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Abstract

In this paper we consider a homogeneous holomorphic line bundle over an elliptic adjoint orbit of a real semisimple
Lie group, and set a continuous representation of the Lie group on a certain complex vector subspace of the complex
vector space of holomorphic cross-sections of the line bundle. Then, we demonstrate that the representation is irreducible
unitary.
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1. Introduction
1.1 A Geometrical Realization of Irreducible Unitary Representations

First of all, let us recall the definition of irreducible unitary representation. Let G be a Lie group, let H = (H,{-, -))
be a complex Hilbert space, and let 0 : G — GL(H), g — 0(g), be a group homomorphism, where GL(H) denotes the
general linear group of H and it does not matter whether o is continuous here. Then, the definition of irreducible unitary
representation is as follows:

Definition 1.1.
(1) o is called a (continuous) representation of G on H, if the mapping G X H 3 (g, ¢) — o(g)¢ € H is continuous.

(i1) A representation o of G on H is said to be irreducible, if an arbitrary closed o(G)-invariant complex vector subspace
H, c ‘H coincides with either {0} or H.

(iii) A representation o of G on H is said to be unitary, if {0(g)p1,0(8)P2) = {P1,P2) for all g € G and ¢y, ¢, € H.
Here the topology for H is induced by the norm ||| := /{(¢, $).

It is interesting to find out irreducible unitary representations from among geometric objects for study. In this paper, we
consider a homogeneous holomorphic line bundle HGe X, C) over an elliptic (adjoint) orbit G/L of real semisimple Lie
group G, and set a representation ¢ of G on a complex vector subspace H of the complex vector space V of holomorphic
cross-sections of the bundle *(G¢ %, C). Then, we demonstrate that without any completions,  is a separable complex
Hilbert space, and that o is an irreducible unitary representation of G on H (see Theorem 1.2 below).

1.2 The Main Result (Theorem 1.2)

We are going to state the main result in this paper. Let G¢ be a connected complex semisimple Lie group, let G be a
connected closed subgroup of G¢ such that g is a real form of gc, and let T be a non-zero elliptic element of g (see
Definition 2.1 for the definition of elliptic element). Setting

L:=Cs(T)={geG|Adg(T)=T}, Lc:=Cg.(T),
g1:={A€gcladT(A) =ilA}for 1 € R,
Uy = EB/bO g:1, Ui :i=expus, Q- :={xeGc|Adx(Ilcdu_)Clcdu_},

we have an elliptic orbit G/L, a complex flag manifold! Gc/Q_ and L = G N Q_. Moreover, we see that the mapping
t:G/L - G¢/O-, gL — gQ-_, is a G-equivariant embedding whose image is a domain in G¢/Q-. For this reason, we

A complex flag manifold is also called a Kihler C-space or a generalized flag manifold.
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can assume G/L to be a domain in G¢/Q- and regard it as a homogeneous complex manifold of G, via «.

#(Ge %, C) Ge %, C
]
G/L Ge/Q-

In addition, let y : Q- —» C* = GL(1,C), g — x(g), be a holomorphic homomorphism. Denote by G¢ X, C the fiber
bundle over G¢/Q-, with standard fiber C and structure group Q_, which is associated to the principal fiber bundle 7¢ :
Gc — Ge/Q-, x — xQ-_, and denote by HGe x, C) the restriction of the bundle G¢ X, C to the domain G/L c G¢/Q-.
Then, one may assume that

o ) N (1) ¥ is holomorphic,
V= {lﬁ 1G0-~C (2) Y(xq) = x(@) "w(x) for all (x,q) € GO_ x Q_}

is the complex vector space of holomorphic cross-sections of the line bundle Lﬁ(G(c %, C). Let us set a complex vector
subspace H c <V and a group homomorphism o : G — GL(H), g — 0(g), as follows:

W) = fG V(T du(e). 0l = B for yivnv €V,

H:={peV:lgll < oo},
(0(8)$)(x) := ¢(g"'x) for (g.4) € GxH and x € GQ_,

where u denotes the non-zero Haar measure on G. Now, we are in a position to state

Theorem 1.2. With the setting in Subsection 1.2; suppose that
S) | =1forallteL(c Q-).

Then, H = (H,{-, -)) is a separable complex Hilbert space and o is an irreducible unitary representation of G on H.
Furthermore, in case of H # {0}, the following two items hold:

(I) There exists a unique pyax € H such that () = 1 for allu € (U N GQ-).,.

(II) There exists a non-zero ¢ € H satisfying f l{o(9)d, d)Pdu(g) = lIgll® (< o).
G

Here (Uy N GO-), denotes the connected component of U, N GQ_ containing the unit element e € Gc.

1.3 Topics Related to the Main Result

Here are some comments on Theorem 1.2.

(c.1) Theorem 1.2 and Godement’s result (Godement, 1947) ensure that the representation o is square integrable or
discrete series in case of H # {0} (ref. Shucker, 1983, also).

(c.2) The vector ¢m,x € H is a maximal vector of weight y whenever G is compact and L is a maximal torus in G.

(c.3) If G has a compact Cartan subgroup, then the supposition (S) always holds (see Remark 2.15). In particular, it does
hold in the case where L is compact.

(c.4) If M is ahomogeneous pseudo-Kihler manifold of G and G acts on M almost effectively, then M becomes an elliptic
orbit of G. Conversely, any elliptic orbit of G is a homogeneous pseudo-Kihler manifold of G. cf. Dorfmeister-
Guan, 1991.

(c.5) We assert that o : G — GL(H) is irreducible unitary, on weak assumptions for G/L and y : Q- — C*. Nobody
has completely proved that on the same assumptions as ours, as far as the authors know. Needless to say, one has
already shown that on strong assumptions. For example, Borel-Weil (cf. Serre, 1995) deals with the case where G
is compact, Harish-Chandra (Harish-Chandra, 1956) does the case where L is a compact Cartan subgroup of G, etc.
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(c.6) It is known in some cases that there are sufficient conditions for HH to be not equal to {0}. e.g. Harish-Chandra,
1956; Serre, 1995.

Let us give two examples.

Example 1.3. Let Gc = SL(2,C),

G=SU@,1)= {(% g)

This T is a non-zero elliptic element of g = su(1, 1) because the linear transformation ad 7' : gc — gc is represented by

2i 0 O
adT=|0 -2i O

0 0 O

a,BeC,laP -8 = 1}, T:(é 0.).

relative to a complex basis {(O 1) , ((1) O) , (] 0 )} of gc. Moreover, a direct computation yields

o o/lt oo -1
L= Sy x U, U+={((1) Cf) ae(C}, Q_={(§ I?B)ﬁec*,yec}.

Define a holomorphic homomorphism y : Q- — C* by

B0 _ i3 B 0
A RS LS

Then, Theorem 1.2 implies that o is an irreducible unitary representation of G on H because the supposition (S) holds. In
this case H # {0}. Indeed; let us consider a holomorphic function ¢, : GO — C defined by

u v\ _ ) u v
<Pmax(z W).— 1/w for(Z W)EGQ—,

where we remark that w # 0 for all (? v‘; € GQ_. For this ¢pax one can confirm that ¢ (xq) = x(¢) ™" @max () for all

(x,q) € GO- X O_. S0, Ymax € V. Taking an Iwasawa decomposition of G = S U(1, 1) into account, we deduce

lImaxll* = fG |omax(&)Pdu(g)

L Can (ke [ G G125 5 et o
= Eimdafwdnf dk ®max [Slnh(g) Cosh(%) % 1_%,1 (0 e%‘) =45 < o0,

Therefore @, € H, and H # {0}. Incidentally, pyax(u) = 1 forallu e U, N GQ_,

f |<Q(g)90max» (pmax>|2d,u(g) = 6471'3 < 00,
G

and the representation space H of o corresponds to the complex Hilbert space of square integrable holomorphic 1-forms
w on the open unit disk in C.

Example 1.4. Let Gc = SL(2,C),G = SU(2) and

This T is a non-zero elliptic element of g = su(2) and

L=SW)xUQd), U, = {((1) ‘f)

ae(C}, Q_={(§ 1(/)ﬁ) ,BG(C*,yeC}.
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Define holomorphic homomorphisms y,; : Q- — C*and y_ : Q- — C* by
R A
= . _ =1 f -
"*(y A VAR V- ARV A

respectively. In each case Theorem 1.2 assures that o is an irreducible unitary representation of G on H, since the
supposition (S) holds. Note that GQ_ = G¢ and V = H.

e In the case of y,, one has H # {0}. Indeed; if we define a holomorphic function ¢, : Gc — C by

u v\._ o, u v
<Pmax(z w)'_ w=  for (Z w) eGe,
then it turns out that @n,x(xq) = )(+(q)‘1<pmax(x) for all (x,q) € G¢ X Q- and @ (u) = 1 for all u € U,, so that

0# Qmax €V =H.

e In the case of y_, one has H = {0}. Let us explain the reason why. For a given holomorphic function ¢ : G¢ — C,
suppose it to satisfy ¥(xq) = y_(g)~'w(x) for all (x,q) € Gc x Q_. Then for M := sup{ly(g)| : g € G}, we assert that
M < oo because G = S U(2) is compact. Moreover, by the supposition we conclude

‘w(l a)_‘w(( 1/ /1 + |af? a/\/1+|a/|2)(1/\/1+|a'|2 0 )]

0 1| |"W—a/Vi+le? 1/V1+1ePNa/1+1aP 1+
~ (1/\/1+|a|2 0 )lw[l/\/lﬂalz a//\/1+|a/|2]< M
S\ a/ViHlel Vi+lel) \—a/VT+le 1/1+1elR)|” 1+laP

for all @ € C. Since C and U, are biholomorphic, Liouville’s theorem on entire functions implies that ¢ is the constant
function with the value y(e) on U,.. This constant must be zero because |y(e)] < M/(1 + |a?) for all @ € C. Consequently
it follows from the supposition that ¥/(a) = O for all a € U, Q_. Hence, the theorem of identity tells us that ¢ = 0 on the
whole G¢, because U, Q_ is an open subset in G¢. For this reason one has {0} = V = H. Incidentally, in the case of y.
(resp. x-) the representation space H of o corresponds to the complex vector space of holomorphic vector fields X (resp.
holomorphic 1-forms w) on the complex projective space CP'.

1.4 Outline of this Paper

This paper consists of three sections.

§2 Preliminaries

We recall the definition of elliptic element and establish Theorem 2.3 which will play a role in the next section.
Besides, we review elementary facts about Haar measures, complex flag manifolds, homogeneous holomorphic
line bundles and so on.

§3 Proof of the main result

We construct an element §; € V from ¢ € V and (3.3), and then clarify some properties of i, especially its
21
integral J,dA. Making use of the properties we conclude almost all of the propositions and lemmas in this

0
section, and finally complete the proof of Theorem 1.2.

2. Preliminaries
2.1 Notation

Throughout this paper, for a Lie group G, we denote its Lie algebra by the corresponding Fraktur small letter g, and utilize
the following notation:

(1) i:= V-1,

(n2) Ad, ad : the adjoint representation of G, g,

(m3) Cs(T):={ge G| Adg(T) =T} for anelement T € g,

(n4) Ng(m) :={g € G| Ad g(m) c m} for a vector subspace m C g,
(n5) m @ n : the direct sum of vector spaces m and n,

(n6) f|s : the restriction of a mapping f to a set S.
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2.2 The Definition of Elliptic Element and Theorem 2.3

Throughout Subsection 2.2, we denote by [¢ the complexification of a real Lie algebra I. Let g be a real semisimple Lie
algebra. We recall the definition of elliptic element.

Definition 2.1 (cf. Kobayashi, 1998, p.5). An element T € g is said to be elliptic, if ad T is a semisimple linear transfor-
mation of g and all the eigenvalues of ad T in gc are purely imaginary.

For an elliptic element T € g, we set
gi(T) :={A e gcladT(A) = idA} forAeR; uu(T):=P ., g:a(D). (2.2)
Our goal in this subsection is to demonstrate

Theorem 2.3. Let g be a real semisimple Lie algebra and let G be a connected Lie group with Lie algebra g. Then for
any elliptic element T € g, there exists an elliptic element T’ € g such that

(1) all the eigenvalues of adiT’ in gc are integer,
(i) Co(T) = Co(T"),
(i) wi(T) = w (T7), u(T) = u(T").

Remark 2.4. Theorem 2.3 allows us to suppose that all the eigenvalues of ad iT in gc¢ are integer for the elliptic element
T concerning Theorem 1.2, because there are no changes in the topological group structures on L, U, and Q_ even if
we substitute 77 for T. Remark here that the g,(7) and u.(7) in (2.2) correspond to the g, and u. in Subsection 1.2,
respectively.

We want to first prove Lemma 2.5, next deduce Proposition 2.6 from the lemma, and finally obtain the goal from the
proposition.

Lemma 2.5. Let g be a real simple Lie algebra with 2 < dimg g. Then for any elliptic element T € g, there exists an
elliptic element T’ € g such that

(1) all the eigenvalues of adiT’ in gc are integer,
(11") cgo(T) = cg(T7),
(i) u (T) = u (1), u(T) = u(T").
Proof. Tt is obvious in case of T = 0. Thus, we suppose T # 0 hereafter. Since T € g is elliptic, there exists a maximal

compact subalgebra £ C g containing 7. Furthermore, there exists a maximal torus t C € such that 7' € t. Let us investigate
the following cases (a) and (b) individually:

(a) tis not semisimple, (b) £ is semisimple.

Henceforth t¢ and €c denote the complex subalgebras of gc generated by t and €, respectively. Note that tc is a Cartan
subalgebra of g¢ in case (a) because g is simple.

Case (a): Denote by A the set of non-zero roots of g¢ relative to tc, and put tg := {H € tc|a(H) € Rforall @ € A}. In
this case we obtain

dc = tCGB@QEAgm T €t = itg,

where g, := {A € gclad H(A) = a(H)A for all H € t¢} for @ € A. Let A" denote the set of positive roots in A for the
lexicographic linear ordering with respect to a real basis

—iT =: Hl,Hz,...,H[
of tg. In view of this ordering we conclude that

B(H) =0 forallBe a*. (a.1)
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Let {oza}la:1 (C A™) be a fundamental root system of A, and {Z,l}la:1 its dual basis. Then tg = SpanR{Zd}ézl, so that (a.1)

allows us to express the element H; € tr as follows: H; = Zzzl h.Z,, hy > 0. Changing the indexes of ay, az, ..., a; (if
necessary), one may assume that sy, ..., hs > 0and hg = -+ = by = 0, namely

Hy =¥, Zp, hy>0. (a.2)

ForaY € tg we set
r(Y) :={Ben|pY)=0}, aY):={yealzxy¥)>0L

Now, (a.2) and a,(Z) = ¢, ensure that for o = Zézl mya, € A, it belongs to Ag(H;) if and only if @ = Zé:s o1 MeQe.
That implies @1, ...,a; € Ag(H}); and therefore for X = Zfl:l X2, € R,
B(X) =0forall 8 € Ag(Hy) if and only if X = 37| xpZs. (a.3)

For an @ = Zizl mya, € A we define a continuous function & : R® — R by

a(x1,...,x0) 1= Xp_y xpmyp  for (x,...,x,) € R,

and see that y(hy,...,hy) = X7 hpny @2 y(Hy) > 0 for each y = Zizlnaaa € A+(Hp). Consequently, for each
v € A.(H)) there exists an €, > 0 such that

Y(x1, .., x;) > O forall (xi,...,x;) € Be, (A, ..., hy)

because ¥ is continuous. Here Bsy(h] ,...,hy) denotes the open ball in R® with center (A, ..., k) and radius €,. Let us set
€, = min{e, |y € AL(Hy)}. Since A.(H)) is a finite set, one has e, > 0. Moreover, it turns out that

YO1,...,ys) > 0forall (y,(y1,...,ys) € A+ (Hy) X Be,(h1,. .., hy). (a.4)
Similarly, there exists an e_ > 0 such that
8(z1,...,25) < Oforall (6,(z1,...,25) € A_(Hy) X Be_(hy, ..., h). (a.5)

Here B, (hy,...,hs) N Be (hy, ..., hs) is a non-empty open subset in R*. By the denseness of rational numbers, there exist
my € Z and 7, € N satisfying

m my
(=.... =) € Be,(h1, ..., h) N Be (... o). (a.6)
np ng
From them we construct an element H € tg = spanR{Za}fl _; as follows:
N —
_ _ _ my, _ _ _ _ _
H :=ny-- i Z —Zp = (Myfiy -+ )2y + - + (g -+ - Asm1M5) Ly (@7)

=1

With the setting above, the following four items hold for H:

(i’) All the eigenvalues of ad H in g are integer, since H € tg C t¢, gc = tc @ D, 9o and a(H) = (it - - - Ag)my +
<o+ (A - Ag_1mg)mg € Z for each a = Zflzl my, € A.

(ii") B(H) = 0 for all B € Ay(H)), because of (a.3) and (a.7).
(i) y(H) > 0for all y € A,(H}). Indeed; if y = Zizl n.,, then

@) . -\ T s
y(H)(az)n1~~nS —nb=n|‘~'n3.y(—,...,_—)>0
by virtue of 71y - - - 71y > 0, (a.4) and (a.6).
(iv") 8(H) <O forall § € A_(H,).

These (ii’), (iii’) and (iv") yield Ag(H}) € Ag(H), A+(H,) C A, (H). Therefore we deduce

Ao(Hy) = ao(H),  a4(H)) = Ac(H), a-(H) = A-(H) (a.8)
from Ag(Hy)UA,(H)UA_(Hy) = & = A(H)U AL (H)UA_(H) (disjoint union). Setting T := iH, onehas T € itg = t C g.
This assures that T is an elliptic element of g. In addition, ("), T = iH;, T = iH and (a.8) imply that
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(i) all the eigenvalues of ad iT in gc are integer;
(i) ¢go(T) = tc ® @BEAU(H]) g=tc® EBﬁeAU(FI) g5 = ¢ge(T);
(i) w(T) = Dyep, ) 8 = Dyen, iy 8 = v+(D);

@iv) u_(T) = u_(7).

Accordingly Lemma 2.5 holds in case (a). Thus, the rest of proof is to confirm that in case (b).
Case (b): €c is a complex semisimple Lie algebra and tc is a Cartan subalgebra of £c. We denote by E the set of non-zero
roots of £c relative to t¢ and obtain
tc=1tco® @ €,
1=

where £ := {K € £c|ad H(K) = &(H)K forall H € tc} for § € E. Let us set tg := {H € tc|&(H) € Rforall £ € 5}, fix a
fundamental root system {£,}"_, C E, and denote the dual basis of {{,}_, by {W,}"_,. Then it follows that

n
a=

iT € tg = spang{W,} itg =tctcay.

n
a=1’

Express a Cartan decomposition of g as g = £ @ p, and define a representation p of €¢ on pc by p : € — End(pc),
K + ad K|, where pc denotes the complex vector subspace of g¢ generated by p. Denoting by Q the set of weights of

p relative to tc, we have
pc = @ Pw>

weQ)

where p,, := {P € pc|ad H(P) = w(H)P for all H € {¢} for w € Q. With the setting above, the following statement holds:
for any a € E LI Q, there exist unique rational numbers g, such that @ = Y}/}_; ga&a. (b.1)
For an X € tg we set
[X) ={BeEUQ|IBX) =0}, 2.X):={yeEUQ| yX) > 0}.
From now on, we put H := —iT, suppose that Ao(H) consists of m-elements Sy, ..., B,, and express them as

B =quéi+- -+ quén,
: g €Q (1 <b<m,1<ac<n)

,Bm = CImlé:l +-e+ qmné:m

sbsm,lsas

g qu\(* 0
: N B (b.2)
qm1 e qmn)\Xn 0
Applying the elementary row or column operations to the coefficient matrix (gpq)1<b<m.1<a<n,» W€ can obtain
1 O | Gt - Gun
i el gpeQ (<j<nr+l<k<n).
0 1 qr,r+1 e qrn
Om—r,r ‘ Om—r,n—r
Changing the indexes of xj, x2, ..., X,, one may assume that x; = — >/, gtk (1 < j<r), x =t (r+1 <k <n)isthe
solution of (b.2), where t,.1,...,t, are indeterminate. Hence, by &,(W,) = J,. and changing the indexes of &1, &,...,&,,

we assert the following statement: for X = })7_, x,W, € tg,

B(X) =0 forall B € ao(H) = {Bp};, if and only if there exists a (.41, ...,1,) € R"™"
suchthat x; = -7 gatx (1 <j<randx =t (r+1<k<n). (b3)
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For this reason one elucidates that
hj=—=20_ i duh (1<j<r) (b.4)

when the element H € tp is expressed as H = }"_, h,W,. Now, we take an @ = }"_, q,&, € ELIQ and define a continuous
function @& : R*™™" — R by

AOrets -5 ¥n) 1= Dy (@ = 2oy Gd vk for Grers ..o yn) € R™
Forany y = Y0, puéa € A (H), it follows from H = }.7_, h,W, and £,(W,) = 8, that
n n r
0<y(H) = paha =" D" (= . G i = Vet ),
a=1 k=r+1 j=1
Accordingly there exists an €, > 0 such that
YVrs1s -5 yn) > 0forall (y, Opsts - 00)) € Ar(H) X Be, (Bys1, .., ). (b.5)

Similarly, there exists an e_ > 0 such that

@ity .- zn) < Oforall (6,(Zrs1s-..,20)) € A_(H) X Be (hpi1, ..., hy). (b.6)
Here B, (hy+1,...,h,) N Be_(hy41, ..., hy,) is a non-empty open subset in R"™". So, the denseness of rational numbers
provides us with G,41, ..., g, € Q which satisfy
(Qr+1’ RN Qn) € BE+(hr+l, RN hn) n BE,(hr+l’ RN hn) (b7)
By use of the rational numbers g j and g, we define an element Hetg = spang{W,}"_, by
n n
H = ( - Z qlkZ]k)W] +oeeet ( - Z q%qk)wr + ZIr+lWr+l R ZIan- (bS)

k=r+1 k=r+1

Then, it turns out that

(i’) all the eigenvalues of ad H in gc are rational numbers, because of H € tc, gc = tc ® @565 t:® P, P and

~. (b.8) - o~ -~ ~ - —_
a'(H) = (_ ZZ:H—I q1qu)ql R (_ ZZ:HJ ('Irqu)qr tqre19r+1 Tt qnqn € Q for every a = 22:1 qaga ezu Q?

cf. (b.1);
(ii") B(H) = 0 for all B € Ag(H), in terms of (b.3) and (b.8);

(iii") y(H) > 0 for all y € A,(H) because if y = 2in_1 Da&as then

r n n
5 (0:8) - o~ ~ - ~
y(H) = —Z Z qxqrpj + Z GrPrk = YGres -+ 5Gn) > 0

J=1 k=r+1 k=r+1
comes from (b.5) and (b.7);
@iv") 8(H) < 0 for all § € A_(H).
These (ii’), (iii") and (iv") imply that
No(H) = ao(H),  a(H) = 8 (H), s (H)=a_(H). (b.9)
In view of (i") we suppose that the set of the eigenvalues of ad H consists of i, /7y, . . ., fiy, /iy, Where i, € Z and 7, € N.

In this case we set
T :=i(n---n,)H

and have T € itg = t C g. Hence, T is an elliptic element of g. Moreover, it follows from 7i; - - - i1, > O that Ag(H) =
Aoty -+ -7 H) and AL (H) = AL(71y - - - 7, H), so that
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(i) all the eigenvalues of ad iT in g¢ are integer, because the set of the eigenvalues of ad i7" consists of —(7it iy - - - 7i,,),
cees _(fll e ﬁu—l’hu);

(i) ¢ge(T) = tc & Dppep iz 8 © Dpengrna P8 = tc ® Dpepyinz 8 © Dpenyimna b5 = cac (D), since T = iH and
(b.9) ~ - -
Ao(H) =" nro(H) = Dol - - - 71y H);

(i) u(T) = @yem(mma te @yeA+(H)nQ by = ®yEA+(ﬁ)mE 6o @yeA+(Fl)ﬂQ py = u(T);

i) u_(T) = u_(7).
Consequently, Lemma 2.5 holds in case (b), also. O

Lemma 2.5 leads to

Proposition 2.6. Let g be a real semisimple Lie algebra. Then for any elliptic element T € g, there exists an elliptic
element T' € g such that

(1) all the eigenvalues of adiT’ in gc are integer,
(11") cgo(T) = cq(T7),

(i) ue(T) = u ("), u(T) = u_(T").

Proof. Since g is real semisimple, one can decompose it as

§0=01990:0 - D4y,
where all g, are real simple ideals of g (1 < a < n). Expresstheelement T asT =T+ T, +---+ T, (T, € g,). Then T, is
an elliptic element of g, for every 1 < a < n. Denoting by g, c the complex subalgebra of gc generated by g,, we confirm

that (1) gc = g1.c® Goc @ - ® guc, (2) each g, ¢ is a complex simple or semisimple ideal of g¢ and (3) g, is a real form
of g,c. Accordingly for each 7, (1 < a < n), Lemma 2.5 provides us with an elliptic element T, € g, such that

(i) all the eigenvalues of ad iT, in g, ¢ are integer,
(") ¢g,o(Ta) = ¢g,(T,),
(iii) ua,+(Ta) = ua,+(T,:)’ ua,—(Ta) = ua,—(T;)a

where g, a(T) := {A € goc | ad T(A) = idA} for A € R and u, o (T) := @ ) aea(D). Setting T’ :=T| + T +--- + T, we
get the conclusion. O

Now, let us demonstrate Theorem 2.3.

Proof of Theorem 2.3. By Proposition 2.6 there exists an elliptic element 7’ € g such that

(1) all the eigenvalues of ad iT”’ in g¢ are integer,
(1i") cgo(T) = ¢ (T7),

(i) u(T) = u (T, u(T) = u(T").
Hence the rest of proof is to conclude (ii) Cg(T) = Cg(T’). On the one hand; it is immediate from (ii") that ¢g(T) =
(g Ncge(T)) = (g Ncge(T")) = cg(T’). On the other hand; both C;(T) and Cg(T”) are connected, since G is connected

semisimple and since both 7" and T’ are elliptic elements of g (e.g. Lemma 2 in Boumuki, 2013, p.9). Therefore (ii)
follows. o
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2.3 A Known Result about the Haar Measure
Let us recall a known result about the Haar measure.

Let G be a connected real semisimple Lie group, and let % denote the o-algebra generated by the set of open subsets
in G (namely, 4 is the Borel field on G). Since G is connected, it satisfies the second countability axiom. Hence, there
uniquely exists an extended real-valued function u on % (up to positive constant) having the following seven properties,
which we call this u the non-zero Haar measure on G:

(pl) 0 < pu(A) < o forall A € A,

(p2) u(B) > 0 for each non-empty, open subset B in G,

(p3) u(C) < oo for each compact subset C in G,

Pd) IfA, e Z(m=12,...)and A; N A =0 (j # k), then X", 1(A,) = u(X An),
(p3) u(gA) = u(A) for all (g, A) € G x 2,

(p6) p(Ag) = u(A) for all (g,A) € G X &,

(P7) u(A) = inf{u(U) : U is openin G, A C U} for every A € A.

cf. Haar, 1933; von Neumann, 1936.

Remark 2.7. Since G is a locally compact Hausdorff space and satisfies the second countability axiom, it follows from
(p3) that y is a regular Borel measure on (G, %). cf. Proposition 7.2.3 in Cohn, 2013, p.190.

2.4 Elementary Facts about Complex Flag Manifolds, Homogeneous Holomorphic Line Bundles and So On

In this subsection we mainly review elementary facts about complex flag manifolds, homogeneous holomorphic line
bundles and so on. Throughout this subsection, G¢ is a connected complex semisimple Lie group, G is a connected closed
subgroup of G¢ such that g is a real form of g¢, and 7 is a non-zero elliptic element of g. Here we remark that the center
Z(G) of G is finite due to Z(G) C Z(Ge).

2.4.1 Root Systems and Iwasawa Decompositions

Since g is semisimple and T is elliptic, there exists a Cartan involution 6 of g which satisfies (7)) = T. From ¢ := {X €
gl0(X) = X} and p := {X € g|6(X) = —X}, we construct a Cartan decomposition

g=tep, Tet
Take a maximal torus t in £ containing 7. Then, h := {X € g|[X, Y] = O for all Y € {} satisfies 6(h) C h, and
h=Enhe@pnh), t=tnh, Tet

So, b is a Cartan subalgebra of g with T € h. Let A denote the set of non-zero roots of g¢ relative to ¢, and let A™ denote
the set of positive roots in A, where hc denotes the complex vector subspace of g¢ generated by hh and we define positivity
by means of the lexicographic linear ordering with respect to a real basis

—iT = Ay,A,,...,A, (2.8)

of hr :=it® (p N k). Denote by g, the root subspace of g¢ for @ € A, and set

ne 1= @giﬂ, gy =t®ip.

pent
In this setting, one has gc = hc @ @HEA go =Ny ® bhe ®n_ and

Lemma 2.9. Let Hg, N. and G, be the connected Lie subgroups of G¢ corresponding to the subalgebras bhr, n. and g,
of gc, respectively. Then

(1) Hr is a simply connected, closed abelian subgroup of G¢, and exp : hr — Hp is a real analytic diffeomorphism.
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(2) N; is a simply connected, complex closed nilpotent subgroup of Gc, and exp : ng — Nj is a biholomorphism, for
each s = +.

3) Gy is a maximal compact subgroup of Gc.

(4) The product mapping G, X Hr X N, 3 (k,a,n) — kan € G is a real analytic diffeomorphism for each s = =+.

Proof. Note that (i) g, is a maximal compact subalgebra of gc, (ii) gc = g, D ig, is a Cartan decomposition of gc, (iii) hg
is a maximal abelian subspace of ig, and (iv) gc = g, ® hr ® n, is an Iwasawa decomposition of gc (s = *), where we
here regard gc and ny as real Lie algebras, respectively.

(1) By Theorem 6.46 in Knapp, 2004, p.374, and its proof, Hp is a simply connected, closed abelian subgroup of G¢.
Theorem 1.127 in Knapp, p.107, implies that exp : hr — Hpg is a real analytic diffeomorphism, since Hp is simply
connected and nilpotent.

(2) One can conclude (2) by arguments similar to those above, where we remark that n, is a complex nilpotent subalgebra
of dgc-

(3) cf. Theorem 6.31-(g) in Knapp, p.362.
(4) cf. Theorem 6.46 in Knapp, p.374, again. m}

2.4.2 Complex Flag Manifolds and Flag Domains

In addition to the notation in Paragraph 2.4.1 we set

L = CG(T), L(C ] CGC(T)’
g1 :={A€gcl|adT(A) =ilA} fordeR, (2.10)
Uy 1= EB/I>0 g:1, Us:=expus, Q- :=Ng.(lcdu).

Note that u. C n, comes from (2.8). Taking Lemma 2.9 into account, one can show

Proposition 2.11.

(1) Uy is a simply connected, complex closed nilpotent subgroup of Ge, and exp : uy; — Uy is a biholomorphism, for
each s = +.

(2) Q- is a connected, complex closed parabolic subgroup of G¢, q- = lc ®u_, and Q_ = L¢c X U_ (semi-direct).
(3) Lis a connected, closed subgroup of G, and the homogeneous space G|L is simply connected.
(4) The product mapping U, X O_ 3 (u,q) — uq € G¢ is a holomorphic embedding whose image is a domain in Gc.

Proof. (1) follows by u; C n; and Lemma 2.9-(2).

(2) Remark that (i) hc @ n- is a Borel subalgebra of gc, (ii) hc ® n- C Ic ® u_ and (iii) I¢ ® u_ is a complex parabolic
subalgebra of gc whose Levi factor (resp. unipotent radical) is [¢ (resp. u_). We refer to Warner, 1972, p.53 for the rest of
proof.

(3) e.g. Lemma 2 in Boumuki, 2013, p.9, and the proof of Proposition 2-(ii) in Boumuki, p.11.

(4) By Proposition 1.2.4.10 in Warner, p.77, and its proof, one sees that U, Q_ is open in G¢, and that the intersection
U, N Q_ consists of the unit element ¢ € G¢ only. It follows from (1) and (2) that U, Q_ is connected. O

Proposition 2.11 leads to

Corollary 2.12.

(@ t:G/L = Gc/Q-, gL — gQ-_, is a G-equivariant, real analytic embedding whose image is a simply connected
domain in G¢/Q-.

(b) GO_ is a domain in Ge.
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Proof. (a) By virtue of Proposition 2.11-(3) and dimg G/L = dimg u, = dimg G¢/Q-, it suffices to confirm
L=GnQ._. (2.13)

We are going to confirm G N Q_ C L only, because L ¢ G N Q_ is clear. Take an arbitrary x € G N Q_. Then, by x € O_
and Proposition 2.11-(1), (2) there exists a unique ([, Z) € L¢ X u_ such that

x=lexpZ.

We want to show exp Z = e. Let & denote the conjugation of g¢ with respect to g. On the one hand, x € G, T € [ = gN I,
L¢c = Cg.(T) and Q- = Ng.(Ic ® u_) yield

g3 Adx(T) = (Adexp(-Z)I"HT = (Adexp(-Z2)T € lc du_.

On the other hand, Ad x~'(T') € g implies that 5(Ad x~(T)) = Ad x(T), so that (Ad exp(-Z))T = 5((Adexp(=Z))T) €
d(Ic ®u_) C lc ® u,. Consequently we assert that

(Adexp(-2)T € (Icou_)N(lcdu)) = IC.
Therefore ¢ 3 —T + (Adexp(-Z)T = 3" ,(1/n!)(—ad Z)"T € u_, and hence
(Adexp(-2)T =T.
This implies expZ € Lg N U- = {e}. From expZ = e¢ we conclude x = lexpZ =1e€ GNLc =L, andGN Q- C L. So,

(2.13) holds.

(b) We denote by mc the projection from G¢ onto G¢/Q-. It is immediate from (a) that GQ_ = JT(EI ((G/L)) is an open
subset in G¢. Moreover, GQO_ is connected because the product mapping G X Q- 3 (g,9) — gq € GQO_ is surjective
continuous and both G and Q_ are connected. O

Remark 2.14.

(1) In general, there exist several kinds of invariant complex structures on the elliptic orbit G/L. In this paper we deal
with the complex structure on G/L induced by ¢ : G/L — G¢/Q-, gL — g0-.

(2) If G is compact, then ¢ : G/L — G¢/Q- is surjective and we may identify G/L with G¢/Q-.

2.4.3 Homogeneous Holomorphic Line Bundles over Complex Flag Manifolds
We continue to use the notation in Paragraphs 2.4.1 and 2.4.2.

Lety : O —» C" = GL(1,C), g — x(g), be a holomorphic homomorphism. For (x, u), (y,v) € G¢ X C we say that they
are equivalent, if there exists a ¢ € Q_ satisfying

y=xq, v=x(qu

Denote by G¢ x, C the set of the equivalence classes on G¢ X C, and define a mapping Pr¢ : G¢ X, C — G¢/Q- as
follows:
Prc : [(x,u)] = mc(x)  for [(x,u)] € G %, C.

Then, G¢ %, C becomes a fiber bundle associated to the principal fiber bundle 7¢ : G — G¢/Q- with standard fiber C
and structure group Q-, which we call it the homogeneous holomorphic line bundle over G¢/Q- associated with y. Here
we refer to Kobayashi-Nomizu, 1963, p.54-55 for the holomorphic structure on G¢ X, C above.

Remark 2.15. It holds that (S) |[y(£)| = 1 for all £ € L, if G has a compact Cartan subgroup. Indeed; let [, and [, denote
the semisimple part and the center of the reductive Lie algebra [, respectively. Then any element X € [ can be uniquely
expressed as X = X5 + X; (X5 € lss, X; € [,); and we deduce

X(X) = x«(X2)

from y.(lss) = x«([L, 1) € Dr«(D, x«(D] € {0}, where y. denotes the differential homomorphism of y : O_ — C*. Besides,
it follows from T' € b that ) C ¢g(T) = [, so that [, C . Therefore [, C h = t whenever G has a compact Cartan
subgroup. Consequently, if G has a compact Cartan subgroup, then y.(X) must be a purely imaginary for any X € [
because y.(I) = y.(Iz) C x.(t), and then |y(£)| = 1 for all £ € L because L is connected.
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Now, let I'(G¢ %, C) denote the complex vector space of holomorphic cross-sections of the bundle G¢ x, C. To any
cross-section s of G¢ X, C one can associate a function f; : Gc — C which satisfies

s(rc(x)) = [(x, fs(x))]  forall x € Ge.
Under this correspondence, holomorphic cross-sections go to holomorphic functions, and one may assume that

(1) f is holomorphic, }

) £0q) = x(q)" f(x) for all (x, g) € G X Q- 2.16)

F(GCXXC)z{f:GC—NC

2.4.4 A Representation o of G on V and a Topology for V
The notation below is the same as in Paragraphs 2.4.1, 2.4.2 and 2.4.3.

Let us assume that G/L is a domain in G¢/Q- viat : G/L — G¢/Q-, gL — gQ_, and denote by HGe x, C) the restriction
of the bundle G¢ x, C to the domain G/L C G¢/Q-. In this case, (2.16) tells us that

2.17)

Vo= {lﬁ .GO. > C (1) ¥ is holomorphic, }

(2) Y(xq) = x(q) " Y(x) for all (x,q) € GO x O_

is the complex vector space of holomorphic cross-sections of the bundle *(G¢ x, C). We want to set a representation of
G on V and define a topology for V. In order to do so, we first treat a complex vector space C defined by

C :={¢:GQ- — C|é&is continuous}.
On the one hand, we define an algebraic representation o of G on C by

(0(2)6)(x) := é(g™'x) for(g,é) e GxCand x € GO_. (2.18)

On the other hand, we define a metric on C in the following way. For a non-empty compact subset E ¢ GQ_ and &1, &, € C
we put
dg(é1,&2) = sup{lé1(a) — &2(a)l : a € E}. (2.19)

Since G¢ is connected, it satisfies the second countability axiom. So, GQ- is a locally compact Hausdorff space and
satisfies the same axiom because GQ- is open in G¢. Therefore there exist non-empty open subsets W,, € GQ_ such that

(dl) GO- =J;2; W, (countable union),

(d2) the closure W, in GQ_ is compact for each n € N.

Then we define E,, := Wn for n € N, and moreover define

N dg 8
d&,6) = Z} 7 T7 5 G50 (2.20)

for &,&, € C. This d is called the Fréchet metric.

Proposition 2.21. With respect to the Fréchet metric d in (2.20), the following six items hold:

(i) d is a metric on C.
(ii) The metric topology for (C, d) coincides with the topology of uniform convergence on compacts sets.
(iii) The metric space (C,d) is complete.

(iv) The metric topology for (C,d) coincides with the locally convex topology determined by a countable number of
seminorms {pnlpen, where p,(€) := dg,(€,0) forn e N, € € C.

(v) Both mappings CXC 3 (£1,&) > & +& € Cand C X C 3 (a,8) B af € C are continuous, with respect to the
locally convex topology in (iv).

(vi) G XC 3 (g,¢) — 0(g)¢é € C is a continuous mapping, with respect to the topology of uniform convergence on
compacts sets in (ii).
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Proof. (i) Take any &, &, € C. It follows from (2.19) and (2.20) that 0 < dg(&1, &), d(€1, &>). Besides,

o 1 dgé,8) N 1_
d(§1,§2)—;2n1+dE”(§1’§2 ZZ 1 < co.

Hence d is a non-negative function on C X C. Needless to say, d(£1, &) = d(&,£1); and d(€1,&,) = 0 in case of &) = &;.
Now, for &1, &, € C we suppose that d(&], &) = 0. Then for each k € N, one has

oo

<l dg,(£1,€) Zzl dg, (&1, €) 220)

de¢, _
P 1+ dp(@.2) .8 = )=

This implies that dg, (&1, &) = 0, so that £ = &, on Ej, for all k € N. Therefore &] = &, on the whole GQ_ in terms of (d1)
and E, = W,. Hence one can assert (i), if we conclude that

d(§1,63) < d(&1,62) +d(&,83) forall £1,£5,63 € C.

For any &1,&,,&; € C, it is immediate from (2.19) that dg, (£1,&3) < dg,(¢1,&) + di, (&2, &3) for all n € N. From this and
0 < dg, (&, £;) we obtain

dg,(¢1,63) < dg,(§1,62) +dg, (&2, &)
1 +dg,(61,6) ~ 1 +dg,(§1,6) +dE,(£2,8)
_ dg,(&1,&2) . dg,(£2,£3)
1 +dg,(§1,6) +dg,(§&2,&)  1+dE,(61,6) +dg,(£2,63)
dg,(&1,62) . dg,(62,63)
T 1+dg,(&,6)  1+dg,(&,.6)

for all n € N. Accordingly
(2.20) o | di,(61,63)
d(é, —_—
€8 = )y dE,,(§1,§3>

> 1 di,(&),6) 1 dg,(£,83) 2.20)
< Z 2—

d(&, d(&,
1 +dg, €& 420 1+ dp, (62, 65) (£1,62) +d(£2,63).

(ii) First, let us demonstrate that the metric topology &, for (C, d) is coarser than the topology Z., of uniform convergence
on compacts sets, namely 9, C Z.,. For any & € C and € > 0, we set O, := {¢ € C|d(£,&) < €}. Let & be an arbitrary
element of Oy, and r := d(£, &y). Since € — r > 0 there exists an m € N satisfying

1/2™ < (e — 1)/2.

By use of m, € and r we put
E = U;’Ll E;, ¢6:=(e—-nr)/2m).

Then, E becomes a non-empty compact subset in GQ_ and ¢ > 0. Moreover, (2.19) yields

dg,(&1,6) + -+ +dE, (&1,&) < mde(&1, &)

for all £1, &, € C. Hence for any 1 € C with dg(n, &) < 6, we have

2.20) dg,(n,6) &1 dy,(m,6) o 1 dr )
dn.8) = ZznnczE 0D LV T+ d D Z T+ dp (1.0

m

ZdE(n,f)"‘ Z 2] ng(n, )+—<de(77,§-‘)+L

Zm
j=1 k=m+1 j=1

1
<mo+—<e-—r.
m om € T.

This and d(n, &) < d(n, &) + d(&,&) = d(n, &) + rprovide € € {n € C|de(n,&) < 8} C Oy, and thus D; C Dy
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Next, let us prove that the converse inclusion %, C Z; also holds. For any & € C, € > 0 and non-empty compact subset
E' CcGQ_,weset Oy :={& € Cldp(&,¢&)) < €}, fix any element &’ € O, and put ' := dg/(¢',&)). Since (d1), E, = w,
and E’ is compact, there exist n(1),...,n(k) € N such that n(1) < --- < n(k) and E’ C Uf'(:l E,. Then it follows from
(2.19) that
dp(61,&) < dg,,(€1,6) + -+ +dE,, (61, 6)
for all £1,&, € C. Setting
g €=k
T2+ (¢ = 1) /k)’
we deduce 6" > 0. In addition; if " € C satisfies d(1y’,¢’) < &', then

1 dg,, &) @20 1 (e -1k < 1 ((¢-r)k)

< / 74 4 —
20 Trdg, .8y = YT S0 S am T (@ —my S 20 T+ (@ = /B

and dg . (17',&) < (€ —r)/kforall 1 < i < k. Consequently, if 7 € C satisfies d(n’,&) < &, then dp(7/,&) <

Pl d;:)(n’,f') <€ —r'. Thisand dp (1", &) < dp (', &) + dp/(§',&) = dp (', &) + 1/ giveus &’ € {n' e Cld(n',&") <
0’} C Oy, and so Y, C 9.

(iii) follows by (ii).

(iv) Similar to the proof of (ii).

(v) is immediate from (iv). Needless to say, C is a Fréchet space due to (i) through (v).

(vi) The rest of proof is to demonstrate the item (vi). C is a barreled space. So, one can conclude this item, if we prove
the following items (1) and (2):

(1) For a given & € C, the mapping G 3 g — 0(g)& € C is continuous at the point e.

(2) For a given gy € G, the mapping C 3 ¢ — 0(go)¢ € C is continuous.

cf. Proposition 13.2 in Alain, 1983, p.128. Let us verify (1) and (2) from now on.

(1) Fix any non-empty compact subset E ¢ GQ_ and € > 0. We will show that there exists an open neighborhood V of
e € G satisfying dp(o(h)éy, &) < € for all h € V. By use of &, let us define a continuous function £ : G X GQ_ — C by
f(g, x) := &(g~'x) for (g, x) € G x GQ_. Then for each y € E, there exist open subsets Vy € G and U ¢ GQ- satisfying
eeV, ye€ Uy’, and

(b1) [éo(h™'2") = Eo(e™' )| = |£(h,2') — £(e,y)| < €/4

for all (h,z') € V, x U}, since f is continuous at (e, y). Moreover, there exists an open neighborhood U, of y € GQ_ such
that
(b2) U, Cc Uj, (b3) &) —éo(z)l < e/4forall z € Uy

because Uj is an open neighborhood of y € GQ- and § : GQ- — C is continuous at y. Now, E is compact and
E C Uyeg Uy. Hence, there exist finite elements yi, ...y, € E such that E C U];':1 Uy,. Setting V := ﬂ’;zl Vy,, we see that
V becomes an open neighborhood of ¢ € G. Furthermore, for an arbitrary (4,a) € V X E, there exists 1 < i < k such that
a € U,,; and besides h € ﬂl;zl Vy, € Vy,. Hence (bl), (b2) and (b3) provide

€ €

-+ -

4 4

This, together with (2.18) and (2.19), assures that dg(o(h)&o, &o) < €/2 < € for all h € V. Accordingly (1) follows.

iéo(h™ " a) — &)l < 1" a) — E(e "yl + 1€0(vi) — &ola)l <

(2) Let us demonstrate that o(go) : C — C, & — 0(go)¢, is uniformly continuous. For any non-empty compact subset
EcGQ_-ande>0,wesetE’ = galE and ¢ := e. Then, E’ is a non-empty compact subset in GQ_ and § > 0. Moreover,
(2.18) and (2.19) imply that for any &,&, € C with dg(£1,&2) < 6,

de(0(80)€1,0(80)é2) = sup{léi(gy'a) — éx(gp' @)l - a € E)
= sup{léi(b) — &(b)| : b € g3 E) = dp(é1,62) < S = €.

Consequently o(go) : C — C is uniformly continuous. O

In view of the lemma below, one can naturally set a representation of G on V and define a topology for V.
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Lemma 2.22. V is a closed o(G)-invariant complex vector subspace of C. Here, the topology for C is induced by the
Fréchet metric d in (2.20).

Proof. From (2.17) and (2.18) it is obvious that V is a o(G)-invariant complex vector subspace of C. Let us confirm that
Vs closed in C. Let {i,};7 | be an arbitrary Cauchy sequence in (V, d). Then Proposition 2.21-(iii) and {/,}>, ¢ V c C
enable us to obtain a unique & € C such that lim d(y,, &) = 0. If this £ belongs to V, then V is closed in C. Therefore we

devote ourselves to showing & € V hereafter. Our first aim is to verify that
¢ is holomorphic on GQ_.

For any x € GQ_ we take a holomorphic coordinate neighborhood (D, ¢) of x such that (al) z/(¢(x)) = O forall 1 <i <
N = dimc GQ_ and (a2) ¢ is a homeomorphism of D onto an open subset in CV defined by |z!| < R,...,|Z"| < R for
some R > 0. Since ¢ is continuous, it follows from Morera’s theorem, {,,}>, € V, lim d(¢,, &) = 0 and Proposition

2.21-(ii) that & = &(2', ..., 7Z") is holomorphic with respect to each variable z'. Accordingly & is holomorphic on D, since
¢ is continuous. Hence we have accomplished the first aim. Our next aim is to conclude that

é(xq) = x(@)€(x) for all (x, q) € GQ- x Q-.

Let us use proof by contradiction. Suppose that there exists a (y,r) € GQ- X Q_ satisfying y(r)é(yr) # &(y). Since GQ-
is locally compact, there exist compact subsets E, E’ ¢ GQ_ such that

yeE, yeF,

respectively. By the supposition, ¢ := |[y(r)é(yr) — &(y)| must be positive. Therefore, in terms of lim d(¥,,&) = 0 and
Proposition 2.21-(ii), there exists an M € N such that for every m > M

de(&Ym) <6/ (™D,  dp (€ ¥m) <6/2,

where we remark that |y(r)| > O follows from y(r) € C*. Then it turns out that

6 = W (NEGr) = EWI < W(NEQT) = YmWI + Wm () = EO)
= &) = x (MmNl + () =&ML v €V, (2.17)-(2))
< Wde(E ¥m) + de(Ym, &) < 6.

This is a contradiction. Accordingly £&(xq) = x(¢)~'&(x) for all (x,q) € GQ_ x Q_. Thus we conclude & € V. m]

From Proposition 2.21 and Lemma 2.22 we deduce

Corollary 2.23. With respect to the Fréchet metric d on V in (2.20), the following four items hold:

(1) (V,d) is a complete metric space.

(2) The metric topology for (V,d) coincides with the topology of uniform convergence on compacts sets; and besides
it also coincides with the locally convex topology determined by a countable number of seminorms {p,}nen, where

pn('r//) = dE,,(‘/’v O)forn € Nx l,b eV
(3) Both mappings VXV > (Y1,¥2) > Y1+ € Vand CXV 3 (a,¥) — oy € V are continuous.

@) GXV>(g¥) 0@y e Visa continuous mapping.

We end Section 2 with proving

Lemma 2.24. A, : (V,d) — C, ¢ = y(x), is a continuous linear function for every x € GQ_.

Proof. (linear) is obvious.

(continuous) Take an arbitrary € > 0 and ¥y € V. By x € GQ_ and (d1) there exists an m € N such that x € E,,. By use

of this m we set ¢ := m Then, 6 > 0 holds. For any ¥ € V with d(y, o) < 6, we obtain
1 dE (ll/v WO) €
— T <d s = —————
2 T ds, W) = TV 0= g
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from (2.20). This gives dg,, (¥, Yo) < €, and

1Ax(¥) = AxWo)l = (%) = Yo(0)| < dE, (W, ¥ho) < €

follows by x € E,, and (2.19). Hence, A, is continuous at the point ¢y € V. ]

3. Proof of the Main Result

The main purpose of this section is to complete the proof of Theorem 1.2. Throughout Section 3 we utilize the same
notation as in Subsection 2.4.

3.1 Key Propositions in Proving Theorem 1.2
To prove Theorem 1.2 we need Propositions 3.1 and 3.9 below.

Proposition 3.1. Suppose that (S) [y(£)| = 1 for all € € L. In this case F\ : GO- — R*, gq — |x(q)|, is a continuous
function.

Proof. (well-defined) If g1,8> € G, q1,q» € Q- and g1q1 = g2¢», then (2.13) enables us to get an £ € L such that
g = 810", g2 = {qy. Therefore the supposition (S) assures that [y(¢2)| = l(¢g1)| = W(Ox(g)] = (q)l-

(continuous) We consider the following four kinds of continuous mappings:

F,
R* «— O_ G
Fri Q- =R q e @l: ¢ c
m3: Q- — L\Q_, g & Lq (the right coset space); L L e
Fy: L\Q- — G\G¢, Lg — Ggq; Fy
75 : Gc = G\Gc, x = Gx. L\Q- — G\G¢

It is obvious that
dimg L\Q- = dimg q- — dimg [ = dimg, [¢ + dimg u_ — dimg [
= dimg u_ + dimg [ = dimg g = dimg G\Gc,
and hence it follows from (2.13) that
F4: L\Q- — G\Gc is an open mapping. 3.2)

Now, let us demonstrate that F; : GQ- — R* is continuous. Take any open subset 7 in R*. On the one hand; since F; is
continuous and 73 is an open mapping, 73(F; (D)) is an open subset in L\Q_. Thus, since (3.2) and 75 is continuous, we
conclude that ngl(F4(7r3(F 5 L(D))) is an open subset in G¢. That, together with n;l(F4(7r3(F 5 1(D))) c GO_, implies the
following:

75 (F4(m3(F5'(I)))) is an open subset in GQ_.

On the other hand; a direct computation yields F;'(I) = n5" (F4(r3(F;' (). Accordingly F;'(J) is open in GQ_, and
hence F; is continuous. O
Let us set
Ja(x) == y((exp AT)xexp(=AT)) for (y, 1) € V x[0,2x] and x € GQ_, (3.3)
and clarify some properties of i, from now on.
Lemma 3.4.
() ¥ €V forall (y, ) €V x[0,2n].

(ii) For each y € V, the mapping [0,21] 3 A — i, € V is continuous with respect to the Fréchet metric d on V in
(2.20).

21 2 27
(iii) y,dd €V for each € V. Furthermore, ( %dﬂ)(x) = | J(x)dA forall (§,x) € VxGO-_.
0 0 0
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Proof. (i) Since y(exp AT) € C* ¢ C and y € V, the scalar multiple y(exp AT )y belongs to the complex vector space V.

Moreover, o(exp(—AT))(y(exp AT )) € V because V is o(G)-invariant. Thus ¢, =l o(exp(=AT))(x(exp AT)y) € V.

(ii) The mapping [0,27] 3 A + , € V is continuous, since it is composed of the following three continuous mappings
(cf. Corollary 2.23-(3), (4)):

[0,27] > GXxCxV > GXYV
1 > (exp(=AT), x(exp AT), ¥) > (exp(=AT), x(exp AT))
-V

> o(exp(=AT))(x(exp AT W) = i,

21

(iii) YdA € V follows by (ii) and (V, d) being a complete, topological vector space. Besides, we conclude by Lemma

0
21 21

224 that (| dudd)@) = | da(0di. o
0 0

We want to first prove the following three lemmas, and afterwards deduce Proposition 3.9 from them:

Lemma 3.5.
@ (U+NGQ)Q- =U,0-NGO-.
(i) (U N GQ-),. is a domain in U, where (U, N GQ-), denotes the connected component of U, N GQ_ containing e.
(i) (U, N GQ-).Q- is an open subset in GQ_ containing e.

av) If Y,y € Vand 1 = ¥ on (UL N GQ-),, then Yy = Yy on the whole GQ-_.

Proof. (i) Let us only confirm U, Q- NGQ- c (U NGQ-)Q_, since (U NGQ-)Q0_ c U, Q- N GQ- is trivial. For any
x € U,Q_-NGQO_, there exists a unique (¢, q) € U, X Q_ such that x = uq because of x € U, Q_ and Proposition 2.11-(4).
Hence one has U, > u = x¢g°' € GO_Q_ ¢ GQ_, and so u € U, N GQ_. Therefore x = ug € (U, N GQ_)Q_, and
U.,0-NnGO-c(U:NGQ)O-.

(ii) Corollary 2.12-(b) implies that U, N GQ- is open in U,, so that U, N GQO_ is locally connected. For this reason
(U NGQO-). isopenin U, N GQO-. Accordingly (U, N GQ-), is an open subset in U, . Needless to say, (U N GO-), is
connected.

(iii) Since (ii) and the product mapping U, X Q- — U, Q- is an open mapping, (U, N GO-).0- is open in U,Q-_.
This and Proposition 2.11-(4) assure that (U, N GQ-). Q- is open in G¢. Thus, we conclude (iii) by (U N GQ-).0- C
U,NG0)0-2U,0.nGO- cGO..

@iv) For y1,¥» € V we suppose that ; = ¥, on (Uy N GQ-),. Then it follows from ¢,y € V and (2.17)-(2) that
Y1 =y on (U NGQO-).Q-. Therefore ¥; = ¥, on the whole GQ_, because (iii), Corollary 2.12-(b) and the theorem of
identity for the holomorphic functions ¢/, ¥». O

Lemma 3.6. For any holomorphic function h : GQ_ — C, the restriction h|y.nco.), is holomorphic on (U, N GQ_),.

Proof. The inclusion: : U, — Gc¢ is holomorphic; and (U, NGQ-), and GQ-_ are open subsets in U, and G¢, respectively.
In addition, 1((U+ N GQ-).) € GO-. These imply that: : (U, N GQO-), — GQ- is holomorphic, so that s o1 = h|y,nco ),
is holomorphic. O

27

Lemma 3.7. For eachy €V, %d/l is the constant function with the value 2my(e) on (U N GQ-)..
0

Proof. Theorem 2.3 allows us to choose a finite subset {n,...,m} C N such that
(2.10)
w2 Pa=g.0 oo
>0
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Let us fix complex bases {Z,’l'}];”:l, e {Z,T}]le of g,,...,0m, respectively, and denote by z,ll, .. zﬁ ... ,z,ln, .. .,zfﬁ;” the

canonical coordinates of the second kind associated with the basis {Z(’l‘}la‘": (YU {Z;"}I;’;l of u,. Here, there exists an open
subset O C U, such that e € O and

1 1 1 1
03 (expz,Z)) -+ (eXpLrZy ) -+ (€XP L ZY) - (XD L ZL ) 1> Zo o3 25 Ty o5 Zyt) € CHrt o,

By Lemma 3.6 ¢/|(y,nGo.), is holomorphic. Therefore Lemma 3.5-(ii) provides us with an R > 0 such that the following
conditions (c1) and (c2) hold for

P:={uecO:|lz| <R, 1<a<k,=dimcgy,b=n,...,m}:

(cl) P is an open subset in (U, N GQ-), containing e,
(c2) On P we can express ¥|w.nco. ), as
1 k 1 k 14! N 14! N
lﬂ(zny...,Zn"’...,Zm,..,,Z”;”) = Z ﬁl,l,"-lﬁ”-“l,l"-nlf(,;”(Zn)” ...(an)n ...(Zm)m ...(ZWan)m
FESRRN o ONO S (

(the Taylor expansion of ¥/|y,ngg.), ate = (0,...,0,...,0,...,0)).

If we suppose that
21

JadA = 2mp(e) on P, (3.8)
0

then one can get the conclusion. Indeed; if (3.8) holds, then it follows from (c1), the theorem of identity and Lemma
27

3.5-(ii) that l&/ld/l = 2mp(e) on (U, N GQO-),. Consequently, the rest of proof is to confirm (3.8). Let
0

u = (exp a},Zi’) -+ (exp o/,;“Z,fn) -+ (exp a,anQ") -+ (exp ak'"Z,’(’;)

be any element of . From Z% € g, = {A € gc | ad T(A) = ibA} we obtain
(exp AT)(exp a'ZZf) exp(—AT) = exp(aZe“b ZZ)

foralll <a<ky,b=n,...,mand A € [0, 2r]. Therefore

27 27
( f @dﬁ)(u) = f Jawydd (. Lemma 3.4-(iii))
0 0

2
0 1 k 1 Kin
= Yala,,...,a." ..., @, ..., ¢,")dA
0

2
= zj/(a,lle”l”, e, a/’,;”e”l", caketm o ke ™yd (.- (3.3)

2 ¥m m

0
(c2) 2 i/l(n(ll+"‘+lk”)+~~~+m(ll +"'+lkm)) N PN N [N
= Z Bl,‘,“'lﬁ"ml,l,‘wl’,(,’["e n n m m (an) e (an") no... (a'm) moae .. (an/'lﬂ) m dﬂ
0

Lk gl gk
Lol sevoslipsees by 20

= Zﬂﬁo...o...o...o = 271'!,0(6)

Now, let us demonstrate

Proposition 3.9. Suppose that (A’) there exists a ¢max € V satisfying omax () = 1 for all u € (U N GQO-),. Then,
27
anﬁ(e)‘f’max = f l%d/lfor all lﬁ eV.
0

Proof. Lemma 3.7 implies that for all u € (U, N GQ-),,

21

(2 (€)pmax) (1) = 27p(e) = ( i JadA)(u).

27 27
This, combined with Lemma 3.5-(iv) and 27(¢)@max, cf/ 2dA € V, enables one to conclude that 2my(e)pmax = xﬁ 2dA
0 0

on the whole GQ_. O
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We end this subsection with showing two lemmas.

Lemma 3.10. The following items (A") and (B") are equivalent:
(A”) There exists a pmax € V satisfying omax(u) = 1 forallu € (Uy N GQ-),.
B V # {0}

Proof. (A’)=(B’). Obvious.

(B")=(A"). Suppose that V # {0}. By V # {0}, there exists a ¢, € V such that ¥, # 0. Since 0 # ¢, € V and (2.17)-(2),
we can select a g € G satisfying /,(g) # 0. Now, let ¥, := o(g~" )W,. Then, it is immediate from o(g~' ), € V and (2.18)
that

Up €V, yYpe) #0.

21
Accordingly, Lemma 3.4-(iii) yields (¥p)adA € V. Setting
0

1 2
Pmax = mj; Wp)ada,

we deduce by Lemma 3.7 that ¢n,x € V and @ (1) = 1 forall u € (U N GQO-),. m]

Lemma 3.11. Let @ be an element of V such that @max () = 1 for all u € (Uy N GQ-),. Then, @max(€x€™") = @pax (%)
forall (£,x) e LXGQ-_.

Proof. Fix any (¢, x) € L X GQ_, and remark that
o (O pmax) € V.
Since £(U, NGQ_)t~! c U, N GQ_, we see that for any u € (U, N GQ_),, tut™" € (U, N GQ_), and hence
(X OPma)) (1) = Prmax (Ul ™) = 1 = P (1).

Consequently Lemma 3.5-(iv) allows us to assert that Q(Z’l)(/y(f)gomax) = ¢max On the whole GQ_, and so tpmax(éx{”l) =
(Q(f_l)(/\,/(f)ﬂamax))(x) = Qomax(x)- [m}

3.2 The Entrance of H

First, we set

W, 42) = fGl/fl(g)tllz(g)dﬂ(g), Wl = V. ¢)  for gy, €V, (3.12)
H:={p eV gl < oo}, (3.13)

where u denotes the non-zero Haar measure on G (recall Subsection 2.3 for the arguments below). With this setting, we
assert

Proposition 3.14.
(1) (H,{-, -)) is a complex pre-Hilbert space.
(2) (0(@)¢1,0(8)p2) = (1, ¢2) for all g € G and ¢y, ¢ € H.

(3) Both mappings H X H 3 (p1,¢2) = ¢1 + ¢2 € H and Cx H > (a,d) — a¢p € H are continuous, with respect to
the norm || - || in (3.12).

4) GXH > (g ¢) — 0(g)p € H is a continuous mapping, with respect to the norm || - || in (3.12).
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Proof. (1) One can deduce (1) by arguments similar to those in showing that .#?(G) is a complex vector space and {fi, f>)
is a Hermitian inner product of f; and f» € Z*(G), except for the property “(f, f) = 0 implies f = 0.” Here

ZXG) :={f : G - C| f is B-measurable and ||f]| < oo}

and we apply the same notation as in (3.12) to the elements of .2?(G). Let us check that ||¢]| = 0 (¢ € H) implies ¢ = 0.
For ¢ € H we suppose that ||¢|| = 0. Then, ¢ = 0 (a.e.) on G, and therefore ¢ = 0 on G because ¢ : G — C is continuous
and (p2) in Subsection 2.3. From ¢ = 0 on G, ¢ € V and (2.17)-(2) we see that ¢ = 0 on the whole GQ_.

(2) From ¢; € H c V, we obtain o(g)¢; € V. (2) follows by (pS) in Subsection 2.3, (2.18) and (3.12). Incidentally, (2)
ensures that o(g)¢ € H for all (g,¢) € G X H.

(3) comes from (1).

(4) We will deduce (4) from the following item (x):
() For a given ¢ € H, the mapping G 3 g — o(g)¢o € H is continuous at the point e.

First, let us confirm the item above.

() Take any € > 0. We will conclude that there exists an open neighborhood V of e € G satisfying |lo(h)po — ¢ol| < €
for all 4 € V. Since u is a regular Borel measure on (G, %) (cf. Remark 2.7), Proposition 7.4.3 in Cohn, p.207 implies
that 6,(G) = {fy : G — C| fp is a continuous function whose support is compact} is dense in Z%(G). Hence by ¢olc €
Z?(G) there exists a continuous function fy : G — C such that

(al) supp fo is a non-empty compact subset in G, (a2) |l¢o — foll < €/3.

Since G is a locally compact Hausdorff space, there exists an open neighborhood V; of e € G whose closure ViinG
is compact. Here, (al) implies that V; supp Jfo 1s a compact subset in G. This and (p1), (p3) in Subsection 2.3 assure
0 < w(Vysupp fo) < co. Thus 6 := 1 + u(V; supp fp) satisfies

0<68< oo,

Now, it follows from (al) that f; is uniformly continuous on G, so that for €/(3 V&) > 0 there exists an open neighborhood
V of e € G such that (a3) V = V7!, (ad) V c V; and (a5) | fo(x) — fo(»)| < €/(3 V&) for every x,y € G with xy™' € V. Then,
any (h, g) € V x G satisfies (h"'g)g™! = h™! € V, and hence

(a6) Ifo(h™' ) = fo()l < €/(3 V0.

If g ¢ Vi supp fo, then g ¢ supp fo, and fy(g) = 0. If g ¢ V supp fy and h € V, then h~'g ¢ supp fy, and fo(h~'g) = 0.
Consequently i € V implies

ot fo — foll> O£ fG olh™'g) — fole)Pdu()

- ﬂ olh™'g) - fole)Pdu(g) + f olh™'g) — fole)Pdu(s)

Vi supp fo G-Vi supp fo

Vi supp fo

_ f foth™' ) = fo(@)Pdu(g)

(a6) f e e € u(Vysupp fo) e
< —du(g) = — -u(Visupp fo) = —————— < —.
V]suppﬁ) 96 96 9 I+ /'l(vl supp f()) 9

Hence we assert that for any 2 € V,
llo(h)do = doll < llo(h)go — o(h) foll + lle(h) fo = foll + 11.fo = ¢oll
= lloth) fo — foll + 2Ilfo — ol (cf. (2))
<e€ (. (a2)).
This completes the proof of (x).

Now, we are in a position to prove (4). Fix any € > 0 and (go, ¢9) € G X H. Since (x) and ¢ := 0(go)¢o belongs to H,
there exists an open neighborhood V of e € G satisfying

oMy — dyll < €/2
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for all & € V. We get an open neighborhood U of gy € G by setting U := Vgy. Then, for any g € U and ¢ € H with
l¢ — ¢oll < €/2, one obtains an 4’ € V such that g = &’ gy, and therefore

llo(g)p — o(go)doll < llo(g)d — o(@)doll + llo(g)do — o(go)doll
2 116 - goll + o)) — Bl < e.

Consequently, the mapping G X H 3 (g, $) — o(g)¢ € H is continuous. O

3.3 The Completeness of H

The notation in Subsections 3.1 and 3.2 remains valid. Our aim in this subsection is to establish Proposition 3.18. First,
let us prepare three lemmas for the aim.

Lemma 3.15. Suppose that (A’) there exists a ¢max € V satisfying @max(u) = 1 for all u € (U, N GQ-),. Then,
[ (e)lllemaxll < Wl for each v € V.

Proof. By a direct computation we have

27l (@) Pl pmax]*

=2n fc W(@)max (@ du(g) (. (3.12))
2
= if‘f '/A/A(g)d/lrd#(g) (. ¢ €V, (A"), Proposition 3.9)
21 Jg'Jo

21
< f ( f It%(g)lzd/l)dy(g) (.- the Schwarz inequality)

= fG lim 7Z|W )| )du(e)

lf/znk (g)|2dy(g) (. the Fatou lemma)

IA

n—oo

k=1

hm—Zf

n—oo

J2a (@) duce)

Il
5
|

f |l//(g)| du(g) (. (p5), (p6) in Subsection 2.3, (3.3))

G12)

Jim 27 fG (o) duce) = 2 fG (o) duce) “2 2.

e 2 <
Here, we note that |w4(g)|2d/l = lim —
0 n—oo n k

Lemma 3.16. The following items (A) and (B) are equivalent:

(A) There exists a Qmax € H such that gnax(u) = 1 forallu € (Uy N GQ-),.
(B) H # {0}.

Proof. (A)=(B). Obvious.

(B)=(A). Suppose that H # {0}, and fix any ¢, € H —{0}. On the one hand, there exists a ¢ax € V such that @y, (u) = 1
for all u € (U N GQ-), by virtue of Lemma 3.10 and {0} # H c V. On the other hand, since 0 # ¢, € H c V and
(2.17)-(2) there exists a g € G such that ¢,(g) # 0. Thus, it follows from ¢, := o(g~")¢, and (2.18) that ¢, € H and
¢p(e) # 0. Consequently Lemma 3.15 implies that |¢p(e)l|l@maxll < ll¢pll < co. This, together with ¢(e) # 0, shows that
[[Pmax]l < o0, so that ¢.x belongs to H. O

83



http://jmr.ccsenet.org Journal of Mathematics Research Vol. 10, No. 4; 2018

Lemma 3.17. Suppose that

S) @l =1foralltelL,
(A) there exists a gmax € H such that gmax(u) = 1 for allu € (U, N GQ-),.

Then for any non-empty compact subset E C GQ_, there exists a cg > 0 such that

sup{lp(a)| : a € E} < cgllgll forall p € H.

Proof. Since E is compact in GQ_, Proposition 3.1 and (S) provide us with an mg > 0 such that
mg < |x(q)| forallgge EcCc GQO-_.

Noting ¢max # 0 and |l¢max|| < o0, we set
1
B mE”‘pmax” )

Then, cg > 0 holds. Forany a = gg € E (C GQ-) and ¢ € H, we obtain

gl = lp(ea)l = (@) liee Hp)e)l (¢ eH CV,(2.18), (2.17)-(2))

-1
< W(Q)_]lngll(s:?—)fr” (- (A), Lemma 3.15, o(g™")$ € V)
= L\((CI)_1|H9|0|¢” i (. Proposition 3.14-(2))
< celigll.

Now, we are in a position to prove

Proposition 3.18. Suppose that (S) |x(€)| = 1 for all € € L. Then (H,{-, -)) is a complex Hilbert space.

Proof. Because of Proposition 3.14-(1), it suffices to confirm that (%, || - ||) is complete. That is trivial in case of H = {0}.
For this reason we investigate the case where H # {0} henceforth. Since H # {0} and Lemma 3.16, there exists a
@max € H such that pyax(u) = 1 for all u € (U, N GQ_),. This and (S) permit us to use Lemma 3.17. Now, let {#u);, be
an arbitrary Cauchy sequence in (H, || - ||), namely

lim ||¢, — ¢l = 0.

n,m— o0

We want to first show that {¢,} ", is also a Cauchy sequence in (V,d). Here d is the Fréchet metric in (2.20). For any
non-empty compact subset £ ¢ GQ_ there exists a cg > 0 such that

dp(bn. bm) 2 sUplign(@) — (@) : a € E} < cpllgn — dll foralln,m e N

by Lemma 3.17. This, lim ||, — ¢l = 0 and Corollary 2.23-(2) enable us to conclude that {¢,}'” | is a Cauchy sequence

in (V,d). Since {¢,},”, is a Cauchy sequence in (V,d) and since (V, d) is complete, there exists a unique ¢ € V such
that lim d(¢,,y) = 0. For this ¢ € V one can demonstrate

¥ € H (namely, [y < co), lim |4, =yl = 0

by arguments similar to those in the proof of Proposition 6, Weil, 1971, p.59-60. Therefore (#, || - ||) is complete. O

21

For ¢ € H c <V, we have only computed the integral $1dA with respect to the Fréchet metric d on V so far. In the
0271 N
last subsection, we will need to compute the integral ¢adA with respect to the norm || - || on H. For this reason we

0
prepare
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Lemma 3.19.
() ¢, € H forall (¢, ) € H x [0, 27].

(ii) For each ¢ € H, the mapping [0,27] 2 1 qASA € H is continuous with respect to || - ||.
If x(O)| = 1 for all € € L, then the following items (iii) and (iv) hold for every ¢ € H :

21
(iii) The integral f &Ad/l with respect to || - || belongs to H.
0

27

(iv) The integral $1dA with respect to d is equal to that with respect to || - ||.
0

Here d is the Fréchet metric on V in (2.20), and || - || is the norm on H in (3.12).

Proof. (1), (ii), (iii) cf. the proof of Lemma 3.4, Proposition 3.14-(3), (4), Proposition 3.18.

2n 2n
(iv) It is trivial in case of ¢ = 0. We suppose that ¢ # 0 hereafter. Let us dare to denote by f $adAy (resp. | dadAyy)
0

0
its integral with respect to the Fréchet metric d (resp. to the norm || - ||). By the definition of integral we have

27rA 2 n . 2;1,\ ) n )
d( i ¢Ad/ld,7ﬂ;¢%)—>0, ”fo md/l”.”—;ﬂ;¢%

where we remark that both (V,d) and (H, || - ||) are complete, topological vector spaces. Now, let E be any non-empty
compact subset in GQ_. By virtue of 0 # ¢ € H and Lemmas 3.16 and 3.17, there exists a cg > 0 which satisfies

-0 (n—> o),

sup{l¢1(a)l : a € E} < cgllg1]l  for all ¢1 € H.

Consequently it follows that

21

2
d( fo $ada, | $ady)

n 21

27 n
(2;9) dE(ﬁ Q,\S/ld/ld’ 2771- &%) + Sup{|<2§ &M - S @Ad/l””)(a)| Lae E}
k=1

< dE( 02”‘13/ld/ld’ 27” 2”: éznﬂ) + CEH%T Z; ‘zznﬂ - j(;zn(lg/ld/l“.”” -0 (n—> ).

k=1

2n 2n 2n 2n
Hence f PadAy = $ad Ay on E. Consequently $adAy = $ad Ay on the whole GQ_, because of (d1), (d2)
0 0 0

0
in Paragraph 2.4.4. O

3.4 The Irreducibility of 0 : G —» GL(H)

We utilize the notation in Subsections 3.1, 3.2 and 3.3. We prove Proposition 3.20 first and accomplish the main purpose
afterwards.

Proposition 3.20. Suppose that (S) |x(€)| = 1 for all € € L. Then,

(1) H =(H,{-, -)) is a separable complex Hilbert space,
(2) o is an irreducible unitary representation of G on H.
Proof. Assume that H # {0} (otherwise our assertions are trivial). From Proposition 3.18 and (S) it follows that H is a

complex Hilbert space. Hence Proposition 3.14-(2), (4) imply that o is a unitary representation of G on H. Consequently,
it suffices to prove that
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(1”) H is separable, (2')0: G — GL(H) is irreducible.

However, (1’) is immediate from (2’), since G satisfies the second countability axiom. For this reason we prove (2’) only.
Now, let H be any closed o(G)-invariant complex vector subspace of H with H; # {0}, and let H, denote the orthogonal
complement of H; in H with respect to (-, - ). Then, H is also a closed o(G)-invariant complex vector subspace of H
and

H=H & H,.

If H, = {0}, then we can conclude (2’). Let us prove H, = {0} by reductive absurdity. Suppose that H, # {0}. Then for
each j = 1,2, there exists a non-zero ¢, € H; by virtue of H; # {0}. From 0 # ¢, € H; c V and (2.17)-(2) we obtain a
g; € G such that ¢;(g;) # 0. Setting ¢, := Q(g;l)% one can assert that

¢l e H;, le)#0

because H; is o(G)-invariant. For any 0 < A < 27, it turns out that y(exp AT') € C, so that the scalar multiple y(exp AT )¢£
belongs to the complex vector space ;. Therefore

@)1 = o(exp(~AT))(x(exp AT)¢!) € H; for all 1 € [0, 27]

21

follows by H; being o(G)-invariant. This assures (@i) 1dA € H; since H; is complete. Hence for each j = 1,2, we

0
27

(%)Ad/l € H;; and Lemmas 3.7 and 3.19-(iv) imply that q)'c’:(u) = 1forallu € (U N GQO_).,.

have ¢{: = ,

21¢;(e) Jo
Consequently Lemma 3.5-(iv) yields H; > ¢! = ¢> € H,, and so 0 # ¢! € H; N H,. This contradicts H; N H, = {0}.
Thus H, = {0} holds. O

Now, we are in a position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. By virtue of Proposition 3.20 it suffices to demonstrate that in case of H # {0}, the following two
items hold:

(I) There exists a unique @, € H such that @y (u) = 1 forallu € (U, N GQ-)..

(II) There exists a non-zero ¢ € H satisfying f lo(2)d, &)du(g) = |1gll® (< ).
G

Let us show (I) and (IT) from now on.

(I) On the one hand, Lemma 3.16 and H # {0} assure the existence of ¢,x. On the other hand, Lemma 3.5-(iv) assures
the uniqueness of ¢m,x. Therefore (I) holds.

(IT) From (3.12) it suffices to conclude that
<Q(g)<pmam <Pmax> = <pmax(g_l)||()0max”2 for every g € G. (321)

By a direct computation one has

(0(8)¢maxs Pmax)
= L(Q(g)épmax)(a) - Pmax(@)du(a) (.- (3.12))

= fG (0(8)Pmax)((exp AT)a exp(=AT)) - Pmax((exp AT)a exp(—AT))du(a)

C.m (pS), (p6) in Subsection 2.3) (3.22)

= L (0(&)¢max)((exp AT)a exp(=AT)) - ¢max(@)dp(a) (. (1), Lemma 3.11)

= fG @) emn) (@) - emax(@dp(@) (. (3.3)
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for all A € [0, 2x]. This provides us with
277'90max(g_l)”‘Pmax”2
= f zﬂﬁomax(g_l)ﬁpmax(a) * Pmax(@)du(a) . (3.12))
G
= L ZH(Q(g)QDmax)(e)(Pmax(a) - omax(@)dp(a)
21
= L ( o (Q(g)‘pmax)/ld/l)(a) - Ymax(@)dp(a)
(. 0(8)pmax € H c V, (1), Proposition 3.9)

= fG (1im —Z(g(g)gomdx)znk)(a) Pran(@)dpi(@)

n—oo

= 0 due to Lemma 3.19- (1v))

21
(where lim H f (Q(g)gpmax)/ld/l -— Z (Q(g)samax)zm

= lim | (= S @) )@ - Fr@dia)
k=1

n—oo

C.oH 2 ¢ (P, omax) € C is a continuous function, (3.12))

n—oo n

= lim —Z f (Q(g)somax)znk (@) * Pmax(@)du(a)

= lim 2% Z<g(g)¢max,somax> ¢ (322)

n—o n
= 271(0(8)Pmax> Pmax)-

Hence (3.21) follows. ]
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