0, = 36,6, = 0.16,r;, = 0.0631,7yp = 5,€ = —-0.0583, 7, =
2.6902 fixed and set parameter ko, Ty free, instability of the equilibium solution is detected after Hopf bifurcation happens.
Therefore, Hopf bifurcation lines is drawn on (ko, 7y) plane as shown in Figure 1. It is seen that the secondary Hopf
bifurcation happens at double Hopf bifurcation points which brings out the so-called “death island”.

The linearized equation of system (1.2) is written as

X =apx+apy+bix(t—15) + Kx(t —ty) + x(t — 75) — 2X)

, 2.1
V' = —yxy + bax(t — ) + b3y(t — ) @D
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where
an = -B(Q") —kv(N) —ks = B/(QNQ",  an = —ky(N)Q",
by = 2e7 T (BQ") + B(Q)Q"), by = TN (N,
b3 = eTNPYINP—}’oTNMk’(N*)Q*’

The related characteristic equation of linearized system (2.1) is

| (@11 = 2K) = A+ (b + K)e™'™ + Ke™*™ an B

A, y5, Ty) = bye T n = At byt | = 0 (2.2)
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Figure 1. Double Hopf bifurcation occurs in system(1.2). (a)Hopf bifurcation lines drawn on (ko, 7y) parameter plane£(b)
The so-called “’death island” is found near double Hopf bifurcation point and denoted by the shaded regime

Roots of the characteristic equation (2.2) with zero real parts appears along Hopf bifurcation line, and one denotes 1 =
+iw; which satisfies Eq(2.2) with w; > 0. The transversallity of Hopf bifurcation can be verified which expresses the
necessary condition of stability switching of the equilibrium solution E(Q*, N*), that is, equilibrium solution E(Q*, N*)
becomes unstable when entering into the regime enclosed and bounded by Hopf bifurcation line. The secondary Hopf
bifurcation line is also detected with roots 4 = ziw,(w, > 0) and the double Hopf bifurcation point is explored at

critical parameters ky = 0.83739666, Ty = 14.79810125. At the double Hopf point DH, both transversallity condition as
dR(A dR(
y ( )| 1=iw; < 0 and %| 1=iw, > 0 are satisfied. As shown in Figure 1(a), ahead of the double Hopf bifurcation point
TN TN
DH, equilibrium solution E(Q*, N*) changes from local asymptotically stable to be unstable as increasing time delay to
cross over Hopf bifurcation line, then retrieve its stability again. The stability switching of equilibrium solution E(Q*, N*)

brings out the “death island” which is shown by shaded regime in Figure 1(b) which is the amplification of Figure 1(a).
3. Double Hopf Bifurcation

As analyzed in section 2, Double Hopf bifurcation happened at pairs of critical values (k.9, Tno). For convenience, set
B = kB hereinafter. By setting x — +ex, y — /ey and ko = k.o + €ke, Ty = To + €7e, system (1.2) is equivalent to

X =anx+apy+bix(t—15) + K(x(t — Tno) + x(2 — 75) + 2x) + €l x + €ljpx(t — 75)
+K(x(t — 7v5) = x(1 = TNn0)) + f (%, X(T = 75), ),

Y = =yny + bax(t — Tvo) + b3y(t — Tno) + ba(x(t — Tn)) — X(t — TN)) 3.1
+b3(y(t — 7v) — y(t — TNn0)) + €la1x(t — TNo)

+elpy(t — Tvo) + g(x(t — Tn), ¥, ¥t — TN)),

where

ary = —koB1(Q") — kn(N*) — ks — ko3 (090",
by = 2e7"T (keoB1(Q7) + ko (Q1)QY),

b3 — eTNP']NP*YOTNMk/(N*)Q*’

liy = 2e7T (kB1(Q7) + kB (QN)Q),

122 = yOTeeTNPnNP_VOTNMk;v(N*)Q*
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and

Jx, x(t = 73),y) = 2 Vekeoe " BU(QN)X*(t — Ty) + Vekeoe B (QF)Q XA (1 — Ty)

+2€ Vekee B (QNX(t — T,) — § VekaoB(Q)Q X — etk

/1//(Q*)Q*x3

— Veka; (Q)x° = LekoB} (Q)x' = Le Vek (010" ¥ = € Vekef; (0
— Ve, (N")xy = Seky (N2 = S Veki(INDO™Y? — Lk (N) Q™Y

+€ Vekee " BY(Q)Q X (t = T,) + ekepe™ B (Q)x (1 — 7)

+eskoe TR (QN)Q X (1 - T),

gt = ).y, Y(t = T)) = VeI (N)x(t = Ty )y(t = Ty)

+3 €NV N (N ) x(t — T )Y (1 — TN)
—€ \/EeTNFUNP_)’(JTNMk;V(N*)x(t — Tyt —TN)
+% \/EETNPUNP*VOTNMk;\/](N*)Q*y ([ — TN)
+éEeTNPUNP—?’oTNMk;\’]’(N*)Q*y3(t - TN)

(3.2)

Choose phase space as C = C([—7y, 0], R?) , which is a Banach space composed as all continuous and differential function

by mapping from [-7y,0] — R? . For every ¢ € C , one can define the linear operator as

0
L(0)p = f [dn(0)]14(0), (3.3)
where 17 : [-7y,0] — R? x R? is a bounded variation function in [-7y, 0] and
(a1 —2K)6(0) + (b + K)6(0 + 145) + K&(O + Trp) a120(0)
dn(9) = do 34
6) b26(60 + o) —YNO(6) + b35(0 + o) G4
Furthermore, we define
0
L(ke, 7e) = f [d (0, ke) + dna(0, Te)16(0), (3.5)
—ry
with
11160(0) + 100+ 15) O
dm(@,ke)z[ 19) s ©+7) X (3.6)
and
_ K60+ 1y) — K6(O + Tn0)
AT =1 50+ 1) = (b + €)@ + Two)  b3d(0 + ) — (b + €l2)5(0 + 7o) 3.7)
Suppose the linear operator at double Hopf bifurcation point (k.o, Tng) is
d¢
—, 0 € [—-1n,0),
HOp={ ag= €0 (3.8)
L(0)p, 6=0.
and
_ 0, 0e [_TNa 0)7
H(kG’TE) - { L(ke7Te)¢, 0 — O (39)
The nonlinear operator R is defined as
_ O, 9 € [_TNv O)a
R(¢p) = { F(¢), 6=0, (3.10)
S(#1(0), ¢1(75), $2(0)) )
d F(¢p) = .
and F9) ( 2(B1(=7), $2(0), $a(~T))
System (3.1) can be rewritten as its operator form as (Hale, 2003)
u'(t) = HO)u; + H(ke, 7o)u; + Ru, (3.11)

with u = (x,y)7, and u, = u(t + 6), for =7y < 8 < 0. For ¥ € C* = C([0, Ty], R?) define the adjoint operator H*(0) of

operator H(0)£and adjoint operator H*(k,, 7¢) of H(ke, T¢) ,respectively as

dy
HOW=] ds’ 0=
[, " (=), s=0,
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and "
H'(ketow =1 ds’ O<s<mv. (3.13)
L i (s ko) + di (s, tli(=s), 5 =0,
For ¢ € C,y € C*, define the belinear form (,) : C* X C — R as
0
<y, ¢ >= 3" (0)¢(0) + f U (& +TOR G(E)dE + f U (& + TN)Rp(&)dé (3.14)

By the above discussion, there are two pairs of imaginary roots at the double Hopf bifurcation point (k., 7¢) , and other
characteristic roots with negative real parts. We denote the collection set A = {iw;, —iwy, iw;, —iw,} and decompose the
phase space C to be the direct sum of its subspaces as C = Py & Qa , with P, being the characteristic space of A and
0O being the corresponding complement subspace. System (3.1) is an ordinary differential system on the Banach space
C of functions from [Ty, 0] to R2, which is bounded and continuous on (-7, 0) with a possible jump discontinuity at O
(Buono et al., 2003). We choose

O(0) = (q1(0), q1(0), q2(0), G2(0)),

* —% * —% 315
¥(6) = (4](60),7,(0), 45(0), 356, ©.15)
as the bases of P, and P%, where
+iwy — byem @™o\
q1(9) = ( N bzle_iwl::NO elwlg’
(3.16)

| YN tiwy — bye~i@2™vo i
q2(0) - bze—iszNo e 4

for —ty < 6 < 0, are respectively the eigenvectors of operator H(0) with respect to the characteristic root iw;, iw;, and the
eigenvectors corresponding to adjoint operator A*(0) with respect to —iw; and —iw, are respectively as

_bzeiwlm X
q*(S) = ll . iw T iw T elwls7
1 ay +iw; + (b + K)e'“'"s + Ke'“1'™v
L | (3.17)
HORES . D)k oy €
2 ajl +iwy + (b + K)e'?™ + Ke'@2™
for 0 < s < Ty,where
eionNo 1
he————  h—————
S1TNO + S2Tg + 83 VITNo + V2T + V3

with

s1 = —Kai + (=Q2)Kyy + 20)Kb3e™ ™ — iapby)w) + Kyy
+a12b2Kb3e““‘TN°yN + Kb%ezm)]‘r’vo,

52 = (ibyKe™'™ + ibyb1e ™ )wy + (—by K™ — byb1e™ ™ )yy
+b2Kb3eiw](TN0+T.\-) + b2b1b3ei“"(7N°+T“),

53 = —e‘f“"”ow% + ((=2De™" ™0y + 2ib3)w;
+e_lw'TN°’y%] - 2ynb3 + b%elw'TNo' +anb;,

vV = —Kw% + (—(2i)KyN + (2i)Kb3€M2TNO —iapby))w, + K’}/IZV
+appbyKbze' ™ 0yy + Kb%ez“"“”“,

V) = (isz@isz“' + ibzble"“’“-“)wz + (—sz@isz“' - bzbleiwﬂ‘)‘)/]v
+b2Kb,§eiw2(TN0+Tx) + b2b1b3ei‘“2(7N0+TJ),

V3 = —e"i“””“w% + ((—2i)e‘iw27Nf’7N + 2ib3)w,
+eilm2TN°’y]2V —2ynb3 + b%elmﬂw + aabs,

It can be verified that
<q5q1 >=< g5, q2>=1

is satisfied and further we can prove that
<q}.q1 >=<q|,q2 >=<q],G2 >=0,
< g5, G2 >=<q5,q1 >=<g;,q1 >= 0.

It is noticed that
Aq1(0) = iw141(0), Aqr(0) = iwrq2(6), -y <60 <0,
A*qi(s) = —iw1q1(s), A*g(s) = —iwag;(s), 0=<s< 7Ty,
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Let z = (21,21,22,22)", for every u; € C, and v, € Qp N C'([-1y, 0], R%), we have the expression u, = @z + v, and the
linearized system corresponds to (3.11) is
i; = HO)u; + H(ke, To)uy, (3.18)

with the reduction form on its center manifold as

7 = Bz+ < ¥, Hk., T )u; >

= Bz + PT(O)A(ke, 70)(@2 + ), (3-19)
where
iwy 0 0 0
1 0 —iw; O 0
B=l 0 0 iwm 0
0 0 0 —iws

The matrix B generates the torus group 72 = S' x §! whose action on C? is given by
(61,02)(z1.22) = (21, €"2)

Then the Tz-equivalent normal form, which is truncated to the quadratic order, becomes
; ] 0 , keclz + !
;1 _ i . 21 i € EC%ZI ETEC%Z1 (3.19)
2 0 iw; 2 €kecz1 + €T.C52)

¢} = (—Qiw; = 2yn)exp((—ry — iw))Ty — iw Tno) + 2exp((—r — iw))Ty — (2w Tno)b3
+(yn + iwp)exp(—iwiTno) — exp(—(2D)w1Tno)b3)1€b2(B1 (0 O™ + B1(0Y)),

¢y = —€ly (YoAnb3(Q bokn(N*) — b3ky(N*))(by + K)exp(—iw (2Tno + T5))
+kyAnyo(Yn + iw1)b3 + wi(iyn — w1)b2)(b1 + K)exp(—iwi (o + T5))
+(=kn(N)AN(—w? + (iyy — ia1))wi — ar1yn)yobs

+wi(iwt + wi(yy — an) + ianyn)ba)exp(=iw tyo) + (Ay(ky(N*)(iwy — ayy)bs
+(=iky(N)Q*bs + iKky(N*))wy + ky(N*)Q*bra1y + Kynkn(N*))yoexp(—=(i)w1Tno)
+Kexp(—=(B)wi1tno)(—yoAnb3skn(N*) + (ky (N*)yo Q" Ay + iw1)b2))b3),

¢t = (-Qiw; - 2yn)exp((—rs — iw))Ts — iw1Tno) + 2exp((—ry — iw))Ts — 2Dw  Tno)b3
+(yn + iwy)exp(=iwiTyo) — exp(=(2)w1Tn0)b3)l1€b2(B1 (OO + B1),

C% = —bLe(ky(N")Anbs3(by + K)’yO(‘yN + ia)|)€xp(—ia)1TN() — Wy Ty)
+Y0Anb3(Q baky (N*) — b3kny(N™))(b1 + K)exp(—(2D)w1Tno — iwaTy)
+KyoAnb3(Q*baky (N*) — b3kn(N™))exp(—itno(Qwi + wy))

+wa(iyy — w2)(b1 + K)brexp(—iwy(Tno + 7y))

+kn(N*)ANKb3yo(yn + iwr)exp(—ityo(wr + w2))

—Anb3(iwy — a1 )(Q*brky(N™) = b3kn(N*))yoexp(—(2D)wiTno)

—kny(N*)AN((iyny — w1)wz — ayn + iwy))byyoexp(—iw  To)

+wy((iw] + wy(yn — ai1) + ianyn)exp(—iwyTyo) + iKexp(—(3i)wyTno)bs)by),

with

In polar coordinate (p;, 6, 02, 6) , we express the associated amplitude equation generated from system (3.19) as

P = Rkec) +Techpr,

/ 3.20
Py = €R(kect + TeC3)p2 (3.20)
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4. Center Manifold Reduction
Furthermore, consider the nonlinear system
it; = HQO)u; + Ru,

It is directly computed that the reduction form derived from Eq.(4.1) is

Z) = iwiz + g (0)F(Dz + v,)

= iw1z+ g} (0)f(z1.21.22.22)
2y = iwrz + 5T (0)F(Dz + v;)

= iwxz + G (0)f (21,71, 22, %)
v = Av; + (I = IDXo(F(Dz + vy))

with I identity and IT is the projection mapping from C([-7,0], R?) to the subspace P,, and X, denotes

_ 059 € [_TN9 0)’
%o ‘{ Lo=0

where
1,21, 22,22, v) = FQR(z1¢1(0)) + 2R (2292(6)) + v(6))

We write v; into its Taylor series

: _ L i 2j kel
Ve = w(z21,21,22,22) = Z WikiZ12122%,
i+ j+k+1>2

with coefficient vector w;j; only depend on 6. We now expand f into the Taylor series and

_ _ _ A _ _ 3 i k=
gl(Zl,Zl,ZZ, ZZ) = qTT(O)f(Zth’ZZ’ Z29 v[) = Zi+j+k+122 g,'ljklzllzizlézlz,

_ _ _ A _ _ 3 P _J k=
82(21,21,22:22) = 35 (0)f (21,21, 22, 22, V) = Dtk jaklz2 g?jklzllzjlzézlz

From system (4.1), we obtain

—2R{p] (0)f(21,21,22, 2010} —2R{p3 (0)f (21,21, 22, 22)q2(O)},

V,_AV+ —TNS6<O,
! ! _Z‘R{PI(O)JC(ZI’ZI’ZZ’ZZ)QI(G)} —2R{p¥(0)f(z1,71,22,22)q2()}
+f(Zlvzl> 22, 22)7 9 = 0

The first equation in Eq.(4.6) can be rewritten as
W (21,21, 22, 22) = Aw(z1, 21,22, 22) + B(21, 21,22, 22), —Tn <0 <0

where

B(z1.21.22,22) = “2R{p{ (0)f 1,21 22.2)q1 O} = 2R{p] (0)f 21,21, 22. 22)02(6)}
= Divjekeiz2 Bijuzi 2|52,
with the coefficients B, = (Bl.ljkl(é?), Bl.zjkl(é’))T.
It can be derived from Eq.(4.6) that

(A = 2iw)Wa00 = —Baooo(H),
Awiig0 =  —Biioo(9),

(A + 2iw))woeo = —Boooo(6),

(A —iwy — iw)wigio = —Bio1o(6),
(A —iwy + iw)wiger =  —Bioo1(H),
(A +iwy — iw)worio =  —Bor10(H),
(A +iwy + iwy)woro1 =  —Boi01(6),
(A = 2iwr)wopo = —Booo(6),
Awoor1 = —Boo11(9),

(A + 2iw2)woooe = —Booo2(6),

122

4.1

4.2)

(4.3)

4.4)

4.5)

(4.6)

4.7

(4.8)
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Taking account of formula of operator A, we have

% = 2iw1w2000(6) — Baooo(6),

% = —B1100(0),

% = —2iw1wo200(6) = Bo200(6),

d”‘:j‘glo = (w1 + w2)wi010(6) — Bio1o(6),

% = (w1 — w2)wi001(6) = Bioo1(0),

dwoio _ . N
25 = (@i + @)wouo(®) = Boro(O),

d“;% = —i(w1 + w2)wo101(6) — Bo101(6),

% = 2iwrw0020(6) — Boo2o(6),

dv;ogll = —Boo11(0),

d“;loé(’)OZ = —2iwrw0002(6) — Booo2(6),

Integrating Eq.(4.9) under the initial condition given be the second equation in Eq.(4.6), we can compute the coefficient
vectors w;j(0) withi + j+k+1=2.

Using the standard technique as invertible parameter-dependent complex coordinates transformation which is introduced
in (Buono et al., 2003), the normal form at (k.g, Tno) of Eq.(4.1) is described as

Z'] = iwlZl + BHZ%Z] + BlQZlZZZZg

. - - 4.10
&y = w2y + Byz1Z122 + B2 (4-10)

In polar coordination (o1, 81, 02, 6»), the amplitude equation generated from Eq.(4.10) is

{ P} = p1(R(Bi1DpT + R(Bio)p), @i
= p2(R(Ban)pi + R(B)py), :

Combining the results of Eqs(3.19) and Eqs(4.10), the formal normal form arising from system (4.11) is

z’l =iwz1 + EC{keZI + EC%TEZ1 + Bl1Z%Z1 + B12212222,

. - - (4.12)
) = iz + €ykezy + €63Tezy + BuziZiza + Bnzi%,

Using polar coordinate transformation z; = p1e, z, = pye®, system (4.12) is transformed into

= pi(u1 + R(B11)p7 + R(B12)p3),
p5 = pa(pz + R(Bay)pi + R(Bx)p3), 4.13)
0 = w1 +vi + I(Bip; + I(Bi)p3, '
6, = wy +va + I(Ba)p? + I(Bn)ps,

with y; = E(%(c} Yo + ‘R(cl?)TE), v = e(ﬁ(ci1 ke + S(ciz)‘re) for i = 1, 2. Using Maple software, we compute the coefficients
gijik With i + j+k + 1= 2,3 ,and further obtain the following formulas (Zhang, S. & Xu, J., 2011).

Bll—gzlooJr gllOOgZOOO aia(gIOIOgllOO glOOlg%IOO)_mg(l)IOIg(Z)ZOO
2w1—w2g0110g2000 w1 Ig1100|2 ml |g0200|
B, —g1011 wz(g1010g0011 g1001g0011)+ (2g2000g<1)011 gnoogoon g0011g0110
3001181010)_ w|+2ng0002g0101 s 2w2g0020g1001 Yo e |g0110| ST 1861011 (4.14)
By = gmo (8110081010 g1100g0110)+ (23002031100 g()OllgllOO glOlOgIIOO .
g1001g1100)+ 201~ wog0110g2000 20 +w2(g0101g0200 2w2—w1 |g1001| - w1+2w2 |go101|
By = g0021 (3001181010 g0011g0110) T o g0011g002o 2w2l—w1 8002081001
St 3000280101 o =180l = 3w2 + 18500

At double Hopf point DH with Q* = 0.3082205820115, N* = 388.4842602444987, w; = 0.254524564411299,w, =
0.633751246398309, we compute the coefficients glljfk (i+ j+k+1=2,3). Therefore, by formula(4.14),choose € = 0.1,
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then we have
B = —0.6051712720e — 1 + 0.7735627¢ — 4i + 0.5601811760¢ — 2k,

+(0.3431392376¢ — 1i)k. + (0.1393876593¢ — 2i)k?
+0.1581514771e — 1k2,

By = —0.5174126005¢ — 1 + .2503938024i + 0.4929740694¢ — 1k
+(0.3335168000¢ — 1i)k + 0.1430425584¢ — 2k>
+(0.1482060556¢ — 2i)k2,

By; = 0.3923165406e — 1 +.1303176163i + 0.2227270962¢ — 1k, @15
—(0.1269551832¢ — 1i)k. — (0.4852214180¢e — 2i)k§
+0.1030896439¢ — 2k2,
B>, =0.4434841977¢ — 1 + 0.8857002742¢ — 1i + 0.1000013764¢ — 1k,
—(0.5651717652¢ — 2i)k. — (0.2466158270¢ — 3i)k>
+0.2884712704¢ — 3k?
We also have
w1 =—0.1240211011e — 2k, + (0.1962466074¢ — 2i)k.
—(0.1702332949¢ — 2i)t. + 0.2827534980¢e — 271,
—(0.7571216173¢ — 4i)t? — 0.354986150¢ — 572, (4.16)

o = 0.8371586097¢ — 3k + (0.1476100446¢ — 3i)k,
—(0.6445732784e — 2i)t. + 0.2543586790¢ — 27,
—(0.6272308346¢ — 4i)72 — 0.6170908018¢ — 472

€

By time continuous transformation with direction preserved, system (4.13) is equivalent to

R(B11) , RB) ,

1Byl ! Byl "%
R(B>) ,  R(Bx) , “.17)

p 03)-
1Byl ! 1Bl "2

Py =pi(a+

R(ur) b= R(u2)

IBul ’ A
System (4.17) may have equilibrium solutions (p7, 0), (0,05) and (p},p5) and stability of equilibrium solution can be
derived via computation of its corresponding Jacobin determinant. Therefore, based on system(4.16), we deduce the
following results
(DNeutral saddle bifurcation of equilibrium (p7, 0) happens if y + (2B11 + BZI)pTZ =0;
(Il)Neutral saddle bifurcation of equilibrium solution (0, p3) happens if y; + (B2 + 2322),0;2 =0;
() The equlibrium solution (p7, p3) loses its stability through line HL3 : By, p’i‘z + Bzzpzz = 0 and correspondingly, the
associated torus of system (4.17) getting into torus instability state.
As shown in Figure2, system (4.17) has the equilibrium solution (0, p3) with parameter pairs(k., 7x) chosen in the regime
above boundary line L1 in green color, and the regime bounded by line in red color and line in black color exhibits torus
solution. We discuss system dynamics in detail with the partition of plane into different regimes. The stable periodic
solution observed in regime I, VI is shown in Figure3(a)-(f). The periodic solution exhibited in regime [ further bifurcates
into quasi-periodical solution after crossing neutral saddle line HL1 shown in cyan color. The scenarios of the bifurcating
quasi-periodical solutions observed in regimes from (/) to V is plotted as shown in Figure4 . Due to neutral line HL2 in
purple color , system may have multi attractors coexistence in regime /V. We also obtain the observed coexisted attractors
in regime /1 and V alike, as shown in Figure5.

witha =

5. Discussion

A blood cell model which composed of two compartment cells known as hematopoietic stem cells and its relationship with
neutrophil was investigated. The dysfunction in regulatory control process of blood cell production induce the observed
hematological disease and cyclical neutropenia model including G-CSF adminstration was developed. As system state
dependent delay reflects different time stage during feedback regulation process, we introduced state feedback control
with time delay originally arising in system which is subtle disturbance around stationary equilibrium solution. We use
DDE-Biftool software to explore double Hopf bifurcation of system via tracking second Hopf bifurcaton lines as varying
parameters continuously and dynamics near double Hopf point was discussed. A classified method of dynamics near
double Hopf point was developed by using center manifold theory. The analytical norm form near double Hopf point is
computed based on fundamental theory of functional differential equation and the observed numerical simulation results
were in coincidence with dynamics of the classified method which further verified the correctness of theoretical analytical
results.
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Figure 2. The dynamical classify results near the double Hopf point DH in parameter space (ko, Ty) plane
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Figure 3. Periodical solution of system (1.2).(a) Phase portraits of solution with parameter k. = 1.1, 7y = 14.6; (b) Time
series solution with parameter k. = 1.1, 7y = 14.6; (c) Phase portraits of solution with parameter k. = 0.9, 7y = 15.1; (d)

Time series solution with parameter k. = 0.9, 7y = 15.1
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Figure 4. The numerical simulation results of system (1.2) near the double Hopf point DH. (a)Torus at parameter pairs
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