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Abstract

Under the condition of arc-wise smooth path of integration, the Plemelj formula of Cauchy-type integral on random
process with second order moment is obtained.
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1. Introduction

Let L be a simple, smooth and closed curve. It divides the complex plan into inter domain D* and outer domain D~.
(Q, F, P) is a probability space, g(w, ) is a random process with second order moment on (€2, F, P), which depends on
parameters £ on L. In [Wang, 2004], Wang Chuangrong gave the definition of random cauchy-type integral of g(w, (),
and proved the existence of random singular integral on arc-wise smooth curve L. In [Wang, 2005], the author discussed
some properties of random singular integral, proved that random singular integral operator was a linear bounded operator
and gave the plemelj fomula of random cauchy-type integral on smooth curve L. In this paper, we continue to consider
random singular integral of random process with second order moment, and we get the plemelj formula of general form
when L is a an arc-wise smooth curve. It is well known that singular integral equation and boundary value problems of
analytic function and random process are closely connected with many physical and engineering problems such as elastic
mechanics, crack mechanics and aero-dynamics, ect. Therefore it is expected that the results of present paper will be
applied in future.

2. Some Preliminaries

Lemma 1 Let L be an arc-wise smooth and closed curve, f(¢,7) € H(L X L). Let

oo L (LD
e Py

dt,

Givente L,ze D" ort € L,z € D, then g(t1,z) € H. when z € L, g(1, z) can be correspondingly understood by g(t, z*)
and g(7,27).

Proof We only proof that g(7,z) € Hwhent e L,z € D+. So it is sufficient to prove that: g(t, z), as a function of one of
its arguments, € H uniformly with respect to the other argument. For any #,,1,, 7,7, € L, we have

lf(t1,71) = f(t, )| < Alty — 2] + Bty — 1ol O<a,B<]

At first, if 7 is fixed, we need to prove the following inequality
lg(7,21) — 8(r, 22)| < Ailz1 — 20|, O<ar <l

holds for any z;,2, € D, where A, is independent of 7. According to the proof of Privalov theorem [Lu, Jianke, 2004],
we can know A is really independent of 7.

Secondly, if z is fixed, we need to prove the following inequality

lg(t1,2) — g(12,2)| < Bilry — 1ol O<pB <1
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holds for any 7,7, € L, where ; is independent of z, it can be proved by the proof of corollary 2 of theorem 1.3 [Hou
Zongyi, 1990].

Lemma 2 Let L be an arc-wise smooth closed curve and f(f,z) € H whent € L, z € T, where T is a region containing L
in its interior. Let
f(x.2) z)

F(z) = 2m LT—Z ze€T - L,
Then for any ¢ € L, we have
Fro=(1- 5 ran+ 5 [ L%
F(t)———f(tt)+— LJ:_L_?

where 6 is the angle spanned by the two one-sided tangents at ¢, towards the positive side of L. If f(¢,z) is defined and
fulfills the assumed condition only for z in one side of L (including L itself), then the conclusion is also valid for the
boundary value of the same side.

The above lemma can be proved by the proof of theorem 1.4.2 [Lu Jianke, 2004].
Lemma 3 Let L be an arc-wise smooth and closed curve, f(¢,7) € H(L X L), let

ft,7)
d
2 i L t—1t

g(t,1y) =

s

then g(7, 1)), as a function of 7, € H uniformly with respect to f, which can be proved by the proof of corollary 2 of
theorem 1.3 [Hou Zongyi, 1990].

Lemma 4 Let L be an arc-wise smooth and closed curve, f(¢,7) € H(L X L), let

F@) = — f v (fe,
L

4r? Jot—-zJ, t—z2
then we get
O\ i f(ffo)
F*(t =(1——) fo, 1 +—(1 )
(t0) o S0, 10) o= 7)), t—to
1 7 1 1
(- ) [, 1 e [0,
2mi 2nl Jp =19 dr Jpt—1t9 Jp t—1
O\ —— i f(tto)
F = (2] T+ - (-22)
(7o) o f(to,10) ol Lt—to
L L (_@ ) 0.7, f (e,
2ri \ 2m LT—I() 47r2 L‘r—to t—to
Proof Denote
f(t T) _
el
8(n2) =+ P z€L,
thus, we have
F(z) = — f 8 Z) dr, Z€L,
2ni Jp T2

By lemma 1 and lemma 2, we get

T—1

6o
Fg=(1- 5 )g(ro,ro*>+ - fL gt \0

According to the plemelj fomula, we have

J(,7)

80 = (1= 32) Pl + 5 e
b 1 (fw
8,107 = (1~ 22 ) Tt 10 + 5 o
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Therefore

F*(19) = (1—3—”) (o fo™) + —— fg(T’t0+)dT

00 \* Zil _tofw
:(1_2) f(to’t°)+51(l Zn) L t—1

L [( ——)f(to,T) 1. T)d]d-r

27 Jp T — 1o L t—1t

(1 5] e (1-37) Li(i o

+L(1 ) f(fo,T) f f(tT)
27i 2n LT—to 47r2 LT—to t—to

Let R,(£, (") be self-correlation function of g(w, {), namely

3. Main Results

Ry(¢,{) = E g, Og(w,0)
we have

Theorem LetR,({,{’) € H(Lx L), and

_ 1 (gw)
Flw,2) = 27rifL -z 4.

Then the Plemelj formula

+ _ 1 8w, {)
F(w,go)—(l )(w &)+ ng e

F (0,0 = = 5400, 60 + ‘i,(‘“ f) .

holds in the sense of mean square metric, where

+ 1 gw, ) 1 gw, )
Fi(w, (O)_zh{o 2me - d{ F(w, fo)—h( 2mj;—{_z dz,

where 6 is the angle spanned by the two one-sided tangents at {, towards the positive side of L.

Proof Letz € D* considering

8w, , L I {C2N9)
E{Zm,[; -z - [( )g(w O f; {—4 d[” }
] 1 1 o ’
_E{ %L(E - _—go)g«u,g)dg—(l - 32)s(@. 0 }

1 1 1 1 1 1 _
=5 L(E_{_ )CMﬁfL(ﬁ—m)E[g(w,{)g(w,g)]d{

$o
1 6o 1 1
o (1-22) f (g—Z - ﬁ)E[gau D%(@. o)ld¢
S

1
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2ri

1
- ﬁ)E[g(w D@, Lo)d¢

0 [
+ (1 - ﬁ) Elg(w, {n)g(w, {o)]

1 1 1 1 1
:Z_\f(f z (- ) mef(g'_Z g,_{)R(zj $d¢

1 6’0
- % . (4 z )Rg(g’ gO)dg

2r

1 1 6o \*
e5a(i-2) [ (§— - _—) R, 6+ (1= 5% Ryléor )

:]1 +12+I3+I4.
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And

R({". 0)dl" -

_lfl
_m L{—Z§

Lé”‘
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éI]] +112 +113 +114.

By lemma 4, we have

=40
zeD*

N 2% (1 B _)fLRg({oéj)

And according to lemma 3 and Plemelj formula, we can get
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= 2ni . -
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lim 113 =-
=0
Dt

1 6o ng({o,C) f
— 1 —_— — 9
2m'( 271) L (=0 4 ) -4 d L ¢ =% @

Therefore,
lim 1 —(1— 90)212(4 )
=l 1= o g\60,60)-
zeDt

Similarly, we have

. 6o
ig=(- )04
S 2 {[

=- (l - i—;)z R¢(Lo, 40,

Ry (¢, {o) 1 ng(L o) }
- d
) Re(o-Co)+ f; =4 g“] 2ni J, {—0o ¢

O\ —————
lim Iz = —(1 - ﬁ) R4(£o, £0)s

=40
zeD*

Then, we obtain

N {CX) gw.0 I _
JL%E{%IL éV_ng—[( ) stw.a)+ o g”}—o,
Analogously, we can prove that
. 1 g(w, {) b fg(w ,4) H2 _
I‘J?E{znsz s TR S = R

The proof is complete.
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